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Introduction

The theory and applications of differential forms have been central themes
of algebraic (and analytic) geometry for the last two hundred years. At the
beginning of the 19th century, Abel defined and started the classification of
abelian integrals, namely integrals of differential forms of the type R(z,y)dx+
S(z,y)dy, where R and S are rational functions and = and y are variables
related by a polynomial relation f(x,y) = 0. In modern terminology, Abel
was defining and studying meromorphic 1-forms on a projective curve. The
properties and the explicit construction of these forms “attached” to a curve
was the subject of intensive study during the 19th century: they were classified
as forms of the 1st, 2nd and 3rd species, depending on the nature of their
singularities. The main results were the Abel-Jacobi inversion theorem and
the construction of the jacobian variety of a curve, the theorem of Riemann-
Roch relating the number of functions and forms having given singularities
and the theory of linear series by the italian school of algebraic geometry (in
modern language, the theory of line bundles).

A different but related direction came from the theory of residues by Cauchy
which was also used to study global properties of algebraic curves and evi-
dently was the central result of the theory of holomorphic functions.

Picard and Poincaré attempted to generalize these theories to algebraic
surfaces; they started the study of meromorphic forms of degree 1 and 2 on
algebraic surfaces, they tried to extend Abel-Jacobi theory as well as the no-
tion of linear series, they started the study of divisors and Picard proved the
first version of Lefschetz theorem on surfaces. But at the end of the 19th cen-
tury, algebraic topology was not sufficiently developped and further progresses
in algebraic geometry had to wait for corresponding progresses in algebraic
topology by Lefschetz and others in the 1920’s, as well as the development of
exterior differential calculus by Goursat, E. Cartan. This culminated in the
statement and proof of the Lefschetz theorems about hyperplane sections of
projective manifolds and the rigorous proof of De Rham theorems on general
compact manifolds, stating that the De Rham cohomology, that is the closed
forms modulo the exact forms, is dual to the singular homology by integration
of forms on cycles: a closed form which has null periods on cycles is exact, and
one can find a closed form which has given periods on the homology classes.

The problem which was posed by the definition of the De Rham cohomology
was to find a representative in a given cohomology class. This problem was
solved by De Rham: in a given cohomology class one specifies a representative
using other equations than the d-equation satified by this representative. The
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method is to introduce a riemannian metric and to choose in a given cohomol-
ogy class a closed form which is harmonic, namely, that it is in the kernel of
the adjoint of the exterior differential d, the adjoint being taken with respect
to the chosen riemannian metric. It turns out that such harmonic forms are
exactly the forms in the kernel of a second order elliptic system of equations,
which reduces to the standard Laplace equation for the case of functions.
Then, the cohomology class space is isomorphic to the space of harmonic
forms. In particular the space of harmonic forms does not depend on the
chosen metric. As a consequence, it became possible to relate the topology of
a compact manifold to its metric properties, roughly speaking, positive cur-
vature implies a vanishing of cohomology. This was generalized to forms with
coefficients in a vector bundle.

But the main application concerned the case of compact complex Kéhlerian
manifolds. In the 1930’s and 1940’s, applying the methods of harmonic forms
to the case of compact complex kédhlerian manifolds, Hodge proved that the
cohomology of such a manifold can be decomposed in a direct sum of sub-
spaces of harmonic forms of well-defined types, which later, around 1950, were
identified by Dolbeault as cohomology spaces of the sheaves of holomorphic
forms. This implies that the Hodge decomposition of the cohomology did
not depend of the chosen kahlerian metric, but only of the complex struc-
ture of the manifold. Moreover, Kodaira used systematically the method of
harmonic forms to prove vanishing theorems for the cohomology with coeffi-
cients in certain line bundles, “sufficiently positive,” in the sense that their
curvature forms (or their Chern class) is sufficiently positive as a hermitian
form. As a consequence, it was possible to give an analytical proof of the
Lefschetz theorem on hyperplane sections of a projective manifold and to give
a characterization of the class of projective manifolds in term of the existence
of a positive line bundle whose sections define a projective embedding.

At about the same time, Leray had started new foundations of algebraic
topology, based on sheaf theory that he had invented while he was a prisoner
in Austria during the second world war. The three main notions that Leray
introduced were the definition of sheaf cohomology using fine resolutions; fine
resolutions constitute a very broad generalization of the notion of differential
forms and it was proved that the cohomology of the complex of global sec-
tions of a fine resolution of a sheaf does not depend of that resolution. The
second notion was the long exact sequence of cohomology and the third one
was the concept of spectral sequence, as an approximation of the cohomology
of a space. Sheaf theory allowed the rapid development of analytic geome-
try, in particular for analytic spaces with singularities, for which differential
geometric notions like differential forms has no well-defined meaning a priori.
Moreover, at the end of the 1950’s, starting from the work of Poincaré on
residues in two complex variables, Leray defined a general theory of residues
for differential forms with what are now called “logarithmic singularities”.

In the 1960’s, Grothendieck used systematically sheaf cohomology in alge-
braic geometry; his final achievement was the introduction of the concept of
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“motif”, as a way of considering an algebraic variety as made of basic build-
ing blocks which were treated as being “added” together. This led him to
the notion of the so-called “weight filtration.” The weight filtration was fi-
nally used by Deligne to prove the existence of a mixed Hodge structure on
the cohomology (with constant coefficients) of algebraic varieties. The main
tools to define this structure, were the desingularization theorems of Hiron-
aka, the Leray spectral sequence and the notion of “descente cohomologique”,
as well as the theory of residues for forms with logarithmic singularities on
a divisor with normal crossing. It is possible to explain easily what is the
mixed Hodge structure on the cohomology of an algebraic variety. Recall that
on a compact complex Kéahlerian manifold, the cohomology can be naturally
decomposed as a direct sum of subspaces, each of which are cohomologies
of other sheaves. This decomposition is in fact the graduation associated
to the so-called “Hodge filtration” on the differential forms of the manifold.
This filtration is defined by the number of dz which appear in the differential
form in a local system of complex coordinates. In this situation, one says
that the cohomology carries a pure Hodge structure, and this implies, among
many other things, that the odd dimensional Betti numbers are even. Now,
this last statement is clearly wrong for a singular space: for example, take a
projective space of dimension 1 with two points identified. Its homology is
generated by a single cycle, which can be represented by the curve joining the
two identified points, so the cohomology of degree 1 has dimension 1. Thus
there is no hope in general that the cohomology of a singular space carries a
pure Hodge structure. Instead, it carries a mixed Hodge structure, namely
the weight filtration of Deligne and Grothendieck induces a graduation on the
cohomology, and each quotient space of this graduation carries a pure Hodge
structure: this is the definition of the mixed Hodge structure. It is quite
difficult to see how this mixed Hodge structure is made, the main difficulty
coming from the weight filtration, which is itself constructed by Deligne using
the “descente cohomologique”.

Before outlining our method to deal with these questions, we start with
general comments about the problem of the passage from a local situation to
global statements. Usually, one starts with some kind of local calculations, for
example in differential geometry, and these calculations are used as a basis for
an integration by part, leading to a variational problem or to the definition of
self-adjoint extensions. The theory of harmonic forms on a compact manifold
is a typical example of this situation: using a metric as a supplementary
structure, one can calculate the De Rham-Laplace operator, verify that it is
an elliptic system and then use the global theory of self-adjoint extensions to
deduce global results. Moreover, in the Kahlerian situation, local calculations,
although not so easy ones, prove that the De Rham-Laplace operator for the d,
0 and 0 complexes are identical, so that the associated global theories of Green
operators, spectral decompositions and harmonic forms are also identical: this
leads immediately to the pure Hodge theory on compact, complex, Kahlerian
manifolds. Another different exemple is the standard theory of residues in
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complex analysis, where the extension from local to global is a consequence
of Stokes formula, and the analysis of the local situation is the decomposition
of a function near its poles and the calculation of the integral of dz/z along
a circle. A second method for extending local results to global results is the
theory of sheaves: in fact the notion of cohomology is exactly the obstruction
of extending locally defined sections in globally defined ones. Here, again, one
starts with local calculations or local solutions of partial differential equations
like the d- or O- equations (Poincaré or Dolbeault theorems) to prove that a
complex of fine sheaves is a resolution of the constant sheaf or the holomorphic
functions sheaf. This identifies the cohomology of these sheaves in term of
cohomologies of complexes of global sections of the sheaves of the resolution.
The theory of harmonic forms can be used, in combination with curvature
properties, to prove vanishing theorems of certain cohomology spaces (again
by integration by part), then the exact sequence of cohomology allows one
to prove global extensions results. Another method is the Leray spectral
sequence of hypercohomology: in this case, the idea is to approximate the
cohomology (more precisely the graded space of the cohomology for a certain
filtration of an underlying complex), by simpler spaces, with a systematic
rule for going from one space of the approximation to the next one. The
second term of the spectral sequence is thus a cohomology of sheaves of local
cohomologies. These local cohomologies being local objects, can be calculated
by local methods, at least in principle. For example, this is how one can
identify the global cohomology of an open algebraic manifold using complexes
of differential forms with logarithmic poles at infinity: the Leray spectral
sequence reduces everything to local (and easy) calculations of residues around
a point situated on a transverse intersection of complex hyperplanes.

Given the importance of differential forms in algebraic geometry, it was nat-
ural to try to extend the definition of forms on singular spaces. One possibility,
investigated by Grauert and Grothendieck, was to embed the singular space
in a space C™, and to restrict the sheaf of differential forms of the ambient
space, modulo forms which are identically zero when restricted to the smooth
part of the singular space; unfortunately, this does not give a resolution of
the constant sheaf. After various attempts, which provided resolutions of the
constant sheaf, but which were not functorial with respect to morphisms of
complex spaces, we realized that we could not deal with a single sheaf but
that we needed a whole family of sheaves of differential forms. There are
many reasons for this new situation: first, we use a resolution of singularities
which is not uniquely defined, second, the image of singular points under a
morphism need not be situated in the singular points of the image space.

Let X be a (possibly) singular space; we fix a resolution of singularities of



xi

X, that is a diagram

—

;

E*>X

%Djr

where F C X is a nowhere dense closed subspace, containing the singularities
of X, j: E — X is the natural inclusion, X is a smooth manifold and 7 is a
proper modification inducing an isomorphism X \ E~X \ E.

Thus, we replace the singular space by three spaces: the desingularized
space X, the subspace E containing the singularities and its inverse image
E in the desingularization; the last two spaces may be singular in general,
but they are of lower dimension than X; the desingularized space X has the
same dimension as X, but it is smooth. Associated to this diagram, one can
construct by recursion complexes of differential forms, which coincide with the
usual notion of differential forms on the regular points of the space. Forms,
in this sense, are formal triples of forms on the three spaces of the diagram.
This is possible because we can use a recursion argument on the dimension of
the spaces, namely we assume that the complexes of forms have already been
constructed on lower dimensional spaces. The differential of the complex
is constructed in such a way that the vanishing of the differential of forms
indicates both a kind of compatibility condition for the forms of the triple and
the closedness of forms in the usual sense. To construct it, we need to define
“pullback” of forms by a morphism of analytic spaces between complexes of
forms carried by the spaces related by the given morphism; these pullbacks
generalize the familiar pullback of forms by morphisms between manifolds.

We use complexes of differential forms to give a complete treatment of
Deligne theory of mixed Hodge structures on the cohomology of singular
spaces. The advantages of this approach are the following:

1. We can use recursive arguments on dimension, and we do not introduce
spaces of higher dimension than the initial space.

2. The weight filtrations can be easily identified: in the compact situation,
the weight is zero for the forms on the desingularization X, and is in-
ductively defined for the forms carried by E and E (for E a shift by 1
is needed).

3. The Hodge filtration is the usual Hodge filtration for the forms on the
desingularization X, and is inductively defined for the forms carried by
E and F.

4. We avoid the use of cohomological descent theory [SD], which is a very
difficult topic, especially for a reader not much acquainted with derived
categories and derived functors.
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Of course we are mainly indebted to the fundamental work of Deligne [D],

[D1], [D2]; but also to other papers containing very interesting approaches to
the theory, like [A], [E], [GNPP1], [GNPP2], [GS], [N].
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Classical Hodge theory






Chapter 1

Spectral sequences and mixed Hodge
Sstructures

1.1 Introduction

In this chapter we collect some algebraic preliminaries, especially on spectral
sequences and pure and mixed Hodge structures.

1.2 Filtrations

Let E be a vector space. An increasing filtration is an increasing sequence
of subspaces
e CWop ECWy i EC---

with
(YWmE = (0)

We will consider only finite filtrations, that is W,,,E # (0) and # E only for
a finite number of m.

A decreasing filtration F? on E can be defined in an obvious way. We deal
mainly with increasing filtrations. All the properties can be translated to the
decreasing case FP. just observing that the formula W,, = F~™ transforms a
decreasing filtration to an increasing one, and conversely.

One defines for every e € E

w(e)zinf{néZ‘eéWnE} (1.1)

in particular w(0) = —oco. If F C FE is a subspace, W, induces a filtration by
the formula
W F =W,ENF

On the quotient E/F there is also a natural induced filtration

Wi (E/F) = W E/ W F
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If A, B are vector spaces with increasing filtrations W, A and W,, B and
corresponding functions w4 and wp as in (1.1), a morphism of filtered spaces
is a linear mapping ¢: A — B such that ¢ (W,,, A) C W,,, B, which is equivalent
to wp (¢(a)) < wa(a) for every a € A.

1.3 Strict morphisms

Let ¢: A — B be a morphism of filtered spaces. On the subspace im ¢, one
can define two filtrations, namely

(i) the filtration on im ¢ as a subspace of B

W im¢ = W,,BN im ¢

(ii) the quotient filtration defined by the function wy

wy(b) = inf{n € Z | Ja € W, A with b = ¢(a) } (1.2)
Because ¢ (W,,A) C W, B, it follows that
wp(b) <wy(b) forbe ime
One says that ¢ is a strict morphism if
wp(b) = wy(b) forbe ime¢
Lemma 1.1. A morphism ¢: A — B of filtered spaces is strict, if and only if
¢ (WpA)=im¢pNW,B (1.3)
Proof. In general ¢ (W, A) C im¢ N W,B so that wp < wy.

(i) If ¢ is strict, namely wp = wy, and if b € im¢ with wg(b) = n, by
definition (1.2) there exists an a € A with wa(a) = n, b = ¢(a) so
be o (W,A).

(ii) Conversely, if (1.3) holds and if b € im¢ with wp(b) = n, one has
b€ im¢ N W, B and there exists an a with b = ¢(a), a € W, A, so that
wp(b) < n and wy < wp. Thus wp = we (because wp < wy is always
true). O

The following lemma is easy to prove.

Lemma 1.2. Let E be a vector space with an increasing filtration W,,, F
a subspace. The quotient mapping E — E/F is a strict morphism and the
filtration W, is associated to the function

w(le]) =inf{ne€Z|3e €le],e € W,E}
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1.4 Filtered complexes

Let (L',d) be a complex of vector spaces with d: L*¥ — LFt1. We say
that it is an increasing (resp. decreasing) filtered complex if each L* has an
increasing (resp. decreasing) filtration W,,, L* such that

d: W,,L* — W,, LF+1

i.e. dis a morphism of filtered spaces. We will consider only regular filtrations,
that is the filtrations W,,, L are finite for every k.
The cohomology of the complex is defined as usual

B ker{d: Lk — Lk"'l}

(L) e

and the filtration W,,, induces a natural filtration on H* (L) by

B ker {d: L* — LK1} N W, L*
- dLF1) NW,,LF

W, H* (L") (1.4)

If v € L¥, we say that its cohomological degree is k. If w(x) = m, we say that
its formal degree is m.

1.5 Spectral sequences

For the spectral sequences (associated to a filtration) we use notations which
are different from those which appear in many papers and books. The ad-
vantage is that in our notation E™F the indices have a more clear algebro-
geometric meaning: m is the degree of the filtration and & is the degree of the
complex (the degree of differential forms in the case of the De Rham complex).

The reader who is willing to work with the more classical indices E/”*¢ can
use the following dictionary:

m,k _ p/—p.pt+q
Er - Er

'p,q — fp—m,k+m
Ev" - Er

We define for any r > 0, the approximate cocycles

ZmF = {2 € W LF | do € Wy, LFT'}
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There we have
Zmr = w,, L

zmk czmk (s >7r)
dzZm* C Wy, L1
dzmk c Zzm= kL for s >0
Az TR c Zzm kL for s > 0
Zm Mzt AW, L

Let us remark that there exists rg such that for » > 7y the approximate
cocycles are usual cocycles: x € Z™* implies dz = 0; in fact there exists 7o
such that W,,,_, LFt1 = 0 for r > ry. One defines

m,k
m,k __ Zv"
, =

m+r—1,k—1 m—1,k
erfl + erl

We denote [z], the class of x € Z™* in the quotient E™¥.

We give the main properties of spectral sequences. First, we remind the
reader that the indices are not the usual ones, for obvious reasons of simplicity:
m is the formal degree (or degree of filtration), k is the cohomological degree.

Second, the differential d induces a differential d,

. m,k m—r,k+1
dy: B — E]

with d? = 0.
Third, E™* is the cohomology of the complex

dr—1

dr—
. m+r—1,k—1 “r—1 m,k m—r+1,k+1 L
Er—l Er—l Er—l

namely
ker{dr,lz E;nch - E:n:lrﬂ,kﬂ}

. —1,k—1
1m{dr_1: E;n_tr Al Eﬁ’f}

m,k __
EM =

We will often write (with a slight abuse) that E™F is the cohomology of the

™m

complex (Erjl'7 dr_l).

1.6 The first term of the spectral sequence

We define the graded complex

W L*

k _
gradm,L = m
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with the differential
do: grad mLF — gradmLkH.

Then one has
B = H* (grad,, L) .

1.7 The graded cohomology

For every r > 0 there are natural morphisms W,, H* (L) — E™* sending
to zero the subspace W,,_1 H* (L) Hence we obtain morphisms

Wall* (L)
W BF (L) o

There is an rg such that for r > ry the approximate cocycles are cocycles.
Hence for r > 7y the above morphisms (1.5) are isomorphisms and d, = 0, so
that % = EmWF,

We say that the spectral sequence E™* converges, for r — oo, to the graded
cohomology defined by (1.4):

(L)
EBW 1Hk (L)

and that it degenerates at EZ)L”“ , or at the level rg. Then we define

Emk =gt =g = = B =
and we write
W, HF (L
E;n’k — m ( )
W—1HF (L")

Summarizing:

Proposition 1.1. There exists r such that ds = 0 for s > r, if and only if
the natural morphisms (1.5) are isomorphisms:
W, H" (L)

— L~ Emk 1.6
Wmlek (L) T ( )

Then ETk = Emok,
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1.8 Pure Hodge structures

Let A be a complex vector space endowed with a conjugation ¢ — @ and a
decreasing filtration FPA of A

S CFPYYAC FPAC -

We note F9 = F4 the conjugate filtration. We denote also
d)(a):sup{peZ‘aeF”A} (¢(0) = o0).
Definition 1.1. We say that A has a pure Hodge structure of weight N if
(i) A is the direct sum of its graded spaces for the filtration FP

N
FPA
A == @AP7 Ap - m (17)
p=0

(ii) The conjugation a + @ is an isomorphism from AP to AN~P ie. AP =
AN—P,

From (1.7) we deduce

FPA=pA° (1.8)

s>p
Using the conjugation, we also deduce
F‘IZ‘+14A = (Fi‘ifA) = A4 = AN"a (1.9)
FIA=@, A =P, AV (1.10)

Proposition 1.2. Let A be a complex vector space having a pure Hodge struc-
ture of weight N. Then

FPFIA=FPANFIA=0 forp+q>N (1.11)
Let - -
APl = FPFIA = FPANFIA forp+q=N (1.12)
Then A decomposes as a direct sum
A= P are (1.13)
p+q=N
and the filtrations FPA, F1A are given by

FPA= A

s2p,s+q=N

A= p a

t>q,p+t=N

(1.14)
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Proof. We note that AN AN=t £ (Qonlyif s+¢t=N. If p+q > N, s and
t in the formulas (1.8) and (1.10) satisfy s +¢ > p+ ¢ > N, hence we find
FPFIA = FPAN F14 = 0. By (1.9) the graded spaces for the filtrations F
and F are the same. So, an a € AP has degree p for the filtration F' and
degree N — p for the filtration F', and we can write

AP = FPEN=PA = FPANFN"PA = APN-P

from which (1.13), (1.14) follow. O

1.9 Morphisms of pure Hodge structures
Let

A=par (1.15)

be a graded vector space (where the AP are subspaces of A). Then we define
on A the filtration

FPA=pA° (1.16)

s>p

so that the graded spaces of the filtration are exactly the AP:
gradf, = AP
For a graded space (1.15) we will always refer to the induced filtration (1.16).

Definition 1.2. Let A, B be filtered vector spaces, and f: A — B a linear
mapping.

(i) f is said a morphism of filtered spaces if f (FPA) C FPB.
(ii) f is said a strict morphism if f (FPA) = im f N FPB.

(ili) If A and B are graded vector spaces, f is said a graded morphism if
f(4P) C BP.

Lemma 1.3. Let f: A — B be a graded morphism of graded spaces. Then

(i) f is a strict morphism of filtered spaces.
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(ii) We have
ker f = @(kerf N AP)

imfz@(imfﬁBp)
Afker f = P AP/ (ker f N AP)
B/ im f =) B/ (im f N B)

Proof.

(i) Clearly f is a morphism of filtered spaces. Let b € im fNBP, sob = f(a).
Nowb=3 . b°,b°c B*anda=) a",a" € A". Then

D0 =) ()

s2p

s>p

so f(a")=0forr <p, f(a")=0" for r > p, hence b= f (Eer ar).

(i) fa =3 ,a” isin ker f, f(a) = > f(a?) = 0, f(aP) € BP, so each
aP € ker f. In the same way, if b = f(a), b* = f (aP) for all p. Finally, if
a= Zp aP, to take the class modulo ker f is equivalent ot take the class
of each a? modulo ker f N AP. |

Definition 1.3. Let A, B be two spaces having pure Hodge structures, and
r an integer. A morphism of pure Hodge structures of degree r is a linear
mapping f: A — B such that

() f(a) = (@) for a € A
(ii) for every p, f (FPA) C FPT"B

A morphism of pure Hodge structures is by definition a morphism of pure
Hodge structures of degree 0.

Clearly (i) and (ii) of the above definition imply that f (FPA) C FFT"B.

Proposition 1.3. Let f: A — B be a morphism of pure Hodge structures.
Then f is a morphism of filtered spaces for F', is a morphism of graded spaces
and s strict.

Proof. We already know that f is a morphism of filtered spaces for F9. We
use (1.11)

f(AP9) = f (FPAN F1A) C FPBN F1B = BP

so that f is a morphism of graded spaces, and f is strict by lemma 1.3. O
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Proposition 1.4. Let f: A — B be a morphism of pure Hodge structures of
respective weights N and M .

(i) If N =M, ker f, im f, Cokerf and Coimf carry pure Hodge structures
of weight N = M.

(ii) If N > M, f is zero.

Let us prove (ii). We have A = @, ,_y AP7. If x € AP7 then f(z) €
FPB N F9B, which is zero by the proposition 1.2 because p + ¢ > M.

1.10 Mixed Hodge structures

Definition 1.4. Let A be a complex vector space endowed with a conjugation
a — a. We say that A has a mixed Hodge structure if

(i) there is an increasing filtration W,,, A in A;

(ii) there is a decreasing filtration F’?A on A and the corresponding conju-
gate filtration F'9A;

(iii) on each graded space WW’Z‘;‘ — the quotient filtration of FP induces a pure

Hodge structure of weight m, such that

WnA EB WA \ 71
W1 A W1 A

ptg=m
where
WA ”’q:Fqu WA\ _
WmflA WmflA (1 17)
o (WA e (WA
WmflA WmflA

Remark. To be precise, the above definition refers to the notion of mixed
Hodge structures over C, which is suitable for the purposes of this book.

In [D], Deligne deals with mixed Hodge structures over Z; in this case, the
vector space A is an extension H ®z C of a Z-module H of finite type, and
the filtration W is an extension of a filtration defined on the Q-vector space
H®zQ.

As a matter of fact the vector spaces we are interested in are cohomology
vector spaces, which fall within Deligne framework. For them, the results
about mixed Hodge structures over C could be stated also as results on mixed
Hodge structures over Z.
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Definition 1.5. A linear mapping f: A — B of vector spaces with mixed
Hodge structures is called a morphism of mixed Hodge structures if

(i) f(@) = f(a) forac A
(ii) f is a morphism of filtered spaces for the filtrations W,,, and FP.

Proposition 1.5. Let f: A — B be a morphism of mized Hodge structures.
Then

(i) [ is strict for the filtration W,,, and f induces morphisms of graded
spaces for the filtrations Wy,
WA W, B
—
Wm—lA Wm—lB

fm: (1.18)

which are morphisms of the pure Hodge structures of these spaces.
(ii) f is strict for the filtrations FP and F9.

(i11) If f is an isomorphism of vector spaces A onto B, each fy, is an iso-
morphism of the corresponding pure Hodge structures, hence f is an
isomorphism of mized Hodge structures.

Proof. (i) Clearly f induces morphisms f,, of the W-graded spaces, and each
of them commutes with the conjugation and respects the filtration F? on the
graded spaces. Hence f,, is a morphism of pure Hodge structures on the
graded spaces WWmf’ifA — WVZT?B.

Let us prove that f is strict for the filtrations W,,. Let b € im f N W,,, B
so that b = f(a) and assume that a € WA, with s > m. Let [a]s be the class

. WA
of a in g Then

fs (lals) = [b]ls =0
because b € W,,,B C W,_1B. Now

[als = > [a™], (1.19)

with _
a?? e FPW AN FIW A
_ WA
[a"9], € FPF9—
s—1

so that each f, ([a?9]s) = 0, hence f (a??) € W,_1B. But f (a??) is also in
FPFIB. So, because gf:;g is a direct sum of FPFY with p 4+ ¢ = s — 1, this
implies that f (a??) € Ws_3B etc.. ., so finally f (%) = 0. Let us define

ar=a— E a4

ptq=s
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Then
fla1) = f(a)=0b
[al]s =0

(because of (1.19)) so that a; € Ws_1 A etc ..., until finally we find an element
Qs—m € WA with f (as—m) = b.

(ii) We prove that f is strict for F7; the result for F'¢ will follow by conjugation.
It is enough to prove, by induction on m, the following statement. Let x €
WA such that f(x) € FPB; there exists y € FPW,, A with f(y) = f(x).
For m <« 0, W,,A = 0, and the statement is obvious. Let us assume that
the statement holds for m — 1. The morphism WVZ’j’f 7 — WVK:LBB induced by
f is a morphism of pure Hodge structures, hence by proposition 1.3 is strict
for the filtration induced by FP; there exists u € FPW,, A such that z =
u—x € Wp_1Aand t = f(u) — f(z) € Wy—1B; then f(z) =t € FPW,,,_1 B,
so that by induction there exists ¢ € FPW,,_1A with f({) = f(z). Then
y=u-—CeFW,Aand f(y) = [(2).

(iii) We assume that f: A — B is an isomorphism, and we want to prove
that each f,, is an isomorphism. First, we prove that f,, is injective. Let
[a]m € WZ’ifA with fo ([a]m) = 0. We write

[a]m = Z [a” ]y,

ptg=s

with

a”? € FPW,, AN FW,, A
Because f,, is a morphism of graded spaces (see (1)), fm ([a”]m) = 0, so that
f(aP?) € Wp,_1B; but f (aP?) is also in FPW,, AN F1W,, A so that f (a®7)
induces an element of

popa (W1 BY _ (Wi B\
Wm—QB Wm—QB

which is 0 because p + ¢ = m, while the non zero F”Fqg//""—*l

— g correspond
to p+q = m —1. It follows that f(a??) € W,,—2B etc ... until finally
f (a??) = 0 which implies a?? = 0 because f is injective. Then [a],, = 0 and
fm is injective.

Now, because f,, is injective

WA . WA . mB
. _ Wmd ) _ 7” .
dim — dim f,, < m,—1A> < dim < m,—lB> (1.20)

We sum the above inequalities over m, to obtain
. . WRA . W,LA )
dim A = ;dlmm S ;dlmm =dim B

But dim A = dim B because f is an isomorphism so that necessarily, we have
equalities for all m in (1.20) so that f,, is onto. So f, is an isomorphism. O
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1.11 Exact sequences of mixed Hodge structures

Lemma 1.4. Let

A B c

be an exact sequence of vector spaces with filtrations W,,, so that each mor-
phism is a strict morphism of filtered spaces. Then, one has exact sequences

W A Wi B —— Wiy C —— - (1.21)
and
WA WnB W C (1.22)
WmflA Wmle Wmflc .

Proof. Tt is clear that the sequence of the W,,, is a complex of vector spaces,
because each morphism is a morphism of filtered spaces.

Let b, € ker {W,,B — W,,,C}. Then b,, € im{A — B} N W,, B, and since
the morphisms are strict, by, € im{W,, A — B}, thus the sequence (1.21) is
exact.

The same remark applies for the sequence (1.22). O

Lemma 1.5. Let

A B c

be an exact sequence of vector spaces with mized Hodge structures so that each
morphism of the sequence is a morphism of mixed Hodge structures. Then,
the sequences (1.21) and (1.22) are exact as well as the sequences

WA\ WnB \" WG\
__m" __m= __mz ... (1.23
— <Wm—1A> - <Wm—1B> - <Wm—1c> - ( )

for all (p,q) with p+ q=m.

Proof. Because of proposition 1.5, each morphism is strict for the filtrations
Wi, so that the sequences (1.21) and (1.22) are exact, by lemma 1.4. More-
over the morphisms of the sequence (1.20) are morphisms of the pure Hodge
structures of these quotient spaces, and so they are strict, and also mor-
phisms of graded spaces (proposition 1.3), so that the sequences are all exact
(for p+ ¢ =m) and are all 0 for p 4+ g # m. O
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1.12 Shifted complexes and shifted filtrations

Let A be a vector space filtered with a (for example, decreasing) filtration
F. For any integer r we define the shifted filtration "' F on A by

(MEPA = FPtr g

If the filtration F, together with its conjugate F, induces on A a pure Hodge
structure of weight N, the shifted filtrations (VF and (" F induce a pure
Hodge structure of weight N — 2r.
Let (L', d') be a complex, r an integer. The r-shifted complex (L' (r), d(r)')
is given by
L'(r)k = LF
and
d(r)* = d"*r
Let us suppose that (L',d) is filtered with a (for example, decreasing)
filtration F. We define the shifted filtration (") F on the shifted complex L (r)
by
(’")Fka(r) — pptrpktr

1.13 The strictness of d and the degeneration of the spec-
tral sequence

The following theorem relates the strictness of the differential in a filtered
complex with the degeneration of the spectral sequence at the level 1.

Theorem 1.1. Let (L' , d) be a filtered complex of vector spaces. The following
properties are equivalent.

(i) The spectral sequence associated to the filtration degenerates at Fy: d, =
0 forr >1.

(ii) For every k, d: L¥ — LF+1 is strict.

Proof. Let us suppose for example that the filtration W,, on the complex is
increasing.

(i) = (ii) The degeneration of the spectral sequence at E; means that there
are isomorphisms (1.6) with r = 1:

W H* (L)
k

E™F ~
1 W1 HF (L)

(1.24)
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If 2 € W,,LF and dx € W,,_1L*T", then there exists z € Wm,lLk with
dz = dx. In fact by the isomorphism (1.24) there is y € W,, L¥, dy = 0, such
that

r—y=dt+z, tE€ W1 LY, 2z e W,,_1LF

hence dx = dz.

Step by step, if € W,,L* and dx € W,,_ L**!, we find z € W,,_,LF with
dz = dzx.

(ii) = (i) If d is strict, it is easy to prove that there are isomorphisms (1.24),
so that the spectral sequence degenerates at F;. [l

1.14 Flat modules

Let A be a commutative ring with unit. An A-module M is flat if for any
short exact sequence of A-modules

0 B Es Es 0 (1.25)

the sequence obtained by tensoring with M
00— OM —EsM — E3sQ M —— 0 (126)

remains exact.
If (1.25) is an exact sequence of A-modules, and Ej is flat, the sequence (1.26)
remains exact for any A-module M.

The following result is well known.

Lemma 1.6. Let

0 M, Mo Ms 0

be a short exact sequence of A-modules. If My and M3 are flat, M is flat.
As a consequence we can state the following proposition.

Proposition 1.6. Let

0 M, M, M, 0 (1.27)

be an exact sequence of flat A-modules M;. For any A-module F the sequence
obtained by tensoring with F

0—— M @F —— M @F —— - —— M, @ F——0  (1.28)

remains exact.
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In fact we cut the sequence (1.27) into short exact sequences

0 E;_4 M; E; 0

Starting with E = M), we prove by decreasing induction, by means of the
lemma 1.6, that each E; is flat. Hence the sequences

0— B 1 ®@F —M;@F —— B, F ——0

are exact, which implies that (1.28) is exact.

1.15 Connecting homomorphisms

Let us consider a commutative diagram of morphisms of vector spaces (or
modules over a ring...)

0——0—0

i 2
0 ) ——C9—-CY 0
4 @ @ (1.29)
P
0 Ci ) i 0
dy d} dg

where the columns are complexes, and the rows are exact. Then there is a
long exact sequence for the cohomologies of the complexes:

0 HO(C;) 5 HO (C3) 2 1O (¢3) 25 Y (C)) — -
(1.30)

* k
e gk (Cl) LHk (Cg) in (Cg) Lk>Hk+1 (Cl) —_—

where the morphisms 0%: H* (C3) — gkt (Cl) are called connecting homo-
morphisms, and the F, Jk are natural homomorphisms induced by the morphism
of complexes f;, j =1,2.
We give a partial sketch of the proof. First we define 9*. Let z € C§¥ with
d¥(z) = 0. Since f is surjective, there is y € C§ with f¥(y) = z. It follows
St (d5(y)) = db (f5(y)) = d§(x) = 0, so that (by the exactness of the k-th
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row in the diagram (1.29)) there exists z € C¥™ with fF+1(2) = d5(y). Then

2 (d’f“(z)) = = ( f“(z)) =d5! (d5(y)) = 0; since E+2 s injective,
it follows d¥**(z) = 0, hence z induces a cohomology class in H**! (c;). By
definition, 0% takes the class of  in H* (C3) to the class of z in H*"! (C;)
(one verifies that the class of z depends only on the class of z). Let us
suppose that the class of z is zero. This means that there is ¢t € C¥ such
that z = df(t). We have d5 (f{(t)) = i (di(t) = 1(2) = db(y); thus
dk (flk (t) — y) =0, i.e. fF(t)—yinduces a cohomology class in H* (Cé); finally
f5 (= ff(t) + y) = f§(y) = 2. This proves the exactness of the sequence (1.30)
at 0%. The rest of the proof is left to the reader.



Chapter 2

Complex manifolds, vector bundles,
differential forms

2.1 Introduction

In this chapter, we recall the main definitions concerning complex mani-
folds and vector bundles. In particular, we introduce the decomposition of
differential forms in types, the decomposition of the exterior differential in
the operators 0 and 9. The main results are the Poincaré lemma and Dol-
beault lemma. This chapter should be considered mainly as a dictionary to
fix notations.

2.2 Complex manifolds
2.2.1 Definitions of complex coordinates and manifolds

Let M be a topological space. A system of complex coordinates on M is an
open covering U = (U,) of M by open sets U, together with homeomorphisms

2a: Uqg — 24(Uy) C C"

on open sets z,(U,) of C", such that the mapping 2, o z;': 2,(U, N Up) —
z5(Us N Up) is biholomorphic. The set of numbers (z2(m),..., 2% (m)) € C*
is called the complex coordinates of m € U, in U,.

Let U' = (U.,) be another system of complex coordinates, with coordinates
zb, UL — zh,(UL). We say that the system (U,, z,) is equivalent to the

a
system (U!,,z.,) if the changes of coordinates z/, o z; ! are biholomorphic

'y 2
whenever deﬁr(lled.
A complex structure is an equivalence class of systems of complex coordi-
nates, and M is then called a complex manifold.
A local chart on M is a couple (U, z) where U is an open set of M and
z: U — z(U) € C" is a homeomorphism on an open set of C™, such that

z 0z, is holomorphic on z,(U, N U).

19
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A complex manifold of dimension n is a C* real manifold of real dimension
2n; the real coordinates (z},z2,..., 22"~ 22") are defined by

2 =297 a (2.1)

If M is a complex manifold, and (U,, 2z,) is a system of complex coordinates
on M, then, the coordinates (zl’f) are holomorphic functions of the

k=1,....,n
. 95k
(zg)j_l , in 2a(UaNUyp), such that the jacobian matrix (g?; ) is invertible.
=1,..., al/k,j
Moreover, we have immediately
0zF . .
5% =0 (Cauchy-Riemann equations) (2.2)
Za

because the z,’f are holomorphic functions. Then, one deduces:

Lemma 2.1. On a complex manifold the ordering (a:llz, 22, w2l :cg”) of
the real coordinates induces a natural orientation.

Proof. 1t is sufficient to prove that the jacobian of the change of coordinates

is positive. But
2
Ok OzF
det (—;’) = |det (—g
0r4 ) kj=1,...2n 024/ kj=1,..,n

as it is checked easily using (2.2) and manipulations of determinants. O

2.2.2 Tangent vectors

A real (or complex) tangent vector at a point m € M, with m € U, is
2n 9
W )

where & are real (or complex). Because

2n k
0y 0m 0 (2.4)
Oxh, 1= Ozl Oy

one sees that the tangent vector (2.3) in the coordinate system (xf)) has
components
2n
oxk .
g => L. (2.5)

J
= oxy

We denote V,,,(M) the vector space of complex tangent vectors at m.
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Recall that by definition

0 1 0 .0
0z 2 <8x§j_1 _287?)
1
2

000
oz A
Any complex vector field v as in (2.3) can be written as
"9 )
N LS e
; P 35 (2.6)

(=0 gy
T
Gl =g g,

Because

0 8zb 0
0z Z 8231 3Zb

(2.7)
Z (8zb )
8za 0zl 32;,
v can be also written in the coordinates (zl’f) as
n n
0 0
_ kY k¥
with
, o2k
f—Z b
0zy
(2.8)

" 82 "
bk_z<al;>C]

We denote T, (M) the vector space of complex tangent vectors at m of type

v = J— 2.9
P 29)
=
and T',,,(M) the vector space of complex tangent vectors at m of type

v = E J
= a oz

so that
Vin (M) = Ty (M) @ T, (M). (2.10)
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2.2.3 Holomorphic functions

A holomorphic function f: U — C is a continuous differentiable function
such that in UNU,, f oz, ! is holomorphic in z,(U NU,). In other words, in
UNU,, f becomes a holomorphic function of the coordinates 2z, or

% =0. (2.11)
Za

This definition does not depend on the choice of the complex coordinates,
because
i z": 9z, \ 0
ok = 7k | 3
0z, = 0z ) 97
As a consequence, we deduce immediately:

Lemma 2.2. On a compact connected complex manifold, a holomorphic func-
tion f: M — C is constant.

Proof. f has a maximum at a certain point m € M. Suppose that m € U,,
then on z,(U,), f(z4) is a holomorphic function which has a maximum at
za(m), and thus it is constant in a neighborhood of m. Because any holomor-
phic function is real analytic, it is then globally constant. [l

We denote by O(U) the algebra of holomorphic functions on an open set U
of M.

2.2.4 Complex submanifolds

Let M be a complex manifold of dimension n. A complex submanifold W
of dimension p is a real submanifold of real dimension 2p which is a complex
manifold for the induced complex structure. This means that one can find a
system of complex coordinates (Uy, 2z,) for M such U, "W, if it is non empty,
is defined by the n — p equations

2Pt (m) =0,...,2"(m) = 0.

Then the (Ua nw, (z;, cee 25)) define a system of complex coordinates on
W. The tangent space at m to W is a subspace

Ve (W) C Vi (M)

defined by the vectors
P P

y 0 i 0
v:ZCaJW—’_ZCa]a_EZ‘

j=1 a =1
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and one has also
T, (W) C Tn(M), Tm(W) C Tm(M).

The holomorphic functions on W are obtained as functions f: W — C, so
that in U, N W, f is a holomorphic function of (z},...,2?). Then f extends
as a holomorphic function in U,.

Let fi,..., fn—p be holomorphic functions in an open set U of M, and

W={meU]| film)=0,..., fo_p(m)=0}

The implicit function theorem says that if the jacobian matrix

O fk
023 1?=117~~~7n—p

J=1,..n

has rank n — p at every point m € W, then W is a submanifold of U of
dimension p. In particular, if W = {meU| f(m)=0} (f € OU)) is a
hypersurface, it is a complex submanifold of dimension n—1, provided df (m) #
0 forme W.

2.2.5 Examples

1. Any open subset U of C" is a complex manifold of dimension n.

2. The complex projective space P™.
We consider the space C™\ {0} with coordinates (Z°,...,Z") and we
identify two points on the same line, so that

(2°,...,2") ~ (2°,....,2™)

if and only if
(2°,...,2™) = (\Z°,...,AZ"™)
for some A € C, A # 0.

Then P = C"™!\ {0}/ ~. We denote by [Z°,...,Z"] a point in P",
ZY,...,Z" are called the “homogeneous coordinates”. For a = 0,...,n,
we define

Uo={[2°...,2"] e P" | Z* #0}.

Then the (U,) cover P" and in U,, one can define complex coordinates

7
2zl = — for j # a.

a Za

Then the mapping z,: U, — 2,(U,) = C™ and the changes of coordinates
are obviously holomorphic.
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3. Complex tori.
We counsider the space C™ and 2n vectors (w1, ...,ws,) which are linearly
independent over R. Call

L:{ipkwk’pkeZ}.

k=1

This is a discrete subgroup of maximal rank. Then C"/L is a complex
manifold, which is compact.

One can change the description of L, by choosing

Wi =Y akw;
where (ax;) is an integer valued matrix with determinant 1.

4. Blowing-up of a point.

Let M be a complex manifold, and m a point in M. The blowing-up of
M at m is a manifold W equipped with a surjective mapping 7: W — M
such that 7 induces an isomorphism between W \ 7=1 (m) and M \ (m),
and whose construction can be described locally around m in the following
way. Let us identify m with 0 € C™, and an open neighborhood of m in M
with a ball B centered at 0. In B x P*~! we use the natural coordinates
(zl, . ,z") in B and the homogeneous coordinates [Zl, ceey Z"] of pPr—1
and we consider the submanifold W of P*~! defined by the equations

27k — k77 =0 j#k.

Let us consider the affine open set U, C P"~! of points such that Z% # 0.
Then in B x U, we find n — 1 independent equations, equivalent to the

previous set:
44 .
2 —z Za = 0 Jj#a.
The jacobian matrix of the above system has rank n — 1, so that W is
indeed a submanifold of dimension n. One has a natural projection

W — B
(2, [Z]) = =

Then 71 (0) = {0} x P*~1, while

m |W\({O}><H)n—l) : W\ ({0} X Pnil) — B \ {0}
is a complex isomorphism.

The submanifold 7= (0) = {0} x P"~! is called the exceptional divisor
of the blowing-up. In W, the point 0 of B has been replaced by the
exceptional divisor, which is the set of complex directions of lines through
0.
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5. Blowing-up along a submanifold.
Let M be a complex manifold, and N C M a closed submanifold. The
blowing-up of M along N is a manifold W equipped with a surjective
mapping 7: W — M such that 7 induces an isomorphism between W \
71 (N) and M \ N, and whose construction can be described locally. We
replace M by an open ball B C C", and N by the submanifold of B
defined by the equations z! = 0,...,27 = 0. We can assume that B =

By, X B,,—, where B, C CP has coordinates (z',...,2") and B,_, C C"~?
has coordinates (zp‘H, ceey z”) Then, we can blow-up 0 in B, and obtain
a manifold

m: M, — B,

and the exceptional divisor 77! (0) ~ PP~ in M,. The blowing-up of the
submanifold (0) x B,,—, C C™ is the manifold

m: My X By_p, — Bp X By

with the exceptional divisor 7=! ({0} x B,,—p) ~ PP~1 x B,,_,. It is also
equivalent to consider the submanifold of B,, x PP~! defined by the equa-
tions

27k — k77 =0 5 k=1,...,p

where (zl, . ,z") are coordinates in B, and [Zl, ceey Zp} are homoge-

neous coordinates in PP—1,

2.3 Complex vector bundles and divisors

We recall briefly the definitions and the operations on vector bundles.

Definition 2.1. A complex vector bundle of rank d on a C°° manifold M, is
a C* manifold F, together with a mapping 7: F' — M which is onto and C*°,
such that there exist an open covering U = (U,) of M and diffeomorphisms :
Ga: T 1 (Uy) = CEx U,

Pa(v) = (vq (v),7 (v)) (2.12)
where v, (v) € C?, with the property that
Ve (V) = Yap (7(V)) V5 () ver N U, NUy) (2.13)
where v,: U, NUp — GL(d, C) is a C*° mapping.

The mapping 7 is called projection, the mappings v, are called transition
matrices and the mappings ¢, are called trivializations. Hence F' is covered
by the open sets 7! (U,) ~ C% x U,. We denote F,, = 7~ !(m) the fiber
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of a point m € M. It is a complex vector space and thus F,, ~ C? the
isomorphism depends on the trivialization v = wv,(v). Moreover one has
obviously
Yab = Voa
VabVbeYea = id (Identity matrix).

A (differentiable) section on an open set U C M of the bundle is a C*
mapping s: U — F with 7 (s(m)) = m for m € U, or in other words s(m) €
F,,. We denote C* (U, F) the vector space of (differentiable) sections of F'
onU.

If M is a complex manifold, a complex vector bundle w: F — M is called
holomorphic, if F' is a complex manifold, 7 is a holomorphic mapping, the
trivializations ¢, and the transition matrices 7., are holomorphic on their
respecitve domains of definition. In this case, one can speak of holomorphic
sections s: U — F and one denotes O (U, F') the vector space of holomorphic
sections of F' on U.

One can define a morphim of vector bundles f: F — F' as a C°° mapping
commuting with the projections w: FF — M, n’': I/ — M:

' (f (v)) =7(v)

so that there exist trivializations ¢4, ¢},

(2.14)

7 (Ua) — 71 (U)

CixU,——C¥ xU,

(’U, m) B ((I)a (m)v, m)

where ®,: U, — Mat ((Cd,(Cd/) is a C'°° mapping whose rank is constant.

Thus f is a linear mapping on each fiber. One can define also holomorphic
morphisms between holomorphic bundles.

A line bundle is a complex vector bundle of rank 1; hence the fibers 7= (m) ~
C and the transitions matrices are transition functions ~yu: U, N Uy — C*.

One can define also subbundles and quotient bundles.

A complex vector bundle is called C* trivial if it is C'°° isomorphic to the
trivial bundle C¢ x M — M. A holomorphic vector bundle is called holomor-
phically trivial if it is holomorphically isomorphic to the trivial bundle.

A complex bundle 7: F' — M of rank d is C* trivial (resp. holomorphically
trivial) if and only if one can find d global differentiable (resp. holomorphic)
sections s1,...,sq such that at each point m € M, {s1(m),...,sq4(m)} is a
basis of Fy,. Indeed the trivialization is given by

d
vm =y Far(m) = (¢1....¢7) e C
k=1
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In particular, a line bundle is C*° trivial (resp. holomorphically trivial) if
and only if one can find a C* section (resp. a holomorphic section) which
vanishes nowhere.

2.3.1 Operations on bundles

Definition 2.2. If n: FF — M and 7’: F/ — M are bundles one can define
the direct sum
FoF - M

(F®&F'), =F,®F,.
We can also define the tensor product

FQF — M
(FQF'), =F,QF),.

with the obvious transition functions.

In particular, if L — M, L' — M are line bundles, with transition functions
Yab: UaNUp — C* and v/, : U, NUp — C*, L& L' — M is a line bundle with
transition functions v/, = YayyLy-

If f: M/ — M is a mapping and 7: F' — M is a bundle over M, one can
define a bundle

' f*F — M’

so that for m’ € M', (f*F)m = Fyin). If (Ua,pq) is a trivialization of
F — M, then a trivialization of f*F — M"is (f~' (U,),¢})

o (v) = (va ('), 7" (v"))

In particular, if j: N — M is a submanifold, j*F — N is denoted F|y — N
(the restriction of F to N). At each point m € N, the fiber (F|y),, is just
F,,, and the trivialization and transition matrices are the restrictions to IV of
the corresponding trivializations and transition matrices.

If 7: F — M, one can define the dual bundle 7*: F* — M with F}, =
(F,,)". The transition matrices are

Yap(m) = 7' (m).
In this way, if v € Fy,,, v* € F%, (v,v*) is well defined as
(v,0%) = (va(v),v5 (v7))

and does not depend on the trivialization. One can also define the conjugate
bundle 7: ' — M with transition functions 7.
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2.3.2 Tangent bundle
Let M be a complex manifold of dimension n and
V(M) = | V().
meM

This is a complex bundle of rank n over M, the tangent bundle. A vector
field on M is a section of V(M).

Let U = (U,) be a coordinate system on M. The trivialization ¢, : 7= (U,) —
C?" x U, is given by

Qﬁa(’U) = ( ;a"wgsnvﬂ(v))

where &7 are the components of v on the basis (aaj ) (see (2.3)). The
0 ) j=1,....2n
transition matrices are
oxy
Yoa(m) = ( ; (m)) (2.15)
0} kj=1,....2n

(see (2.5)).
One has also a subbundle of V(M)

T(M)= |J Tm(M)C V(M)
meM

with trivializations ¢/, : 7=t (U,) — C™ x U,

Pu(v) = (Car- -5 Cay (V)

where (7 are the components of v on the basis (%) (see (2.8)). The
) j=1,..n

transition matrices are

shatm) = (22 “"))k,jl,.u,n (216)

0zl

(see (2.7)) and they are holomorphic so that T'(M) is a holomorphic bundle.
Then, as a bundle, V(M) is the direct sum of T'(M) and T'(M)

V(M)=T(M)®T(M). (2.17)

If W C M is a real submanifold, one can define the restriction V/(M)|w — W,
which contains the tangent bundle to W as a subbundle

VW) = V(M)|w.
The normal bundle to W is the quotient bundle

VEW) = V(M)lw/V(M).
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If W C M is a complex submanifold, one can also define T'(M)|w, T (W),
and the normal bundle

N(W) =T(M)lw/T(W)

which are holomorphic bundles on W.

2.3.3 Example: complex tori

On a complex torus M of dimension n, the various tangent bundles V (M),
T(M) are all trivial. One can find, for example, n global sections of T'(M)
which form a basis of T,,,(M), namely the (ai) where (z*) are the

2k k=1,...,n
complex coordinates on C™.

2.3.4 Line bundles and divisors

(i) Let D be a complex irreducible hypersurface in a manifold M. Then
one can cover M by a system of coordinates U = (U,) so that in each
U., D is given by an equation s, = 0 where s, € O (U,).

Then in U, N Uy, one has
Sa = PabSh

where g4 is a holomorphic function which does not vanish. Obviously

Pab = w;bla PabPbcPca = Id

so that the (¢qp) define a system of transition functions for a line bun-
dle L(D) — M and the collection (s,) defines a global section s €
O (M, L (D)) whose zero set is D.

(ii) A divisor D on a complex manifold is a finite formal sum

p
D= Z nka
k=1

where Dy, are irreducible hypersurfaces of M, ny are integers. The line
bundle associated to D is

L(D) = L(D1)*™ @ L(D2)*™ @ -+~ ® L (Dp)*"™

and if n < 0, L(D)®" = (L(D)*)* ™. In each U,, Dy has an irre-
ducible equation
Sa,k = 0.

The transition functions of L(D) are

P

Pab = H (sﬁab,k)m“

k=1
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Sa .k
(where Y1 = -

are the transition functions of L (Dy)).
Moreover if s, = [[h_, (Sa,k)"", one has s, = papsy on Uy N Uy,

(iii) Two divisors D, D’ are linearly equivalent if D — D’ is the divisor of a
global meromorphic function ¢ on M.

Recall that a meromorphic function ¢ on M is defined by an open cover-
ing (U,) of M such that in each U,, ¢ = % where f,, g, are holomorphic
functions on U, and f,gs = frg, on U, N Usp.

Lemma 2.3. D is linearly equivalent to D' if and only if L(D) ~ L (D') as
line bundles.

Indeed, let wqp, @, be the transition functions of L(D) and L (D’), so that
the transition functions of L (D — D’) are wup¢;". If there exists a global
meromorphic function ¢ with divisor D — D’ this means that |y, satisfies
©lu, = Squq where u, is a non vanishing holomorphic function and s, =
[T (sak)™ where the s, ) are local holomorphic equations of the components
of D — D’. Then because s, = @abgail;lsb, we have

—1
Up = Pab Py Ua

in U, N U, away from the poles of ¢, but this equation is valid in U, N U,
because both members are holomorphic, so L (D — D’)* has a holomorphic
section which vanishes nowhere and it is thus trivial.

Conversely if L (D — D')* is trivial, it has a holomorphic section u, which
vanishes nowhere. Let s, be the section of L (D — D') describing D — D’
locally, then ¢, = squ, defines a global meromorphic function with divisor
D-D.

2.3.5 Example: P" and its line bundles

Let [ZO, e ,Z”] the homogeneous coordinates of P”, U,, the affine open
set where Z% # 0. Let H be a hyperplane with equation >, _, upZ* = 0.
Then H NU, is described by the holomorphic equation

Saq = Zukﬁ =0
k=0

because g—: are the holomorphic coordinates in U,. One has in U, N U,
Zb
Sq = ﬁSb

so that L(H) is a line bundle with transition functions @, = g—z It is called
the Opn (1)-bundle. It does not depend on the choice of H. Indeed, obviously
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H ~j, H' for any two hyperplanes because H — H' is the divisor of the global
k

. . Z
rational function Zu—f‘
Z Uy

A
The holomorphic sections of O(1) are the homogeneous polynomials of de-
gree 1 in the Z*. The tensor powers L(H)®* = Opn(d) have transition func-
Zb

d
tions (7) = ¢%,. Their holomorphic sections are the homogeneous poly-

nomials of degree d in the Z*. Indeed if P(Z) is a homogeneous polynomial
of degree d in the Z*, it defines a section of L(H)®? by

P(2)
(2%)

a =

which is holomorphic in U,, and

2.4 Differential forms on complex manifolds

Let M be a complex manifold of dimension n. We have defined the complex
tangent bundle V(M) and the holomorphic tangent bundle T'(M), so that

V(M)=T(M)®T(M).
We can consider the dual bundles, so that
VM) =T*(M)® T (M). (2.18)
Definition 2.3. The bundle of k-forms on M is the k*" exterior power of
V*(M) and is denoted A¥(M):

AR (M) = ARV (M). (2.19)

The bundle of forms of type (p,q) on M is the bundle
API(M) = APT*(M) A AT (M). (2.20)

A differential form of degree k (resp. a form of type (p,¢)) on an open set U
of M is a differentiable section on U of the bundle A*(M) (resp. AP4(M)).

It is clear that
(M) = @ Ar(M) (2.21)
pt+q=k

and at each point m € M, a k-form ¢(m) is decomposed in a unique way as
a sum of (p, ¢)-forms with p + ¢ = k.
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The bundles A¥(M) and AP4(M) are C*°-bundles. We denote E;J(U) and
Ex (U) (or T(U, 5;4) and T'\(U, £;;")) the space of the C™ sections on an open
set U.

The bundles A?°(M) are holomorphic vector bundles. We denote Q},(U) or
['(U, ;) the space of the holomorphic sections on U. An element of Q},(U)
is called a holomorphic p-form on U.

2.4.1 Expressions in local coordinates

Let U be an open set with complex coordinates (zl, ceey z”) and real coor-
dinates z7 with 2/ = 2%~ ' +42% j=1,...,n.
We can use as a basis of V(M) on U the (%, %,...,%), so a dual

basis of V*(M) on U is (dml, dz?,. .., de”):
0

A basis of A¥(M) on M is formed by the exterior products of the dz? of order
k.

Let I = (i1,...,1%) be an ordered subset of {1,...,2n} with distinct i;. We
denote

da’ = da™ Adx® A - A dat
A collection I is called a multiindex of length k& and we denote its length by
|| = k.
A multiindex is increasing if i1 < 1o < -+ - < 1.
A basis of A¥(M) on U is formed by the {dz’} where I are the increasing
multiindices of length k£ and a k-form ¢ € E;I(U ) can be written

/
o= orda’ (2.22)
|I|=k

!/ . . . . .
where Y denotes a sum restricted on increasing multiindices I and ¢; are
C*° functions on U.
Alternatively, one can also write

1
¥ = 7l Z Y1 da’
|I|=k

where the sum is now on unrestricted multiindices I of length k and ¢y is
skew-symmetric with respect to I.
In the same way, we have a basis (%,...,%) of T(M) on U, and a

basis (8%1, ceey %) of T(M) on U. The dual basis are (dzl, e ,dz”) and
(dz',...,dz") for T*(M) and T (M)

dzd =da® ™' 4ide®  dE =da¥ T —ida. (2.23)
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IfI = (i1 <--<ip) and J = (j1 <--- < jq) are increasing multiindices of
length p and g respectively, with the indices varying in {1,...,n}, a basis of
AP9(M) on U is formed by the

dz' NdzT =dz Ao NdzP ANdE N N dE (2.24)

A (p,q)-form ¢ € £y} (U) can be written as
p= Z, ¢y dzt Ndz! (2.25)
[T|=p

[J]=q

where again Z/ denotes a sum restricted on increasing multiindices I, J and
w7 is C*°(U). Alternatively one can write

1
Y= e Z or7dzt Adz! (2.26)
T n=p
|J1=a

with the sum on unrestricted multiindices and ;7 skew-symmetric in I and
skew-symmetric in J.

2.4.2 The Hodge filtrations F and F

If M is a complex manifold, one can write a k-differential form ¢ on M in
local complex coordinates as

!/
P = Z orjdz! Adz?
|+ J|=k

We say that ¢ has type > p, if one has |I| > p in the above sum (for every
system of complex coordinates on M). We define FPEY, as the subsheaf of
EX, of k-forms of type > p. This defines a decreasing filtration (called the
Hodge filtration)

S FPER D FPHIER 5.

and d respects this filtration:
d(FPeEY,) c FPef?
The conjugate Hodge filtration is defined by

Figk, = Fagk,.

2.4.3 Pullback

If f: N - M is a C* mapping between complex manifolds and ¢ is a
k-form on M, one can define f*p as a k-form in N. Locally, if (V,2’) and
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(U, z) are coordinate open sets in N and M such that f(V) C U, and ¢ is
defined by (2.22), we define on V'

Fo=3 (prof) 1 (da')

||=Fk

f*(da") = f* (da™) A f* (da®) A= A FF (da™)

and

f*dat :d(:ciOf)

is the differential of the function z’o f on V and one verifies that the definition
is intrinsic.

In particular, if W C M is a real submanifold, ¢ a k-form, the restriction
©|w is a k-form on W which is the pullback of ¢ by the injection j: W — M.

If W is defined locally by equations
2" =0 reR

(R is a subset of {1,...,2n}), then ¢|w is obtained from (2.22) by killing all
the dx! where I N R # () and restricting the @7 with TN R =0 to W

/

elw = > rlwda’.
|I|=k
INR=0

If f: N - M is a holomorphic mapping, and ¢ a (p,q)-form on M, one
can define in a similar way f*¢ which is also a (p, ¢)-form on N. If ¢ is a
(p, 0)-form holomorphic on M, f*¢ is a (p,0)-form holomorphic in N.

If W C M is a complex submanifold of M, one can define p|w as a (p, q)-
form in W if ¢ is a (p, ¢)-form in M.

If W is defined locally by holomorphic equations

1<y <r
1<ji<r
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2.4.4 Exterior differentials

For a function f: M — C, one defines the differentials

i

a (2.27)
9 4=
0zJ
so that df = 0f + Of.
For a k-form ¢ € E&(U), we write:
o =S prdal (g1 € C())
|I|=k
and we define in U .
_ dpr I
dp = 2_: ) da? A da (2.28)
]
Then we show easily that
dod=0 (2.29)

In the sum of (2.28), do’/ Adx! = 0 if j € I hence 8‘“ never appears if j € 1.
For a (p, q)-form ¢ € £, (U), which is written as

Y= q' Zgoudz Adz?

P |I|=p
[J]|=q
one defines
&PU
pq' Z dz' A dz" A dz? (2.30)
[T|=p
IJ\ q
a (=1)P Oy
Op = o Iz_: 951 dz" A dzt A dz? (2.31)

[J|=q
l

These definitions are extended to any k-form by decomposing the form in pure
types.
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One checks easily that

0od=0 900=0 (2.32)
d=0+0 (2.33)
and as a consequence of d? = 0
90+ 90 =0 (2.34)
One has by definition .
& (U) C 8%:1([]) (2.35)

0€, (U)) C €y (U)

2.4.5 Exterior differentials and pullback

The main theorem, which can be checked by local calculations is that the
differentials commute with pullback.

Theorem 2.1. If f: N — M is a C* mapping between manifolds and ¢ is
a k-form on M

df*o = f*dp. (2.36)
If N, M are complex manifolds and f is holomorphic, then

of o= f*0

O 0 =1"0¢ (2.37)

Of = [0y

2.4.6 Differentials and exterior products

If ¢ is a k-form, v is a I-form, ¢ A1) is a (k + 1)-form, and one verifies
d(p AY) =do AN+ (—1) ¢ A dip. (2.38)
If ¢ is a (p, ¢)-form and ¢ a (r, s)-form, ¢ A is a (p +r,q + s)-form and

e Ap) =0p ANp+ (—1)PT9p A Oy

- - - (2.39)
AN Np) =0p AN+ (—1)PHp A D

2.4.7 Forms with coefficients in a vector bundle

Let m: F — M a complex bundle. A k-form with coefficients in F' is a
section of the bundle A*(M) ® F. Locally, we can use a trivialization of F' on
U,, so that

7 (U,) 5 C" x U,.

Then a k-form with coefficients in F' can be expressed on U, as a r-uple

(wi,...,w;)
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where w§ are k-forms on U,.
Moreover if we have another trivialization of F'

a1t (Up) ~C" x U,

and transitions v,: U, N Up — GL(r,C), the element v € 7= (U, NUy) is
expressed either as v,(v) € C” or vy(v) € C” in each of the trivializations,
with

0a(v) = Yab (m(v)) vs(v) (2.40)

So the k-form with coefficient in F' will be expressed on U, as a r-uple

(wl},...,wg)

where wf are k-forms on U, and (2.40) means that :

wa(m) w (m)

= ’Yab(m)
wy(m) wy, (m)

a

for m € U, N Uy, or in other words
wi(m) =Y e 5(m)wy (m). (2.41)
B=1

In general, it is not possible to define the exterior differentiation of a form
with coefficients in F' as a form with coefficients in F. Indeed, one can define

for each trivialization the differentials (dw;, e ,dwg) and (dwg, e ,dwg) but
these differentials do not satisfy (2.41) because in general
d’Yab 7é 0.

It is only for locally flat bundles, namely when one can choose constant transi-
tion matrices v4p, that one can define intrinsically the differential of a k-form
with coefficient in F.

On the other hand, let 7: F' — M be a holomorphic vector bundle. One can
define also the bundle of (p, ¢)-forms with coefficients in F, as AP (M) ® F.
If w is a (p, q)-form with coefficients in F, one can define Ow intrinsically.

In a trivialization 7! (U,) ~ C x U,, where w is given as a r-uple

(wi,...,wg)

1
ar .

one defines (&u . 5w(’;): this is indeed a (p, g+ 1)-form with coeflicients in

F' because:

Qs = Yot p(m) O] (2.42)
B=1

as one can see immediately by taking the 0 of (2.41) and using the fact that
the gy, 5 are holomorphic in U, N Up.
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2.5 Local solutions of d- and d-equations
2.5.1 Poincaré lemma

Theorem 2.2. Let U be a star-shaped open set in R™ (there exists a point
0 € U so that any point x can be joined to 0 by a linear segment). Let ¢ be a
C> p-form in U such that

dp = 0. (2.43)
There exists a C* (p — 1)-form 1 in U, with
dyp = . (2.44)

Proof. Obviously dy = 0 is a necessary condition to be able to solve diy) = ¢
because d?> = 0. We prove theorem 2.2 by recursion on dimension n > p.
1) First, suppose that n = p, so that
o =@(x)de' A+ NdaP z=(z',...,2P)
where @(z) is a function. Define

V=1, pordrt A--- AdaPH

with

p

1, p1(x) = (—1)P~t /01’ © (a:l, . ,J;pfl,t) dt. (2.45)

Then dy = .
2) Suppose now n. > p and assume that Poincaré lemma is correct for n—1 > p.
Now write

@zi' Z o1 dz’ +( )dx A Z Pnr da’.

T 1<i<n—1 |T|=
|T|=p 1<i<n

Define

1
)= >, rdal.
|7|=p—1
1<i<n—1

Then, it is easy to see that ¢ — di is a p-form involving only the da’ for
Jj < n—1. Moreover d(p —dip) = 0, so that the coefficients of ¢ — dy do
not depend on z™. Hence ¢ — di) is a closed form of (n — 1) variables so by
induction ¢ — di) = dw, and finally

p=d@+w).
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2.5.2 Dolbeault lemma
Theorem 2.3. Let Ug be a polydisk in C™

Ur={(21,...,20) €C" | |z;| <R;}
and ¢ be a (p,q)-form in E¢n (Ur). Suppose
dp =0 1in Ug (2.46)
Then, there exists 1 € Egn (Ug) with
o = . (2.47)

Proof. We can assume p = 0, so we deal with (0, ¢)-forms. If one wants to
solve (2.46) in a smaller polydisk Ug, (R} < R;), one can take a C*° cut-off
function x which is 1 on Ug, with R’ < R} < R; and with compact support

in Ug so that yp = ¢ in Up, and is 0 closed there. Then the logic of the
proof is exactly the same as the logic of the proof of Poincaré lemma, except
one has to invert % instead of a%' To invert a%’ one had to take a primitive
along a straight line segment. To invert % one uses the fact that # satisfies

01

—— = .
0z mz 0

So instead of (2.45), we use the formula

AT PRI c
w(z):(_l)q—l//so( ) ) vC)X( ) ) ,C) d¢ d¢

29— T

which gives
oy
oza X
so we have solved in Up, C C? the equation

oY =@dzt A--- Adzd.

The rest of the proof is exactly the same as in theorem 2.2. O

2.5.3 Poincaré lemma for holomorphic forms

Theorem 2.4. Let U be a star-shaped open set in C™ and ¢ a d-closed holo-
morphic (p,0)-form on U. Then there exists a holomorphic (p — 1,0)-form 1
on U with

dy = .
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Proof. The proof is just identical to the proof of Poincaré lemma, except the
dr? becomes dz?. The main point is that if g(z) is holomorphic, then by
choosing a straight line v, from 0 to z the integral

is a holomorphic function of z and 9f — g. O
0z



Chapter 3

Sheaves and cohomology

3.1 Sheaves

We refer to [Br], [G], [GR] for more details on the contents of the present
chapter.

A presheaf F of abelian groups (or vector spaces, rings. ..) on a topological
space X associates to each open set U C X an abelian group (or vector
space, ring...) F(U), and to each pair U C V of open sets a homomorphism
rv.u: F(V) — F(U), called the restriction map, such that:

(1) for any triple U C V C W of open sets
TW,U = TV,U © TW,V

so that we can write s|y instead of ry.y(s).

The elements of F(U) are called the sections of F over U. The presheaf
is a sheaf if moreover

(2) let U C X be an open set, s € F(U) a section, U = |J, U; an open
covering of U such that s|y, = 0 for all 4; then s = 0.

(3) for any open set U C X, any open covering U = |J; U; of U and sections
s; € F(U;) with si|lu,nu; = sjlu,nu; there exists s € F(U) such that
sly = $;. Such s is unique by (2).

A sub(pre)-sheaf of F is a (pre)-sheaf G such that G(U) C F(U) is a subgroup
(a vector subspace...) and the restrictions in G are induced by those in F.

If a presheaf F is not a sheaf, one can construct the associated sheaf F
simply by adding to each F(U) the missing sections: an element of F(U) is
a family (s; € F (U;)) with sily,nu; = sjlvinu;, U = U,; Ui being an open
covering (two such families must be identified if their restrictions to some
refinement of the respective coverings coincide).

There is a canonical morphism F — F; if the presheaf F already satisfies
the property (2), which is true in most interesting cases, F is a subpresheaf
of F.

Ezamples. The following are examples of sheaves (the restriction maps are
the usual ones).

41
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i e constant sheaf Cx on a topological space X, whose sections on
i) Th tant sheaf C topological X, wh ti
an open set U are the locally constant C-valued functions on U. More
generally, the constant sheaf Kx, where K is any abelian group.

(ii) The sheaf €Y, of complex differential k-forms on a differentiable manifold
M.

(iii) The sheaf Ops of holomorphic functions, and the sheaf Qf of holomor-
phic p-forms on a complex manifold M.

(iv) The sheaf F of differentiable (resp. holomorphic) sections of a differ-
entiable (resp. holomorphic) vector bundle F' on a differentiable (resp.
complex) manifold M: the elements of F(U) are the differentiable (resp.
holomorphic) sections of F on U.

A global section of a (pre)sheaf F on X is an element of F(X). Quite often
F(X) is denoted by I' (X, F).

A (pre)sheaf F on X restricts to a (pre)sheaf F|y on any open set U C X:
if V.C U is open, Fly(V) = F(V).

A morphism of presheaves f: F — G is a collection of morphisms fy: F(U) —
G(U) (U open in X), such that if U C V, fy and fy commute with the
restriction maps. A morphism of sheaves is a morphism of the underlying
presheaves. If f: F — G is a morphism of sheaves, the presheaf defined by
the assignment U — ker fy is easily seen to be a sheaf, which is called the
kernel of f and denoted ker f; hence (ker f) (U) = ker fi; for any open set U.
On the contrary, the assignment U — im fy defines a presheaf, which is not
a sheaf in general. Hence we must define the image sheaf im f as the sheaf
associated to the presheaf U — im fyy. Thus in general (im f) (U) D im fy
and (im f) (U) # im fy. In the same way we define the sheaf coker f as the
sheaf associated to the presheaf U — coker fy.

If F C G is a subsheaf, the quotient G/F is the sheaf associated to the
presheaf U — G(U)/F(U), and in general (G/F) (U) # G(U)/F(U).

Let F be a (pre)-sheaf on X; if A is a subset of X, the set F(A) of the sec-
tions of F on A can be defined. If A has a fundamental system of paracompact
neighborhoods in X, F(A) is the quotient of the set

{s € F(U), U an open neighborhood of A in X }

under the equivalence relation: if s € F(U), t € F(V), s = t: there exists a
neighborhood W C UNV of A with s|w = t|w. In other words, an element of
F(A) is a section of F in an open neighborhood of A, provided one identifies
two such sections when they coincide in a smaller neighborhood. F(A) carries
the same structure (abelian group, vector space...) as the F(U).

If = is a point of X the stalk, or fiber, F, of F at x is F(A), A= {z}. An
element of F, is a section of F in an open neighborhood of x, and two such
sections must be identified when they coincide in a smaller neighborhood of
x. A section s of F defined in a open neighborhood of = detects an element
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sz € F, called the germ of s at x. Also the stalks F, carry the same structure
(abelian group, vector space...) as the F(U).

Let s be a section of F on an open set U of X. If s, =0 at a point z € U,
there exists an open neighborhood V' of z in U such that s|y = 0 so that
sy =0 for y € V. Hence the support of s, defined as the subset

supp(s {x€U|sx7é0}

is closed in U.

The restriction F|4 of the sheaf F on X to a subset A of X is defined by
Fla(V)=F(V), V being an open subset of A. Let us remark that at = € A4,
the stalks are the same: (F|a), = Fa.

A morphism of (pre)-sheaves f: F — G induces for x € X a morphism

If F is a presheaf, F is the associated sheaf and F C F, for all z € X we
have F, = F,. In particular let us remark that if f: F — G is a morphism of
sheaves, (ker f), = ker f,, (im f), = im f,, (coker f), = coker f,. If F C G
is a subsheaf, (G/F), = G./Fs.

Note also that if 773 C F» are sheaves and for all z € X, Fi, = Faz, it
follows that F; = Fs.

We say that a sequence of sheaf morphisms

g%]—‘%Q (3.1)

is a complex if go f = 0, and is exact if it is a complex and the following
equality of sheaves holds: kerg = im f. This is equivalent to ker g, = im f,
for all , and thus to the exactness of the sequence of abelian groups (or vector
spaces. . . )

& -t F g, (3.2)
for all x € X. So finally the sequence (3.1) is a complex (resp. is exact) if
and only if (3.2) is a complex (resp. is exact) for all z € X.

More generally we say that a sequence of maps of sheaves

o F — fno — Fan L7n+1*> (3.3)

is a complex (resp. is exact) if the sequence

fr—1,2 frn2
e -,anl,x fn x

)

Fito —s e (3.4)

is a complex (resp. is exact) for all x € X. If (3.3) is a complex, it is easy to
see that for an open set U C X the induced sequence

fnfl,U fn,U
s Fua(U) Fn(U) Fri1(U) —— - (3.5)
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is a complex. But if (3.3) is exact, (3.5) is not exact in general. The lack of
exactness in (3.5) gives rise in fact to the cohomology theory of sheaves.
Nevertheless: if

0 g F g

is an exact sequence of sheaves, for each open set U C X the sequence

is exact.
Let us note also that there is no useful definition of exact sequence for
presheaves. Nevertheless the following remark will be helpful.

Remark 3.1. Let

e Fpll —— Jno S F, L7n+1*>

be a sequence of morphisms of presheaves such that for any open set U C X
the induced sequence

S RO P E0) S F ) ——

is exact. Then the sequence of associated sheaves

a1 - Fn
e Fyet = Fp o Fupr —

is exact.

Let Y C X be a locally closed subset. A sheaf G on Y can be “extended
by zero” to a sheaf on X, i.e. to a sheaf G whose restriction to Y is G, and
whose restriction to X \ Y is identically zero, by formula

G(U) = {segUnY) } supp (s) is closed in U } (3.6)

(Note that supp (s) is apriori closed in UNY). If x ¢ Y, let s € G(U) (U
being an open neighborhood of z in X); then S = supp (s) is closed in U,
and x ¢ S, so there is an open neighborhood V of x in U such that s|y = 0;
thus s, = 0, which implies G, = 0. If z € Y, there is a fundamental system
of open neighborhoods U of z in X such that U NY is closed in U (here we
use the assumption that Y is locally closed). Then for every s € G(UNY),
supp (s) is closed in U, or G(U) = G (U NY); it follows that Go = Go. We
have thus proved that g|y = @G and Q|X\y =0.

The extension of G to X is still denoted G when no confusion arises.

Let Y C X be a locally closed subset and £ be a sheaf on X. We can
restrict £ to Y, obtaining L[|y, and then extend L]y by zero to X. We denote
by LY such extension, so that (£¥) |y = L]y and (£Y) [x\y = 0.
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If Y is open, £Y is a subsheaf of £; in fact for any open set U of X, by defin-
ition (3.6) we have LY (U) = { s € L|y(UNY) | supp (s) is closed in U }; but
Lly (UNY)=L(UNY) because UNY is open in X; finally LY (U) C L(U)
because every s € L (U NY') whose support is closed in U can be uniquely
extended by zero to a section of L(U).

If Y is closed , £Y is a quotient of £; in this case the relation £Y (U) =
L(UNY) shows that there is a canonical surjective morphism £ — LY,
sending a section of £ on U to its restriction to U N'Y. In conclusion:

Proposition 3.1. LetY be a closed subset of X. For any sheaf L on X there
s an exact sequence of sheaves on X

0—— £X\Y L ry 0 (3.7)

3.2 The cohomology of sheaves

Let @ be a family of closed sets of a topological space X verifying the
conditions

(1) The union of two sets of ® belongs to ®.
(2) If S € @, every closed subset of S belongs to ®.

We say that @ is a family of supports in X. If F is a sheaf (of abelian groups)
on X, we denote by I's (X, F), or simply ' (F), the subgroup of I' (X, F)
of the sections s such that supp (s) belongs to ®. For an open set U C X
we write I'g (U, F) for I's (U, Flr). When @ is the family of all the compact
subsets of X, we denote I'g (X, F) by I'. (X, F), the set of sections of F with
compact support. When & is the family of all the closed subsets of X, we
simply write T' (X, F).

A family ® of supports is called a paracompactifying family of supports if
every S € ® is paracompact, and possesses a neighborhood belonging to ®.
If X is paracompact, the family of all the closed subsets, and the family of all
the compact subsets of X, are paracompactifying.

We say that a sheaf (of abelian groups) F on X is flabby if for each open
set U C X the restriction morphism F(X) — F(U) is surjective.

The restriction of a flabby sheaf to an open set is flabby. Note also that a
sheaf G on a locally closed subset Y of X is flabby if and only if its extension
by zero to X is flabby.

It is easy to see that if F is a flabby sheaf on X, for any family ¢ of
supports in X, and any open set U, the restriction I's (X, F) — T's (U, F)
remains surjective.
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3.2.1 The canonical flabby sheaf C°F associated to a given
sheaf F

A section s € C°F on an open set U is a family (sgf) S .7-}/) v (with no
xre
gluing conditions); the lack of gluing conditions implies that the restriction

(COF) (X) — (COF) (U) is surjective.

The sheaf F injects as a subsheaf of COF: s € F(U) goes to (s, € F.)
Moreover COF carries the same structure as F.

When we need to be precise about the space X on which we construct COF,
we write C° (X, F) instead of COF.

The construction of C°F is functorial: a morphism F — G extends to a
natural morphism C°F — C°G. More precisely it can be proved that

Proposition 3.2. If
0 & & &3 0

xzcU"

is an exact sequence of sheaves, the sequence

0——C%; —— C&; CO& 0

is also exact.

Lemma 3.1. Let

0 & & &3 0
be an exact sequence of sheaves.

(1) If & is flabby, for each open set U C X the sequence

is exact. If moreover ® is a family of supports in X, the sequence
0— T (X,&) — T (X, &) — T (X,&) ——0
15 ezact.
(2) If &1 and &> are flabby, Es is flabby.
Corollary 3.1. Let
0 & &y &3

be an exact sequence of flabby sheaves on X. For each open subset U C X the
sequence

0 &(u) EU)—— &U) —— -+

1s exact. If moreover ® is a family of supports in X, the sequence

0—— T (X,gl)%]lp (X,£2)*>Fq> (X,gg)*>

15 exact.
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3.2.2 Resolutions of sheaves

A complex of sheaves (5’“, f’“), is a sequence of sheaves £¥ (k € N) and
morphisms of sheaves f*: EF — £F*1 such that f**! o f¥ = 0. The complex
is said to be exact if the sequence of sheaves

k—1 k

...*Ngkflggk#glwrl*%..

is exact.

A morphism of sheaves & — F is by definition injective (resp. surjective) if
the sequence 0 — & — F (resp. £ — F — 0) is exact, or in other words, if for
every « € X the morphism of stalks £, — F is injective (resp. surjective).

A resolution of a sheaf £ is an exact sequence of sheaves

€ £o 7 gl s &2 r” &3

0 &

where the morphism € is called the augmentation. So a resolution of £ is an
exact complex (8’“, f’“) x>0 together with an augmentation morphism e: & —
£Y inducing an isomorphism £ ~ ker f°.

There is an obvious definition of a morphism of complexes and morphism
of resolutions.

A resolution is called flabby if all the sheaves £F are flabby for k& > 0.

Lemma 3.2. Fvery sheaf £ has a canonical flabby resolution (Cké',dk)k>0,

Every morphism & — & extends to a morphism of the canonical resolutions
(Cké'l,d’f) — (C’“Eg,d’é). When we need to be precise about the space X on
which we construct the resolution, we write C* (X, &) instead of CFE.

The proof is very easy. Let e: £ — C°E be the injection into the canonical
flabby sheaf of £. Let C'& = C°(Z;), where Z; = C°£/E; hence Z; is a
subsheaf of C'€ and we obtain an exact sequence

‘v Lol (3.8)

0 &

Then we define inductively C2€ = C°(Z2,), where Z5 = C'£/Z;.... The
construction shows that a morphism £ — &, extends to the resolutions.

3.2.3 Cohomology of sheaves

Definition 3.1. Let £ be a sheaf on a topological space X and ® be a family
of supports in X. The cohomology groups H% (X, €) of X with supports in
® and coefficients in £ are the cohomology groups of the following complex of
groups

0—— Ty (X,00) —L5 Ty (X,CLE) —L5 Ty (X,026) —2 - (3.9)



48 Classical Hodge theory

that is

ker { d*: T (X,CFE) — T (X,CHH1E) )
d*1Tg (X,CF1E)

HY (X, &) = (3.10)

HE (X, &) is called the k-th cohomology group, or the cohomology group of
degree k, of £ on X, with supports in ®. If ® is the family of all the closed
subsets of X, we denote by H” (X, &) the corresponding cohomology group,
and we simply call it the k-th cohomology group of £ on X. If ® is the family
of all the compact subsets of X, we denote by H (X, &) the corresponding
cohomology group, and we call it the k-th cohomology group of £ on X with
compact supports. If U C X is open, we define H* (U, €) = H* (U, &|y) and
call it the cohomology group of degree k of £ on U.

We deduce the following properties of the cohomology groups.
e The HE (X, &) carry the same structure as the T'g (X, £).
e HE(X,£)=0for k <O0.

e HY (X,&)=Ts(X,E).
In fact the sequence (3.8) is exact, so that the sequence

0—— Tg (X,8) —Tq (X,006) —2 Ty (X,C1€)

is exact, which implies, by (3.10), H} (X,€) =Ts (X, ).

e If £ is a flabby sheaf, HY (X,£) =0 for k > 0.
If £ is flabby, the canonical flabby resolution

€ d° dt

cog cle e (3.11)

0 &

is an exact sequence of flabby sheaves, hence by corollary 3.1 the se-
quence
0—— T (X,6) ——Ts (X,COE)
; ) (3.12)
—L Ty (X,C1E) s -

remains exact, and coincides in positive degrees with the sequence (3.9),
hence the cohomology groups vanish in positive degrees.

e A morphism of sheaves & — &; induces natural homomorphisms of
cohomology groups HEY (X, &) — HE (X, &).

e A (short) exact sequence of sheaves

0 & & Es 0
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gives rise to a long exact sequence in cohomology:

(3.13)
- HE(X, &) = HE (X, &) — HE (X, &) — HET (X, &) -

where the morphisms HE (X, &) — HET (X, £,) are the so called con-
necting homomorphisms, and the others are natural homomorphisms as
above.

The construction of the long exact sequence starts with a diagram

0 0 0
0 & & &3 0
e €2 €3
0——C0% ——C%; CO&; 0
d? d3 dg
0——Cl& —— CL&, Cr&s 0
dj d3 d3

where the columns are the canonical flabby resolutions of the three sheaves,
and the morphisms in the rows are the extensions of the morphisms in the first
row to the canonical resolutions. The rows are exact (as it follows from propo-
sition 3.2). Passing to global sections in the above diagram, and replacing the
first row by the zero row, we obtain a diagram

0 0 0

0——To (X,C%) ——Ts (X,C0%,) —— T (X,C%35) ——0
dy dS d3
0—— T (X,C1&) —— Ty (X,C1E) —— Tp (X,C1E) —— 0

d; dy dg
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whose rows are exact by lemma 3.1 and whose columns are the complexes
whose cohomologies are the HY (X, &;). Hence we obtain the long cohomology
sequence by general results (see chapter 1, section 1.15).

The cohomology groups of a sheaf £ have been defined by means of the
flabby canonical resolution, which is not much suitable for the computations
(the sheaves C*E are too big). Fortunately, many other resolutions can be
used to compute the cohomology of £.

Theorem 3.1. Let (Ek, dk)k>0 be a resolution of € such that HY (X7 Ek) =0

for every p > 0 and every k > 0. Then the cohomology groups HY (X,E) are
isomorphic to the cohomology groups of the complex of the global sections

(Te (X, L) ,d):
0—— T (X, L) ——Te (X,L') ——Te (X, L) —— -+ (3.14)

In particular, any flabby resolution of a sheaf is suitable for the computation
of its cohomology.

Proof. We limit ourselves to the case of the cohomology groups H? (X, &),
that is, ® is the family of all the closed subsets of X. We consider the exact
sequence

0 £ LA Ry
and we remark that the sequence
0
0 E(X) £o(X) —4— £1(x)

remains exact, hence H° (X, &) = £(X) = ker {do: L°(X) — L} (X)}.
For i > 1 let Z* = kerd’ = imd*~!. The exact sequence

0 zi Lt zitl 0
gives rise to the long exact sequence
0— H°(X,2)) — H°(X, L)) — H° (X, 21*!) — H' (X, 2Y) -
- HP (X, 2Y) — HP (X, L') — HP (X, Z27F) — HP+ (X, 27) -
From the assumptions H? (X, £%) =0 (p > 0) we obtain

N HO (X, ZiJrl) N Zi+1(X)
S dHH (X, L) d (LX)
H? (X,Z2") ~ H*" (X, 2" ") ~ ... = HPT (X, E)

H' (X, 2"

and in particular H* (X,€) ~ H' (X, Z"71).
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On the other hand we compute the cohomology of the complex (3.14)

2'(X)

) = )

~H' (X, 27"~ H (X,€)

which proves the theorem. O

Let (E',d) be a complex of sheaves (for example, of vector spaces) on X.
For each open set U of X, (ﬁ' U), dU) is a complex of vector spaces, whose
cohomology groups are HY (L:' (U)) We denote them also by HY (U, ﬁ'):

HY(U,C) = BY (£'(U)
We construct a presheaf (which is not a sheaf in general) by the assignment
U~ H(L(U))

and denote by H? (ﬁ) the associated sheaf, which we call the ¢g-th cohomology
sheaf of the complex (L:',d). If x € X the stalk H? (ﬁ)r is the cohomology
H1 (ﬁx) of the complex (ﬁ;c,dx). In particular, H? (ﬁ) = 0 if and only if
(ﬁ', d) is exact in degree q.

Of course H? (L) (X) it is not equal to H? (£ (X)), but there is a spectral
sequence, whose second term is (in our notations of chapter 1)

E; PP = HP (X, H? (L)) = HPM (X, L)

There are other interesting spectral sequences related to the above situation,
but we will not need them.

3.3 The cohomology sequence associated to a closed sub-
space

Let X be a paracompact topological space, £ a sheaf on X, A a locally
closed subset of X. There are natural morphisms of canonical resolutions

C (X, &) —C (X,&)|a——C (A,€8)

where the first is obtained by restriction of sections from X to A, and the sec-
ond is obtained in a natural way by following the construction of the canonical
flabby resolutions. If ® is a family of supports in X, let us denote by & N A
the family of the SN A, S € ®; PN A is a family of supports on A. From the
composition of the above morphisms we get a morphism of complexes

Fq> (X,Cg) — Fq;.mA (A,Cg)
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and passing to the cohomology, homomorphisms
Hg (X,€) — Hina (A,€) (3.15)
We quote, without proofs, the following results.

Proposition 3.3. Let us suppose that A is closed in X and £ is concentrated
on A (that is, E|x\a = 0). Then the homomorphisms (3.15) are isomor-
phisms. Moreover if F is a sheaf on A and & is the extension of F by zero to
X, there are isomorphisms

H*(X,€) — H* (A, F) (3.16)

Let us remark that since A is closed, if ® is the family of all the closed sets
of X, ® N A is the family of all the closed sets of A.

The above proposition is not true if we suppose that A is only locally closed,
or even open.

Proposition 3.4. Let us suppose that A is open in X, and let ® be the family
of closed sets of X contained in A. Then there are natural isomorphisms

HE (A 8) — HF (X,6%) (3.17)
where E4 is the extension of E|a by zero to X.

Taking the cohomology long sequence associated to the exact sequence (3.7),
by the above propositions 3.3 and 3.4, we obtain:

Proposition 3.5. Let € be a sheaf on X, A a closed subset of X, ® the family
of closed sets of X contained in X \ A. Then there are long exact sequences
of cohomology

s —— HE(X\ A, EN) —— HF (X, 6) ——
(3.18)
—— HF (A, &4) —— HiPH (X \ A4,6X50\) —— - -

o —— HF(X\ A, X)) — HF (X, 6) —
(3.19)
—— HF (A,64) —— HFMY (X \ A, M) —— -

We are especially interested in the case £ = a constant sheaf Kx on X
(where K is an abelian group). We denote by H* (X, K) the cohomology
groups of X with coefficients in Kx. Then £X\A4 = Kx\a, E4 = K4, so that
the exact sequences (3.18) and (3.19) become

o —— HE (X \ A K) —— H" (X, K) —
3.20
—— H*(A,K) —— HY"N (X \AK)—— -+ o

~'~*>H5(X\A,K)*>H5(X,K)*>
(3.21)
—— HF (A, K) —— HM (X \AK)—— -



Sheaves and cohomology 53

3.4 Soft and fine sheaves

Let X be a paracompact space.

Definition 3.2. A sheaf £ on X is soft if for every closed subset A of X the
restriction map £(X) — E(A) is surjective, that is for every t € £(U), U an
open neighborhood of A, there is s € £(X) whose restriction to a possibly
smaller open neighborhood of A is t.

A flabby sheaf is clearly soft. Other examples of soft sheaves are: the sheaf
Cx of continuous functions on X, the sheaf £% of differentiable functions or
the sheaf £% of k-differential forms on a differentiable manifold X.

Lemma 3.3. Let

0 & &y Es 0

be an exact sequence of sheaves on X .

(1) If & is soft, the sequence

00— &1(X) —— E(X) &3(X) 0
s exact.
(2) If &1 and &y are soft, Es is soft.
(Let us remember that we are supposing that X is paracompact).
Proof.

(1) Let t be a section of &5 on X. We must extend it to a section of £. Since
it is possible to extend it locally, there is an open, locally finite covering
X = U;c; Ui and s; € & (U;) which extend ¢t on U;. Let (V;),.; be a
covering of X such that F; = V; C U;. Let us consider the set E of
the pairs (s,.JJ) where J C I and s is a section of & on Fy = |, Fi
which extends ¢ (let us note that Fy is closed, because the covering (V;) is
locally finite). The (non empty) set E is partially ordered by extension,
and every ascending chain of F has a maximal element. Then there exists
(s,J) € E which is maximal. We show that J = I, and this will implies
that s is an extension of ¢ defined on all of X. Now, if there isi € I\ J, let
s; be an extension of ¢ to Uy; in F; N F;, s and s; differ only by a section
of &1, which extends to a section s’ on Uj;, because &; is soft. Then s — s’
and s coincide on F'y N F;, so that they define an extension of ¢t on F; U F},
which is a contradiction.



54 Classical Hodge theory

(2) is an easy corollary of (1). O
Corollary 3.2. Let
0 & & &3

be an exact sequence of soft sheaves on X. The sequence

0 &1(X) Ea(X) — E3(X) —— - -

15 exact.

Theorem 3.2. Let & be a soft sheaf. Then the cohomology groups H? (X,€) =
0 for p>0.

We consider the canonical flabby resolution of £, so that the sequence of
sheaves (3.11) is exact. Since a flabby sheaf is soft, by corollary 3.2 the se-
quence (3.12) remains exact. The cohomology groups of £ are the cohomology
groups of the complex (3.9) (without supports), so that they are zero in pos-
itive degree.

Definition 3.3. A sheaf £ on X is called fine if for any pair of closed subset
A, B of X with AN B = {), there exists an endomorphism ¢: £ — £ such that
¢la = 0 and ¢|p is the identity.

Lemma 3.4. A fine sheaf is soft, in particular its cohomology groups vanish
in positive degree.

Proof. Let £ be a fine sheaf on X, A C X a closed set, and s € £(U) a
section of £ on an open neighborhood U of A. Let V be an open set such that
ACV CcV CU. There is an endomorphism ¢: £ — £ such that Plx\vy =0
and ¢|4 is the identity. The section ¢(s) of £(U) can be extended by zero on
all of X, obtaining a global section ¢ which extends s. O

By theorem 3.2 in order to compute the cohomology groups of a sheaf, it is
possible to make use of soft, or fine, resolutions.
The direct sum of soft (or fine) sheaves, is soft (fine).

Remark. If ® is a paracompactifying family of supports on X, it is possible
to define the notion of ®-soft and ®-fine sheaf, which are useful in order to
compute the cohomologies with supports in ®.

3.5 Direct images of sheaves

Let f: X — Y be a continuous map, £ a sheaf on X. The presheaf:
V — E(fH(V)) is a sheaf on Y, denoted f.£ and called the direct image of
& through f:

(f:E) (V) =E(f7H(V))



Sheaves and cohomology 55

The sheaf f.E carries the same structure as £.

Lemma 3.5. The direct image of a flabby (resp. soft, resp. fine) sheaf on X
is a flabby (resp. soft, resp. fine) sheaf on'Y .

Let f: X — Y be a continuous map, £ a sheaf on X. We define the higher
direct image sheaves, or derived sheaves of £, as follows. Let p be an integer.
The assignment V +— HP (f_l(V), 8) defines a presheaf on Y, which is not a
sheaf in general. The associated sheaf is denoted by RP f.€ and is called the
p-th direct image sheaf, or p-th derived sheaf, of £ through f. By definition,
the 0-th direct image sheaf is RV f.£ = f.£.

The sheaves RP f.E carry the same structure as €.

Proposition 3.6. Let f: X — Y be a continuous map, and

0 & & Es 0

be a short exact sequence of sheaves on X. Then there is a long exact sequence
of direct images sheaves on'Y

0 f*gl f*£2 f*€3 le*gl T

(3.22)
e ka*gl —_— ka*EQ — ka*gi% —_— RkJrlf*gl e

Proof. For any open set U of X there is the long exact sequence of the coho-
mologies

OHHO(U,&)%HO (U,EQ)HHO(U,Eg)%Hl (U, &)
- H¥ (Uvgl)HHk (UaEQ)HHk (Uvg?))HHkJrl (Uvgl)
The conclusion follows from the remark 3.1 in section 3.1 O

Remark. If X is a complex space, we can consider the trivial morphism
f:+ X — {x}, where {*} is a point. Then the direct images of the sheaf &
on X are the cohomology groups: RPf.£ = HP (X, €).

3.6 C-ringed spaces

A ringed space is a pair (X, Ox) where X is a topological space and Ox
is a sheaf of commutative rings with units on X (the structure sheaf). To
simplify the notations we will say that X is a ringed space. An open subset U
of X is a ringed space (U, Oy) where Oy = Ox|y. A sheaf of Ox-modules,
or an Ox-module, or simply a module over X, is a sheaf £ on X such that
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for each open set U of X, E(U) is an Ox(U)-module, and the restriction
maps E(U) — E(V) are compatible with the respective module structure (we
leave the explicit details to the reader). In particular, for z € X, &, is an
Ox z-module.

Ezamples (of ringed spaces).

(1) (X,Cx), where Cx is the sheaf of complex valued continuous functions on
X.

(2) (X,€%), where X is a differentiable manifold, and €% is the sheaf of
complex valued differentiable functions on X.

(3) (M,Onr), where M is a complex manifold and Oy, is the sheaf of holo-
morphic functions on M.

(4) In the above examples, Ox is a sheaf of functions. Though this is not
always the case, in the present book we will use only ringed spaces whose
structure sheaf is a subsheaf of Cx. Hence the reader can think of sections
of Ox as particular continuous functions.

The sheaves Cx, €%, O in the above examples are not just sheaves of
rings, in addition all the rings Ox (U) are C-algebras and all the stalks Ox
are local C-algebras: the maximal ideal m, C Ox , consists of the germs
represented, in a neighborhood of x, by functions which vanish at x.

If X is a topological space, a sheaf of C-algebras on X is a sheaf of rings
A which contains the constant sheaf Cx as a subsheaf of rings, and the A(U)
are Cx (U)-algebras for each open set U. It follows from the definition that
A(X) contains the constant functions on X, in particular the unit in A(X)
can be identified with 1 € C.

A sheaf of C-algebras A is called a sheaf of local C-algebras if every stalk A,
is a local ring with (unique) maximal ideal m, so that the quotient morphism
C — A, /m, is an isomorphism.

A sheaf mapping ¢: A — B of C-algebras is called a C-morphism if every
stalk map ¢, : A, — B, is a C-algebra homomorphism; if A and B are sheaves
of local C-algebras, ¢, is automatically local, i.e. sends the maximal ideal of
A to the maximal ideal of B.

A ringed space (X, Ox) is called a C-ringed space if Ox is a sheaf of local
C-algebras.

All the above examples of ringed spaces are C-ringed spaces.

Given a C-ringed space X and a family of Ox-modules & we define the
direct sum &€ = @, & by E(U) = @, £i(U); it is a sheaf of Ox-modules. The
tensor product (over Oy ) of two O x-modules € and F, denoted by EQp, F, is
defined as the sheaf associated to the presheaf U +— E(U)®o , () F(U); this is
not a sheaf in general, so I' (X, £ ®o, F) is not equal to £(X) @, (x) F(X);
but the stalk at a point € X is given by the tensor product of the stalks:

(S ®ox f)z =& ®OX,:C Fu
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Proposition 3.7. Let (X,Ox) be a ringed space.

(1) If Ox is a soft sheaf, any Ox-module is fine. In particular, a sheaf of
rings is soft if and only if it is fine.

(2) The direct sum of flabby (resp. soft, fine) sheaves, is flabby (resp. soft,
fine).

(8) If £ and F are Ox-modules and & is fine, the tensor product £ Qo F is
fine.

Proof.

1. Let A, B two closed subsets of X with AN B = (J; there exists a section
f € Ox(X) such that f =0 on A and f =1 on B. Let ¢: £ — & be
the multiplication by f. Then ¢|4 = 0 and ¢|p is the identity.

2. is obvious.

3. Let A, B as above. If ¢: £ — £ is an endomorphism such that ¢|4 =0
and ¢|p is the identity, the endomorphism ¢ = ¢ @ idr of £ ®p, F will
satisfy |4 = 0 and ¢|p = identity. O

Let X be a differentiable manifold. The sheaf £% of the complex valued
differentiable functions is soft, hence it is fine. It follows that the sheaves £5
of complex k-differential forms, which are £%-modules, are fine.

Hence we can recall the following fundamental theorem

Theorem 3.3 (De Rham theorem). Let X be a differentiable manifold. The
De Rham complex (83(, d), provided with the natural augmentation Cx — E%,
is a fine resolution of the constant sheaf Cx . In particular

ker {d: T'(X,€%) —» I (X, &) }
dr (X,&571)

H* (X,C) =

The fact that the De Rham complex is a resolution of Cx is a restatement
of Poincaré lemma.

In the same way, Dolbeault lemma (theorem 2.3 of chapter 2) can be re-
stated as

Theorem 3.4 (Dolbeault theorem). Let X be a complex manifold. The Dol-
beault complez (E%°,0), provided with the natural augmentation Q5 — Ef(’o,
is a fine resolution of the sheaf QU5 of holomorphic p-forms on X . In particular

Ker {3: I(X,E0%) =T (X7£§’(7(1+1) }

HI(X,0%) = - (X’ 8%(1_1)
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The cohomology groups

HP9(X) = H (X, Q%)
are called the Dolbeault groups of X .

Let (X,0x), (Y,Oy) be C-ringed spaces. A morphism of C-ringed spaces
is a pair (f,¢) where f: X — Y is a continuous map and ¢: Oy — f.Ox
is a C-algebra morphism of sheaves of rings on Y. Note that f.Ox is not,
in general, a sheaf of C-algebras on Y. But for £ € X the morphism ¢
canonically determines stalk maps

¢x: OY,f(x) - OX,I

which are automatically local C-algebra homomorphisms.

For each open set V C Y the ring homomorphism ¢y : Oy (V) — Ox (f~1(V))
allows to “pullback” to Ox the sections of Oy, so the morphism ¢ replaces
in our context the composition of functions g +— g o f. In general ¢ is not
uniquely determined by f, except when Ox and Oy are subsheaves of sheaves
of continuous functions:

Proposition 3.8. Let (f,¢): (X,Cx) — (Y,Cy) be a morphism of C-ringed
spaces. Then ¢ is the composition g — go f.

Hence, if Ox and Oy are subsheaves of the respective sheaves of continuous
functions, a morphism of ringed spaces (X,0x) — (Y, Oy) is nothing else
that a continuous function f: X — Y such that for any open set V' C Y and
g € Oy(V), go f belongs to Ox (f~!(V)). For the purposes of the present
book, this can be taken as the definition of morphism of ringed spaces.

A morphism between C-ringed spaces will often be denoted f: X — Y.

We can deal also with R-ringed spaces: they are ringed spaces (X , (’)H)%),
where O% is a ring of local R-algebras. Important examples are the real
analytic manifolds M: there O, is the sheaf of real analytic functions on M.

3.7 Coherent sheaves

Let (X,Ox) be a ringed space (not necessarily a C-ringed space). We are
going to introduce the notion of coherent sheaf £ of Ox-modules.

We denote by ng?p (O% if no confusion arises) the direct sum of p copies
of Ox. Let s1,...,s, € E(U) a finite set of sections of £ on an open set U of
X. They define a morphism of sheaves

O5P — &y (3.23)
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by the assignment
(a1,...,ap) — a181+ -+ apsp

Conversely, any morphism (3.23) defines sections si,..., s, € £(U) which are
the images of the sections (1,0,...,0),...,(0,...,0,1) of Og'?p(U).

Let x € X. A finite system of generators of £ on an open set U C X is
a family of sections s1,...,s, € E(U) such that for every z € U, every germ
55 € & is a combination, with coefficients in Ox ;, of the germs s1 4, ..., Sp 2:

Se = 01,281, T+ QpzSpax

where aq,...,ap, € Ox(V), V is an open neighborhood of z. (It is important
to remark that the s; are defined on U, but the a; usually live in a smaller
neighborhood of z).

The sections (s1,...,sp) define the morphism of sheaves (3.23) and they
are a system of generators of £ on U if and only if the morphism (3.23) is
surjective.

An Ox-module € is called finitely generated, or of finite type, at a point
x € X, if there exists an open neighborhood U of x and a system of generators
of £ on U. We say that £ is finitely generated, or of finite type, if it is finitely
generated at any point of X. We note that this implies that all the stalks
&, are finitely generated Ox ,-modules, but being of finite type is a much
stronger property. Let us note also that a more appropriate expression would
be “locally finitely generated,” or “locally of finite type.”

Ezamples.

(1) O?@p is of finite type: the sections (1,0,...,0),...,(0,...,0,1) are a sys-
tem of generators on every open set U.

(2) If £ — F is a surjective morphism and & is of finite type, also F is of
finite type. In particular a quotient of a module of finite type is of finite

type.
(3) Subsheaves of modules of finite type are not necessarily of finite type.

Lemma 3.6. Let £ be an Ox-module of finite type at a point © € X. Let
(t1,...,tm) be a family sections of £ on an open neighborhood U of x, such
that (t1,z, ..., tm.e) generate the Ox z-module E,; then there exists an open
neighborhood V-.C U of x, such that (t1,...,tm) are a system of generators of
EonV.

Proof. There exist sections s, ..., s, in a neighborhood W of  whose germs
at z generate £, over Ox , for z € W. Since (t1,4,...,tm,z) generate &, over

Ox o, we can write
Six = § aij,xtj,z
J
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(aijz € Ox,). The above equality extends to an open neighborhood V:
silv = Zaijtjh/
J

which implies that (¢1,...,t,) are a system of generators of £ on V. |

The following lemma (whose proof is an exercise) summarizes some prop-
erties of modules of finite type.

Lemma 3.7.

(i) Let €& be an Ox-module, and G C €, F C & two subsheaves. If G is
of finite type at a point x and G, C Fy, then G|y C Flv in a suitable
open neighborhood V' of x. In particular if G is a sheaf of finite type and
G, =0, then G|y = 0 in an open neighborhood V' of x.

(i1) Let ¢: G — E be a morphism of Ox-modules. If ¢: G, — &, is surjec-
tive at a point x, then ¢|yv: Glv — Elv is surjective in a suitable open
neighborhood V' of x.

Let € be an Ox-module. Let sq,...,s, € E(U) be sections on an open
set U and : ng — &|u the morphism defined by them. The kernel of 1
is an Opy-module called the sheaf of relations of si,...,s, and denoted by
R (s1,...,8p). In fact for an open set V C U:

R(s1,---.8) (V) ={(91,.--.9p) €OFF(V) | gusilv + -+ gpsplv =0}

Definition 3.4. A coherent Ox-module is an Ox-module € with the follow-
ing properties:

(1) & is of finite type.

(2) For every open set U and every finite set of sections s1,...,s, € E(U),
the sheaf of relations R (s1, ..., sp) is of finite type on U.

The coherence of a sheaf depends heavily on the structure sheaf Ox, but if
no confusion arises, we will talk about coherent sheaves, meaning O x-coherent
sheaves.

The most important examples of coherent sheaves appear in the theory
of complex spaces and complex algebraic varieties. The structure sheaf of a
complex space, or of a complex algebraic variety, is coherent (see chapter 7).

The coherence is a local property: a sheaf £ on X is coherent if and only
if every point & € X there is an open neighborhood U of x such that |y is
coherent.

A subsheaf of a coherent sheaf is coherent if and only if it is of finite type.

The main technical result on coherent sheaves is the following theorem
(stated without proof).
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Theorem 3.5. Let
0 & &y & 0

be an exact sequence of Ox-modules. If two of them are coherent, so it is the
third.

Proposition 3.9.

(1) The direct sum of a finite number of coherent sheaves is coherent.

(2) Let ¢: € — F be a morphism of coherent Ox-modules. Then ker ¢, im ¢,
coker ¢ are coherent.

(8) Let & $ Es LA &3 be a sequence of coherent Ox -modules which is
exact at a point © € X. There exists an open neighborhood U of x such

fl gl
5 &l

U

that the sequence &1y

Proof.

Es|uy s exact.

(1) The result can be obtained by repeatedly applying the above theorem.

(2) im ¢, as a quotient of &, is of finite type, and as a subsheaf of finite type
of the coherent sheaf F is coherent. Then the exact sequences

0 ker ¢ E im ¢ 0

0 im ¢ F coker p —— ()

and the theorem 3.5 imply that ker ¢ and coker ¢ are coherent.

(3) The sheaf & /ker(go f) is coherent and its stalk at x is zero, hence it
is zero on a neighborhood V of x. This means go f = 0 on V. Then
im f C kerg on V, and kerg/ im f is a coherent sheaf whose stalk at x
is zero. Again we find kerg/ im f = 0 on a smaller neighborhood U of
z. O

The support of a coherent sheaf £ is the set
Y = suppé’:{meX|8x7éO}

Y is a closed subset of X (the complement is open: &, = 0 implies £, = 0 for
z in a neighborhood of ).
A subsheaf of ideals Z C Ox will be shortly called an ideal of Ox.

Proposition 3.10. Let us suppose that the structure sheaf Ox is coherent,
and let T C Ox be an ideal of finite type (hence coherent). The quotient Ox /T
1s a coherent sheaf of O x-modules and is a sheaf of rings. LetY be its support,
and Oy = (Ox/T)|y. Then Oy is a coherent Oy -module. Moreover an Oy -
module F is coherent if and only if its extension by zero to X is a coherent
O x-module.
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The proof is based on the fact that the sheaf Ox /7 is the extension of Oy
to X by zero.

The ringed space (Y, Oy) of the above theorem can be given the name of
ringed subspace of (Y, Ox).

Definition 3.5. Let (X, Ox) be a ringed space. A locally free sheaf of rank
r on X is an Ox-module locally isomorphic to O%; an invertible sheaf is a
locally free sheaf of rank 1.

If Ox is coherent, a locally free sheaf is clearly coherent.

For example, if F' is a rank r holomorphic vector bundle on a complex
manifold M, the sheaf of holomorphic sections of F' is a locally free Op-
module.



Chapter 4

Harmonic forms on hermitian
manifolds

4.1 Introduction

We have seen that the cohomology H*(M,C) on a manifold M is the quo-
tient space

ker {d: T (M,€&f;) = T (M, &51")}

H®(M,C) =
( ) dr (M, &)

of the space of d-closed forms modulo the subspace of exact forms. So, a
cohomology class is a set of forms {w + dp} for a fixed closed form w and
varying forms p. The purpose of the classical theory of De Rham-Hodge
is to find, in a given cohomology class {w + dp}, a canonical representative
wp which will be d-closed, and which will be specified by other equations.
Moreover the cohomology class is 0, if and only if this canonical representation
of the cohomology class is identically 0 as a form.

To specify the other equations satisfied by the canonical representatives of
each cohomology class, one has to fix an extra structure on M, namely the data
of a riemannian metric. Once this is fixed, the space of forms carries a natural
scalar product. The extra equation to be satisfied by their representative wq
is dwg = 0 where ¢ is the adjoint of d with respect to this scalar product. It
turns out that on a compact manifold, the set of equations dwy = 0, dwg = 0
is equivalent to a second order equation Awg = 0 where A is the so called De
Rham Laplacian on forms. Then wy is called the harmonic representative of
the given cohomology class.

The choice of a canonical representative presents several advantages. For
example, it becomes easier to prove that a cohomology group is 0 (vanishing
theorems of Bochner, Kodaira etc...) because one has now to prove that
harmonic forms are 0.

This means that one has to prove that the Laplace operator has a kernel
reduced to 0, and, this is reduced, by integration by parts, to prove that the
zero order coefficients of the operator are positive in a suitable sense.

A very important consequence is the Hodge theory of compact kdhlerian
manifolds. Essentially, this theory says that harmonic forms decompose in

63
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sums of harmonic forms of pure type, which in addition to the equations
dwy = 0, dwy = 0 are also 0-closed, so that they induce cohomology classes of
the sheaves of holomorphic forms.

4.2 Hermitian metrics on an exterior algebra
4.2.1 Hermitian forms on a complex vector space

Let Vg be an even dimensional real vector space, dim Vg = 2n. We fix a
basis (eq, - -.,€y,) of V. We denote by V the complexification of Vg so that
a vector v € V¢ can be written

2n
v= Zgjﬁj ¢eC.
j=1

We define

IS

(€251 — iey;)

o
N~ N~
~—~
iy
=
S~—

(€271 + ies;)

]

so that
v=> (Tu;+Y (",
j=1 j=1
where (7 = 571 4 g2 (" = ¢271 2. Call T the complex subspace
of V' generated by the vectors u; j =1,...,n and T' the complex subspace
generated by the u;, so that
V=ToT.

Let h be a hermitian form on T, so that h (v1,v2) is C-linear in v; € T and
C-antilinear in v9 € T and

h(v1,v2) = h (v2,v1). (4.2)

In the basis of the @;, h has a hermitian matrix (h;;) so that
h(vi,v2) =Y hisiQ) (4.3)
0,J

forvi =3, Q{Qj, v =3, C%Qj. One can split A in its real part and imaginary
part:
h(v1,v2) = g (v1,v2) + iw (v1,v2) (4.4)
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where g and w are real. Now, from (4.2) it is clear that g (v1, v2) is symmetric
and w (v1,v2) is skew-symmetric in vy, va.

Moreover one can identify Vg to T, using ¢7 = €2~ 4 €% for ¢ real, so
that g (v1,v2) induces a symmetric form on V.

Now, we can find a unitary matrix U € U(n) which diagonalizes the matrix
(hiz), so, if we define ¢ = Uz, we obtain

ZthCz YGihlo ="z ("URD) 23 = Z)\ 2z

where the A; are the (real) eigenvalues of h.
In particular

(o) = Re( ChotQ) =20 (e wabiaF) )

] Jj=

—

and

o) = (S hoid) = 3o (FaF - P ). )
@] 7j=1

where we have defined

20 =2l g
So, the linear unitary transformation U induces on the 2n-dimensional space
Vr a linear transformation 2 which diagonalizes the symmetric form g and

reduces the skew-symmetric form w to a skew-symmetric canonical form with
2 x 2 blocks of the type
0 =X
(Aj 0 ) '

G =g i 2 =aql + b j=1,....n

Moreover writing

the transformation 2 can be read from the equation { = Uz as

() = (Rt im0y (1) =o ;)

and the conditions of unitarity for U

n
> " = 0jk
i=1

imply that Q is orthogonal.
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As a consequence its determinant is +1, and from (4.5) one deduces

detg = <ﬁ Aj> = (det h)® (4.7)
j=1

If h is positive definite, i.e. h(v,v) > 0 for v # 0, then g is also positive
definite and induces a euclidean metrics on Vk.

4.2.2 The exterior algebra of V*

We call e/ the dual basis of the €;, so that the dual basis of the u; or u; is

uw =P i, W =M e, (4.8)
The hermitian form h can be considered as an element of T* ® T*
h=> hiju @u. (4.9)
%)
The alternating form w is thus

w=1iY hgu' @ (4.10)
‘!j

and w = @.
As in chapter 2, formula (2.21) one has

AV = D (APT*) A (AT7). (4.11)
pt+q=k

We denote _
AP = (APT*) A (AqT*) .

Any element ¢ € A*V* has a unique decomposition:

p=>_ Q") (4.12)

p+q=k

where QP'9(¢) is the (p, g)-part of ¢.

4.2.3 Volume form

One has 4 ' ' '
W AT = —2i TN e (4.13)

In particular

. n
(3
e NN NN = <§> W AT A AU AT (4.14)
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Moreover using (4.10) one has
W' =nli" (deth)ut AT A AU AT (4.15)

In particular, the volume element for the euclidean metrics s induced by h on
the real space Vg is

dV = (det 3)1/2 et AN AN A
so it is
4.2.4 Metrics on AP

A hermitian metrics h on T induces a dual hermitian metrics on T* by
taking the inverse (h7") of the matrix (h;;) so that

T, &7
Zh & =0}

Then for two elements ¢, € T* = A0

n n
p=> wid, =" v
s ps

one has

(¢l¥) Z W pith;. (4.17)

This metrics can be extended as a hermltlan metrics on AP?. Recall that an
element € AP'? can be written

q, S ol Aa (4.18)
[I|=p

|J1=a
where I (resp. J) are multiindices I = (i1, ...,ip) (resp. J = (j1,...,7q)) and
leuil /\ui2 /\/\M’LP
=@ ATWEA AT

and the ;7 are skew-symmetric with respect to I and with respect to J. In
(4.18) the summation is extended over all the multiindices. Then one defines
the hermitian product

(plw) = Zhﬂh BBt g, S (419)
KL

which is positive definite.
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4.2.5 The x-operator
The *-operator of De Rham-Hodge is an isomorphism
£ A9 _, An—Gn—p
with the properties that for ¢ € AP ) € AP:4
_ w™
pNxh=(pl¢)—

*) = *1)
wx1h = (—=1)PT%)  for ¢p € APL.

n!

In particular, * is a real operator.
The exact formula is as follows: write

(4.20)

(4.21)

Then for any increasing multiindex I, denote by I the complementary multi-

index, that is
(i) I is the complementary set of I in {1,...,n}

(ii) I is ordered by increasing order.

Then LI, in this order, is, as an ordered n-index, equal to {1,...,n} up to a
shuffle. Call .

LI = (k1,...,ky)

JJ=(l,...,1n).
Let o be the signature of the permutation reordering L1 as (1,...,n) and

hyiy5 = det (hy,1) = (sgnoz) (sgnoy) (det h)

Then ) , o X
_ang u+1!m§: SR I N
*xp =q"(=1)" 2 hpjz:07 u Na”.

[T|=q

|7|=p

Here in 1/)‘7 T the multiindices have been lifted by A7 as usual:

1/;‘][ = Z hjlll cee hjplphElil .. 'hEQiquf('

(4.22)

(4.23)

The proof that the operator *, defined by (4.22) satisfies the properties of
(4.21) is given in [MK] ch.3 §2. In fact, it is sufficient to do this proof in a

basis u; where (hjl) is diagonalized.
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4.2.6 Determination of * in an orthonormal basis

Choose for u/ an orthonormal basis for the dual hermitian metrics on T*,
so that ' 4
(u [u®) =6
In this basis we have
h% = §7%.
Using (4.19), we deduce that an orthonormal basis for AP? is formed by the
u! A @/, with increasing multiindices I, J of length p, g respectively.

Nevertheless it is more convenient to use another basis for A¥, namely we
define for M C {1,...,n}

w" = A\ @"Az™) (4.24)
meM

so that this does not depend of the ordering of M and then we define the
orthonormal basis

ul Aa? A wM 1,J, M disjoint subsets of {1,...,n}. (4.25)
Now "
Yo ngpilend
n! -

and the first equation (4.21) can be written as

e Ax (u! Al AwM) = (gj | u! Az’ /\QM) it tlnd (4.26)

To have a non-zero term on the right-hand side, we need to take ¢ = u! A
@’ AwM, this implies that

N (QI A /\MM) _ Z-n(_l)g(l,J,M) uf A’ /\MMUIFJ (4.27)

where as usual M UTUJ is the complementary subset of M U T U J in
{1,...,n}. To determine 3, we use (4.26)

QI /\QJ /\QM A % (QI /\QJ /\QM) _ in(_l)n(_l)ﬁ(I,J,]W) (HI /\EJ /\MM)

A (EI A’ /\EMmJ)
and this should be i"w{t™} from which we deduce
1 1
ﬁ(LJ,M)Z|M|+§(|f|+|J|)2+§(|I|—|J|)- (4.28)

Then one checks that * is a real operator

x (! Aal AwM) =« (@ Au ATM) .
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4.3 Hermitian metrics on a complex manifold

Definition 4.1. Let M be a complex manifold. A hermitian metrics h on M
is the data for each point m of a hermitian form on the complex space T, (M)
which is positive definite and C'*° with respect to m.

Thus in local complex coordinates (zj) one has

Zh” )dz' ® dz’ (4.29)

where (h;;) is an hermitian matrix which is positive definite and depends C>
on z.

If v =3 (/5% is a vector in T, (M), with m having the coordinates z, one
has for the square length

v]|? = Zhu < (4.30)

If one changes coordinates from a system (z;) to a system (zg), the vector v

is
;0
=G =T

with

0z
k _ % b
b 72(“82}1

so that the expressions of h in these coordinate systems are related by
0zF 8211)
az] Zhb kKl i azl (@ (4'31)
a

indicating that h is a global C*> section of the bundle T*(M)® T*(M), which
justifies the notation of (4.29)

It is easy to construct hermitian metrics on a complex paracompact man-
ifold. For such a manifold, one can find an open covering U = (U,) with
coordinates (zg) Let p, be a partition of unity such that >~ p, = 1 and the
support of p, is in U,, then one defines

2= ZpaZdzfz@deI.
a i

If W C M is a complex submanifold, a hermitian metrics on M induces a
hermitian metrics on W (by restriction to the tangent vectors to W).
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4.3.1 Application of the results of section 4.2
All the results of section 4.2 apply pointwise in M.

(i) A hermitian metrics induces a riemannian metrics (gi;); ;_, ,, on the
real tangent bundle of M, Vg(M). Moreover by (4.7)
det (gi;) = (det h)? (4.32)
(ii) A hermitian metrics induces a C* (1, 1)-form
w=1Y hi(z)ds' Adz (4.33)
i!j
which is real: w =w.
(iii) The riemannian volume element dV is given by (4.16)
av = = i 4.34
= Sl W' =wA--- Aw (n times) (4.34)

(iv) The hermitian metrics induces a hermitian scalar product on AP:9(M)
at each point m € M.
If

1 _
p= i Z or7(2)dz! Adz!

[I|=p
|7]=q

1 -
Z/sz,—q, E Ur5(2)dz" Az’
U =p
[71=q

the hermitian scalar product at z is given by
1 7 7 ki Fpi IR IRY
(o) (=)= ol > T h(z) BTt ()R (2) - BERE () g (2)
g
K,L

(4.35)

(v) One can define at each point z, the x-operator by

n

P(2) A(2) = (2| 0) () (4.36)

and the precise formula is given by (4.22). One has the properties of
(4.21) pointwise. Evidently

w1 API(M) — AT=9m—P(0f),
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(vi) Lifting of indices.
This is given by (4.23) which we rewrite

with the abbreviation
hIE = prbipdele el (4.38)

Then, one rewrites (4.35) as

(¢ ¥)( Z KL( (2) (4.39)

(e lv)( q' Z ori(z wl (4.40)

4.4 Adjoints of d, 9, . De Rham-Hodge Laplacian

Let M be a compact hermitian manifold, and ¢, ¢ € E7(M). One can
define the L?-scalar product on M

(elo)= [ ln@5 = [ (elo)@rave. @

Lemma 4.1. Let M be a compact hermitian manifold; one can define first
order differential operators §, 9, ¥:

(de|v)=(p| oY) ¢e&l(M)yecs (M)
(Op | ¥) = (@ |90) @& (M), €t (M) (4.42)
(Do |9)= (¢ |9) ¢e&hi(M),pe s (M)

so that
5: EX (M) — EXL(M)
0: EPI(M) — ELAH (M) (4.43)
0: EPI(M) — EXHI(M)
The formulas are
= —kdx
= —*0x

= —x0%.

Sl e o
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Definition 4.2. §, ¥, ¥ are respectively the adjoints of d, 0, 9 for the her-

mitian scalar product.

Proof. Let us calculate (530 | w), pE Ep’q_l(M), Y e EVA(M).

(0010) = [ (0010) % = [ dpnsia)
M
where we have used the definition of the scalar product and the main property
of (4.36) of the x-operator.
Now

do A x1h =0 (<p A *w) (—=1)PT9p A D (*w)

=d(p Axp) + (1) T N OxY

because ¢ A ¢ is of type (n,n — 1) and thus is trivially d-closed. Now by

Stokes formula
/ d (o A*T) =0
M

because M is compact without boundary. Moreover Ot has degree 2n — (p+
q)+1,s0
(=1)PT9p A Oxth = —p A x(x0%1))

using (4.21). So finally

n

[ oena= [ erimoa= [ (olow) 0%

(using once more (4.36) for x). O

Lemma 4.2. For ¢ € EM9Y(M), one has
1P+t ijJ

where |I| =p, |J| =q.
Proof. One writes (0¢ | ¢) = (¢ | 9¢) in local coordinates. Because 9 does

not act on the p-type we can forget about the I. We use (4.40) with no I,
g q+1,]J] = ¢+ 1 and Jd¢ instead of ¢. We know that for ¢ for type

(0,9):

q
= 0
00)s0.0, =D 5 (e350) (1.
1=0
where the index 7, is forgotten. From (4.40) we deduce
_ 1 L —
(0p 1 ¢) (2) = > (9¢) ;¢

|
(q + 1) |J|=q+1

T q Z Z &pJW‘]

[J|=q =1
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Then

(Op|v) = /M (0¢ | ) (2)2"(det h) dz' Ada® A -+ A dz®"

/ Zgajza (37 (det h))2" dzt A+ A dz®"

[J|=q

/ > soJ(d thza - z/zﬂdeth)>2”dv

[J]=

z/ (o] 09) () 2"V
M

hence
n

(9)” Z ai ¥ deth) .

The extra (—1)P of (4.44) comes from the fact that if ¢ has dz’, one has to
include a (—1)? for calculating the O (see formula (2.31) of chapter 2), so that
(4.45) must contain a (—1) for a (p, ¢)-form ¢. O

Remark. The equation (4.44) is a typical “adjoint formula”.

4.4.1 De Rham-Hodge operators
We define three operators
A =ds+6d: EN (M) — EN (M)
0= 00 +90: EyH (M) — EVI(M)
O=00+90: EVI(M) — V(M)

Lemma 4.3. The operators O, O and A are second-order operators. For any
form ¢, one has

0?
(O¢) ;5= —22 7t ;’gl_‘]] + first and zero order terms (4.46)

_ 2 oL
A = -4 h'—— + first and zero order terms. 4.47
(Ap) = AL (1.47)

So the operators [J and A acting on a form ¢ define matrices with coeffi-
cients second order operators. Their second order terms appear only on the
diagonal and are identical for (J, [0 and A. Out of the diagonal, only first and
zero order terms appear.

Remark. In other words, O, O and A are diagonal in their principal symbols.
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Proof of lemma 4.3. In the formulas for [J, A and O, one has to identify the
second order terms. This means that we must identify only the first order
terms of § and 9. So, for example, on (4.44) we need not take derivatives of
the A7 or det h but only first derivatives of ;7. We fix a point of M, and we
have to calculate at that point. Then, we can choose the coordinate system
in such a way that at that point h;; = 6;7 and (4.44) reduces at that point to

n
p+1 alpljj
079

+ 0*P_order

(0)r; = (=1)

Now we apply this to 1 = dyp, so that

=0
and
_ n 8250IJ_ q . 92
j= =
Moreover
P
() % = (_1)p+ Z 9 ? + 0""-order.
z
Then
q
9 l+1
(319 p Z 82;31 SO)IJl"'jl"'iq +o
=1
Ny (1.49)
819%0 Z @Z@(sOLﬁl'“jl"'jq) +o
=1 j=1
We obtain the result by adding (4.48) and (4.49). O

4.5 Hermitian metrics and Laplacian for holomorphic
bundles

Definition 4.3. Let m: F' — M be a complex bundle of rank r. A hermitian
metrics on F is the data for every m € M, of a positive hermitian form n(m)
over the vector space Fy,, depending C'*° on m.

Let U, be an open set with a trivialization

7 (U,) ~C" x U,
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so that a vector v € F,,, m € U,, has components (, = ( é,...,(g) e C.
Then the hermitian form is given by
H’UH2 Zna a[} CO(CG (450)

In another trivialization

a! (Up) ~C" x U,

the vector v has now components (; and

Ca = Yab(m)(p Yab € GL(r, C) (4.51)

so that
Mo, (m Znaag ) (Yab(m))?, (Yab(m))5- (4.52)

4.5.1 Metrics on forms with coefficients in a bundle

Now, we consider (p, ¢)-forms with coefficients in F', p € C® (M,AP?1® F).
In the trivialization U,, such a form ¢ has components ¢, = (%?)a:l,...,r
where ¢ are (p, ¢)-forms in U,.

Let ¢ another (p, ¢)-form with coefficients in F. We can define a pointwise
hermitian scalar product at m.

(@] v)( Zna ap(m) (@3 [ ¢2) (m). (4.53)

In this formula, (¢ | %9 ) (m) is the hermitian scalar product at m, of the
(p, q)-forms % and 2 which are the components of ¢ and ¢ respectively in
the trivialization U,. This scalar product (% |¢?) is well defined when a
hermitian metrics is given on M.

Moreover, the expression (¢ | ¢) (m) given by (4.53) is independent of the
trivialization chosen because

and because of (4.52).

4.5.2 The adjoint of 0

Now, we consider a holomorphic vector bundle 7: F — M, so that the 0
operator is well defined on (p, g)-forms with coefficients in M. In particular,
if ¢ is a (p,q)-form with coefficients in F', and ¢, = (¢%) are its
components in a trivialization U,, we define

(09), = (093) ey, (4.54)

a=1,...,r
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component by component.
Moreover, we can define the L2-scalar product for (p, q)-forms with coeffi-
cients in F'

m

(elo)= [ (eloymZ = [ (elvymrav.  @s)

Then we have the analogue of lemma 4.1.

Lemma 4.4. Let M be a compact hermitian manifold and m: F — M a
holomorphic bundle with an hermitian metrics. One can define a first order
operator ¥, such that

(8o %) = (¢ | 9y0) (4.56)
where

peC®(M,AP1QF)

Y eC™ (M,AP"T @ F)
and

Oy: C®° (M, AP @ F) — C>®° (M,AP" '@ F). (4.57)

Moreover in a trivialization U, of F — M, one has for the components of
It in this trivialization

I a( > sz (0) ) (4.58)
B=1 d=1

where na_(’ is the inverse matriz of 1, 5. Finally,

() = 99 + 0"-order term. (4.59)

Definition 4.4. 9, is the adjoint of J for the hermitian scalar product defined
by (4.55).

The proof of (4.58) is entirely analogous to the proof of lemma 4.1. The
formula (4.59) is an immediate consequence of (4.58) and the fact that

T
Z ngana,éﬁ = 6?
B=1
and the expression of ¥ = —x0x.

4.5.3 De Rham-Hodge Laplace operator for holomorphic bun-
dles

We now define the Laplace operator

0, = 89, + 0,0. (4.60)
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Lemma 4.5. U, is a second order operator which is diagonal in its principal
symbol. If U, is a trivialization of F and ¢ € C* (U,,AP?® F), then the
components of O, in this trivialization are

(O,p)s = 02 + 1°%0or 0™ -order terms (4.61)
so that
n ‘ 82300‘ B
((Dnsg)j)”_ =— Z h”_aiig’fj + 1%%0r 0™-order terms. (4.62)
210Z
ij=1

Proof. (4.61) comes from (4.59) and the definition of [J,. Then (4.62) is a
consequence of lemma, 4.3. O

4.6 Harmonic forms and cohomology
4.6.1 Harmonic forms on compact hermitian manifold

First, let M be a compact hermitian manifold. Then, one can define d,
6 and the De Rham operator A = Ay on k-forms. The main result is the
following.

Theorem 4.1. One can define two operators Gy, (the Green operator) and
Hy, (the harmonic projector)

G, H: 3y (M) — £f (M)
such that any k-form ¢ € E¥ (M) can be uniquely decomposed as
¢ =AGrp + Hrp = GrAp + Higp (4.63)
with the following properties:
(i) the decomposition of (4.63) is orthogonal.
(ii) dGj = Giy1d
(iii) Hpyp is harmonic, namely

AHkQO =0.

(iv) The kernel of Ay, is a finite dimensional space, as well as all eigenspaces,
and the spectrum is discrete and tends to +00.

(’U) HkOHk :Hk
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(vi) If o € E¥ (M), ¢ is harmonic if and only if dp = 0, 6 = 0. Moreover
harmonic forms are orthogonal to dE¥; (M) and to 6EN(M).

We refer to [DR] for the proof of these facts.
We denote X
H*(M) = kerof A in £y, (M).

From theorem 4.1, we deduce immediately the following consequence.

Theorem 4.2. One has
H* (M, C) ~ H*(M). (4.64)

This means that in any cohomology class one can find a unique harmonic
form. Moreover, a harmonic form that represents the cohomology class 0 is
identically 0.

Proof. Let [p] € H* (M,C) and ¢ a representative of [¢], so ¢ is d-closed.
Then
© = (dd + 6d) Gy + Hip.

Moreover dGrp = Grr1dp = 0 because ¢ is closed, so that
¢ =déGryp + Hip

and thus [¢] contains Hye. Moreover if 9 is harmonic, it is d-closed and thus
represents a cohomology class. But if ¢ = df, one would have

[9]1> = (d6 | ) =0
because 1 being harmonic is orthogonal to dé‘;/;l(M), so 9 = 0. Thus we
deduce the isomorphism (4.64) O

4.6.2 The case of holomorphic bundles

Let M be a compact hermitian manifold and 7w: FF — M a holomorphic
vector bundle with a hermitian metrics 7.
The analogue of theorem 4.1 is now

Theorem 4.3. There exists operators Gy, H,
G, Hy: C° (M, A% ® F) — C™ (M,A%" ® F)
such that any (0, q)-form ¢ with values in F can be decomposed as
¢ =UnGep + Hep = Golyp + Hyp (4.65)
with the properties

(i) The decomposition (4.65) is orthogonal
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(ii) 0Gy = G410

(i1i) Hgyp is harmonic namely
O,Hye =0

(iv) The kernel of O, is finite dimensional
(v) Hyo H, = H,

(i) If ¢ € C=(M,A>1® F), ¢ is harmonic if and only if 0p = 0 and
Yy = 0. Harmonic forms are orthogonal to 0C> (M7 AVl ® F) and
0,C> (M,A\"" @ F).

As a consequence, we deduce the analogue of theorem 4.2:
Theorem 4.4. One has an isomorphism
H9 (M, F) ~ HU(M, F) (4.66)
where H1(M, F) is the space of harmonic (0, q)-forms with coefficients in F.
Proof. We can represent H1(M, F) as

_ker {9: C> (M, A\ ®@F) — C* (M,A>"' @ F)}
N dC>= (M,A%—1 @ F)

HY(M, F)

Let [p] be a cohomology class, ¢ a representative which is d-closed. We use
(4.65) -
= 00,Gqp + Hyp

(where we have used G, = G4110¢ = 0) and thus Hy € [¢]. O

Let H®9 (M, F) be the finite dimensional space of harmonic (p, ¢)-forms
with values in F', namely the kernel of O, on C* (M,A??® F). When F
is the trivial bundle of rank 1, H®9 (M, F) will be denoted H®? (M) (the
space of O-harmonic (p, ¢)-forms on M).

As a consequence of theorem 4.4, because

APA(M) @ F = A®(M) @ (AP°(M) ® F)
and because AP"°(M) ® F is a holomorphic bundle, we deduce:

Theorem 4.5. One has an isomorphism
HI (M, @ F) ~ HP9 (M, F)

In particular, when F is the trivial bundle of rank 1, one obtains isomorphisms
of the Dolbeault groups HP*1(M) = H (M, Q4 ,):

HP9(M) ~ H(P:2) (M)



Harmonic forms on hermitian manifolds 81

4.7 Duality
4.7.1 Poincaré duality

Lemma 4.6. Let M be a compact hermitian manifold and ¢ € HF(M) a
harmonic k-form. Then xp € H*" k(M) and * is an isomorphim

w2 HE(M) — HZ R (M). (4.67)

Proof. To say that ¢ is a harmonic form, is equivalent to saying that dy = 0,
dp =0 or
dp =20 dxp =10

(because 6 = — x d+ and #* is an isomorphism on forms). Then %y is closed
and moreover §x¢ = —xdxp = (—1)¥T1 x dp = 0 so

d(xp) =0 d(xp) =0

and *¢ is harmonic. As ** = (—1)¥ on k-forms, * is an isomorphism as in
(4.67). O

Theorem 4.6. The isomorphism Py = %@
Py HF (M) — H* R (M)
1s a realization at the level of harmonic forms, of the Poincaré duality.

Proof. Indeed the Poincaré duality P is given by

w’ﬂ

[¢] N Plyp] = P

4.7.2 Serre duality

Let m: FF — M be a holomorphic vector bundle with a hermitian metrics
n. Let m#*: F* — M be the dual bundle. We construct the dual hermitian
metrics in F*: if U, is a trivialization for F' (and thus for F*), we define

Noof = nfa (inverse metrics) (4.68)
Then we define a morphism of bundles
o: FF— F*.

If v € F,, has components (¢),_; , in the trivialization U,, o(v) has

components

LT

o ()] = napals (4.69)
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(always in U, ), then one can see that this defines an element o(v) € F);, and
o preserves the hermitian metrics.
If F is the trivial line bundle with the trivial metrics, then o just the
conjugation
o(v) =7.

Lemma 4.7.
(1) The morphism Pp = %@ is an isomorphism
P EH(M) — 7P (M)
(2) the mapping
Pryp = o (xp) (4.70)

is an isomorphism
Pp: C® (M, AP ® F) — C> (M, \""P""1 g F*) .
Proof. Recall that x: AP9(M) — A"~%""P(M) and the conjugation reestab-
lishes A"~P"~9(M). Moreover

P:=(-1)P"on AP1® F (4.71)
O

Lemma 4.8. Pr induces an isomorphism of harmonic forms
Prp: HPI(F) — H"PT(F™), (4.72)

Proof. We start with a harmonic form ¢ € HP4(F) so that dp = 0, ¥, = 0.
So one has, using (4.58) for 1, in a trivialization,

n
(S o) =0
5=1
Taking the conjugate and using the definition of o we see that
OPpgp = 0.
Moreover writing
o= (=1)PT1Pr (Ppy) (see (4.71))

we obtain
OPp (Ppy) = 0.
But this equation is exactly

where 9,+ is the adjoint of d for the hermitian metrics n* on F* defined by
(4.68) and where we have used (4.58) for ¥,« as well as the definition of Pf.
So Pry is harmonic. O
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As a consequence we deduce

Theorem 4.7. One has an isomorphism
[HY (M, Q° @ F)]* ~ H" (M, Q""" @ F*) (4.73)
where [---]* denotes the dual space. In particular

[HT (M, Q)] ~ H"™ (M, Q"7")

4.7.3 Application to modifications
Theorem 4.8. Let f: My — My be a modification between two compact
complex manifolds. Then the induced morphisms

froHY (MQ,Q’I%) — HY (Ml’QIIJ\/Il) (4.74)
are all injective.

Proof. We shall use Serre duality i.e. the previous theorem 4.7. Let [¢2] €
H? (M3, Q. ), with f*[ps] = 0. To prove that [ps] = 0, it is sufficient to
prove that for any [wa] € H"~7 (M, Q")

(302|w2)=/ 2 Nwa = 0.
Mo

By definition of a modification, there exists proper subvarieties E; C M;,
E; = f~1(Es) such that f induces an isomorphism f: M; \ By — Ms \ Es.
Let U. be the set of points of M at distance < € of Fs.

Then f: f~! (M2 \ U.) — M; \ U. is an isomorphism. Then:

/ Yo Awe = lim 2 ANwy =
Mo =0 JMp\U.
= lim o2 A ffwg =

=0 Jp-1(0\Us)

= [ro2 A ffwa =0
My

because f*p9 is exact and ws is closed. O






Chapter 5

Hodge theory on compact kahlerian
manifolds

5.1 Introduction

This chapter explains the central results concerning the cohomology of a
compact kéhlerian manifold M. We shall prove that there is a direct sum
decomposition of the cohomology of M as

H*(M,C)= @ HP(M)

p+q=k

where HP9(M) = HY(M,Q},) is the d-cohomology of (p,0)-forms. This
decomposition goes much beyond mere formalities. It means that if [¢] is a
d-cohomology class of degree k, one can find in this class a representative ¢
such that its decomposition in types ¢ = Zpﬂ:k @9 has the property that

each component ¢P% is d-closed and 0-closed.

Conversely, if [¢] € H”9(M) is a d-cohomology class, there exists a repre-
sentative ¢ in this class of 9 -cohomology which is d-closed (and 9-closed).

Moreover, the d-operator is strict, that is if a form dy has no component of
type (p, q) for p < po, then dy can be written as di) where ¢ has no component
of type (p',q") with p’ < pg. These results are global, i.e. they are valid for
forms which are C* on M. In general, they would not hold for an open subset
of M, for example.

There are two main parts in the proof of these results. The first part is
the global theory of harmonic forms which has been already done in chapter
4 for general hermitian compact manifolds. The second part is a purely local
calculation which says that the three De Rham-Hodge Laplace operators %A,
0O and O are in fact identical on a kéhlerian manifold.

85
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5.2 Kahlerian manifolds

Definition 5.1. We say that a hermitian metrics h on a complex manifold
M is a Kéhler metrics or that the manifold is kdhlerian, if the (1, 1)-form

w=1i Y hiyds' ANdF (5.1)
i,j=1

is d-closed: dw = 0. The form w is called the Kéhler form of the metrics.

5.2.1 Local exactness

Lemma 5.1. For every point m € M, on sufficiently small neighborhoods U
of m, any (1,1)-form w which is d-closed, is 00-eract so that there erists a
function f with w = 00f.

Proof. dw = 0 implies w + 0w = 0, hence dw = dw = 0 because Ow and Jw
have different types. On sufficiently small neighborhoods U of m, w = d¢
where ¢ is a (1,0)-form, because of Dolbeault lemma. Then dw = 0 gives
00¢ = 0. So Jyp is a (2,0)-form which is holomorphic in U and which is
d-closed. By the Poincaré lemma for holomorphic forms d¢ = 9y where 1) is
a holomorphic (1,0)-form. So ¢ — 1 is a (1,0)-form which is 9-closed; again
by Dolbeault lemma, ¢ — ¢ = 0f so that

w=0p=0(p—¢)=090f
because 1 is holomorphic. O
Examples of Kahler manifolds.
1. Submanifolds of kdhlerian manifolds.

Lemma 5.2. If W C M is a complex submanifold of a kahlerian manifold,
W is also kahlerian.

Proof. Let h be a k&hlerian metrics on M, then the restriction hly to W

is also kahlerian. Indeed, W is locally defined by 2,41 = -+ = 2z, = 0,
hlw = szzl hizdz* A dz7 and the Kéhler form of hly is just w|w which
is closed. |

2. C™ and complex tori.
C" is a kahlerian manifold with the standard constant metrics

ds® = Z dzdz’
j=1
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and the Kéahler form
w= iZdzj AdZ.
j=1

As a consequence, any complex torus C"/L (L discrete lattice of rank 2n
as a real lattice) is kdhlerian with the constant metrics.

. Projective space P™ and projective manifolds.

Lemma 5.3. P" is a kdhlerian manifold.

Proof. Let [Z°, ..., Z"] the homogeous coordinates of P, and U, the affine
open set Z* # 0, so that in U,, one has the holomorphic coordinates

.z .
zl = Za j#a.
Define in U,:
pa=log [ 1+ |=]"]. (5.2)
ia
Then in U, N U,
Pa — P = log 2 _ log |=|°
a - 2 - a .
|Z|
As a consequence on U, N Uy
00p, = O0py

and this defines a global (1, 1)-form which is d-closed.

The hermitian metrics in Uy is given by

hoiz = %;Zj (log (1 + |ZO|2))

where
5 n 12
j20l* = 3 |24
j=1

More explicitly
g90,i7

2
(14 120%)

90,i7 = 0ij (1 + |Zo|2> — Zézj (5.3)

ho,i7 =

with
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hence the metrics is positive definite because
n
i 7 2 2 2 2
> 9056 T = (14 120) I¢* = 120 | OF 2 ¢
i=1

by Cauchy-Schwarz inequality. O

Lemma 5.4. Any algebraic projective manifold is kdhlerian.

This is a consequence of lemmas 5.1 and 5.2.

4. The Bergman metrics in the ball.
In the unit ball of C"

B:{ze@”‘|z|2<1}

one can define the Bergman metrics
0? 2
= O og (1 4F) .
I 5‘zi82j 8 |Z|
It is obviously kéhlerian because

w = i90log (1 - |z|2)

is d-closed.

As a consequence, because the Bergman metrics is invariant by biholomor-
phic transformations of the ball, any manifold which is the quotient B/T’
where T' is a discrete group of SU(n, 1), is a kéhlerian manifold.

5.2.2 Cohomological properties of w

Theorem 5.1. Let M be a complex compact kdhlerian manifold, w its Kdhler
form.

1) All the powers wP(1 < p < n) define non trivial cohomology classes both
for d and 0. As a consequence

H?*(M,C) # 0, HPP(M) # 0.
2) If W C M is a closed complex submanifold, its homology class [W] €
Hy,(M,C) is not 0.

Proof. 1) We know that, up to a constant factor, w™ (n = dim M) is the
volume form of M, so that
/ w™ > 0.
M
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Let us suppose by contradiction that w? = dy; then
W'=wP AW P =dpANw"TP =d (gp A w”*p)

because w" 7 is d-closed and then by Stokes theorem / W™ would be 0.
If P = Jp, then W™ = 9 (p A W™ P), but PAW™ P would be of type (n,n—1)
and thus 9-closed so w™ = d (p A w™ P) again.
As a consequence wP cannot be exact for d or 0.
2) If W is a complex submanifold of dimension p, then wP|y is its volume
form (up to a constant) so fW wP # 0 and by Stokes theorem, W cannot be
the boundary of a chain. O

Theorem 5.2. One has
Jw =0
50 that w is harmonic for A, O, O.

Proof. This is a direct calculation using lemma 4.2, formula (4.44) (chapter

4) and the fact that locally w;; = % O

5.3 Local kihlerian geometry
5.3.1 Covariant derivatives

We consider a vector field ¢ € C*° (U, T(M)). In local coordinates (Uq, zq)
or (Uy, 2) one has

"9 "0

C: ng = Ck—_ (5~4)
2G5 = LG5
_ n 8zk
b — —=b )¢ 5.5
& Z(a) (5.5)

In particular we see that
ack (02N o
9% _ 5.6
82}1 ; aza 821 ( )
In the same way, for a (0, 1)-form ¢ € C* (U, T*(M))

= padz =Y pydz (5.7)

one has

" (0]
Pb,k = Z <azb )Soa,J

Jj=1
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so that

0oy - 023 0¥a,;
o~ 2\ T )
We define the covariant derivative of ¢ € C*° (U, T(M)) or p € C> (U, T*(M))
with respect to a vector field w € C* (U, T(M))
V¢ € C™(U,T(M)), Vup € C* (U, T*(M))

by saying that they are vectors or forms with components in a coordinate
system (U, z4) given by

n _

_ 7
(VuC)o =D _wi 5 o
’“j (5.9)
= wh o
k=1
in particular, for w = 821 , we denote
_ _ o Da;
=V (T = 2@ =V.p, - = Y .
(Vuw(), = Vi¢, 9z (szo)a,] Viga,; zi (5.10)

From (5.5) and (5.8) we see that V,,( or V¢ are well defined vector fields
or forms.

Now let us take ¢ € C (U, T(M)). By lowering the indices by means of
the hermitian metrics h we obtain a form H(¢) € C> (U, T*(M))

= haigCedz]
ij=1
So if ¢ € C* (U, T(M)), we define for w € C* (U, T(M))
V¢ =H " (V,H(()). (5.11)

In local coordinates (U,, z,) for w = d‘;

(ViC) = Db 83 (Z ha,lkcé> (5.12)

We denote simply: 4 _
Vi = (ViQ)y, -
In the same way, if ¢ € C*° (U, T*(M)), we define for w € C* (U, T(M))

Vap = H (Vo H\(p)) (5.13)
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or in coordinates for w = %
a

0
Vita; =Y ha,jﬁg <Z hE! e, z) (5.14)
k a

l

For w € C* (U, T(M)), ¢ € C* (U, T(M)) and ¢ € C* (U, T*(M)), we can
also define oc)
iva J_ k a
(vwsﬁ)a - zk:wa azk
(Vuyg) = sz; 8%,]‘.
a,j - a 82k
In particular if w = %, we denote

8Cj = 8@(1, j
PEx Vipa,; = 8—2];]

Vil =

Because of the conjugate equations (5.5) or (5.8) one has
VuCeC®((U,T(M)),  Vu(eC®UT(M)).
Finally, we can define V,,¢ and V¢ for ( € C> (U, T(M)) or ¢ € C* (U, T*(M))
by lowering or raising the indices
Vu(=H"(V,H(Q))
Vup=H (VuH ().

The formulas are

5 P (5.15)
oy 9Pay _ 9 (1K
Vigws = +; <h“”w 021 (e )) ot
We define the Christoffel symbols
zl - Zh’a azz (L 1k (516)
or:
: J
T, = ((dzbh Jhat), (5.17)
n
Vz(:(jl = a—z(z + ngldz
(5.18)

0
vi@a,j gpa"] Z Fz] Qoa l
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where we have used the equation

0
53 =0.

0 Rip,
azé <zk: ha ha,lk) 9z z

Also
= _l+Zrld
(5.19)
ViPas 38%,3 ZI‘@
a,) — 821 ij a,l

We define the covariant derivatives of any tensor field by lowering or raising

the indices to reduce to pure derivatives either with respect to % or (‘3{7,

and then raising or lowering the indices correspondingly. ‘ ‘
For example, one has immediately

Lemma 5.5. The covariant derivatives of h vanish

Proof. For example

o _
viha,kl_ = Z ha,kjg <Z thzTha,rl_>
= hakjns a ; (67) =o.

O

Lemma 5.6. The hermitian metrics h is kahlerian if and only if for all indices
(5.20)

i j,k o

Proof. By the definition (5.16)

Z hkl YN

5‘2’
So oh
. . Gl 5 i i 1, 3§l
0 dwfzzwdzz/\dzj/\dz —HZWd AdZ A dz

- % > hyg (TF; = T%) dz* Ad2? Adz'+

+5 2 i (T

This implies (5.20).

T%)dz' Ndz' A dZ.
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5.3.2 Covariant derivatives of differential forms

Let ¢ € £, (U) be written in a coordinate system (U, z) as

1 -
p= p'—(]'ZgondzI/\dz‘].

We have the following lemma.
Lemma 5.7. Let h be a kdhlerian metrics. Then
O = sy i g,y Viprydz' Adzt A dz? (5.21)
Do = ﬁ Z“vaﬁ dz' Ndz! A dz! (5.22)
(0p) 15 = (1P W'V (here || = p,|K|=q—1) (5.23)

Proof. We prove only (5.23). Using lemma 4.2 of chapter 4

7 0 1 Odeth =
_1\p+1 IK: . IjK
0™ =Y (5 + e ) @ (5.24)

On the other hand, by definition, if |K| =¢ — 1

ivjww Z &p Sl Z Ty 4 ) TjplMteba 4
j=1

j=1 G k=1 gk

Tjkka. .k

But Ff,; is symmetric in j, k (lemma 5.6) and ¢ a is skew symmetric in

j, k, so that
&p”K _
Zv => 5+ ZPW (5.25)
J

J

Then, one proves

= 2
ik deth Oz (5.26)

J
to deduce the identity from (5.24) and (5.25). Because the metric tensor h g
commutes with the covariant derivative V;, one can lower the indices as one

wishes.
To prove (5.26), one knows that % is the cofactor of h;; so that it is
iJ

equal to (det h)h¥. Then

Z Ohy 0z ’;(dth)h 920

= (det h)y Ty
l

Since h is kihlerian, I'Y, =T, and we obtain (5.26). O
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5.3.3 The operator A

The operator A is the contraction by the Ké&hler form.
One has for ¢ € EVI(M)

1 _
pq:
the definition:

Ap =

1 -
= N b, e A A dET
(P=Dig—D! 4= "%

K,L

where |[K|=p—1, |L| = g — 1. In particular

(Ap)kr = (_1)1)—1 Z ihﬁ%‘Kjf'

07
It is obvious that A is a real operator
AD = Aop.
Theorem 5.3. One has the relations
[0,A] =i [9,A] = —id.
Proof. The second relation is a consequence of the first.

1) We calculate OAy using (5.21)

(0AQ) 7 = Vi, (Ap);, ;7= Vi (M@)o T+

Here |L| = ¢ — 1, |I| = p. Then we use (5.28)

(5.27)

(5.28)

(5.29)

(M), = i(_l)pfl Z |:Vi1 hﬁ%iz...ipjf — Vi, hﬁ%ilig...ipjf +-- } .

i,J
But V commutes with the metric tensor h, so that:
(OAg) 7 =
. 1 7i
i(=1)? Z h* [Vh%‘iz...ipjf - vi2<pii1i3...ipjf +-
4,J

2) Then we calculate Adp. We use (5.21)

(00) k7 = VioPhy..keyd = Vit Phoks..yd T

(5.30)
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with |K| =p+ 1, |J| = ¢. Then we apply (5.28)

(AD) ;p = (1P W' (0¢);r [l =p, Ll =q—1
i!j

SO

(A&P)IZ = (=1 Z h?' [V%P[jf - Vi Piiy...ip3L +- } : (5.31)
,J

So from (5.30), (5.31)

(OAp — ADp) = (~1)PTHi Y W'V, p

.3

which by (5.23) of lemma 5.7 is exactly

i (V) 7 -
O
5.3.4 The equality of the De Rham-Hodge Laplacians
We come finally to the main theorem.
Theorem 5.4. On a kdhlerian manifold one has
1 —
§A:D: 0. (5.32)

In particular A, its Green operator G and its harmonic projector H respect
the type of forms.

Proof. We use the relations of theorem 5.3 to replace ¢ in 0 and 9 in O by

their expressions in term of 9, A, 9

0 =09 + 99 = —i [0 (0A — AD) + (9A — AD) D]
= —i [00A — DAD + OAD — MDD

and in the same way
D= 00+ 90 = —i [00A + OAD — DAD — A

soO=0.
Then we use

to deduce -
A =0+ 0409 + 90 + 09 + 90.
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But then again by theorem 5.3
09+ 90 =1i[0(OA — AD) 4+ (OA —AD)0] =0

SO
A=20=20.

5.4 The Hodge decomposition on compact kiahlerian man-
ifolds

5.4.1 Harmonic forms on compact kihlerian manifolds

Theorem 5.5. Let M be a compact kihlerian manifold.

1) Letw € EL(M) be a harmonic form of degree k and letw =3 . _, w(P-a)

be its decomposition in pure types. Then the w9 gre harmonic forms
which are 0-closed and V¥-closed.

2) If w9 is a harmonic form of pure type (p,q) for O (or O), then it is a
harmonic form for A.

Proof. 1) is a consequence of the fact that A preserves the types (see theorem
5.4 ),s0if Aw=0
(Aw)PD = Aw®D = (

and thus Ow®9 = Jw®9) = (.
2) is a consequence of 200 = A. O

Theorem 5.6. One can write

HE M) = @ HPD (M) (5.33)

ptg=k
with an orthogonal decomposition. Moreover
HPD (M) = H@P) (M) (5.34)

Proof. The orthogonal decomposition is a trivial consequence of theorem 5.5,
while (5.34) is obtained by the isomorphism

wPD ¢ 1P (M) — wPa) e H(qm)(M)

because O = 0. O
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We can rephrase theorem 5.6 as follows.
Theorem 5.7. Let M be a compact kihlerian manifold

1) If [p] € H*(M,C), and ¢ € [¢] is a d-closed form, then there exists a form
1 such that in the decomposition:

o+ dip = Z WP

ptg=k

the w(’“{) are both d-closed and 0-closed and thus define cohomology classes
for the 0-operator.

2) If [PD] € HP9(M) is a class of 5—coh07inology7 of pure type (p,q), there
exists ¥ of type (p,q — 1) such that ¢ + 0Y is 0-closed and d-closed and
thus defines a cohomology class for d.

Proof. 1) Start with [p]. There exists a form w € [¢] which is harmonic. So
w = @ + dy and its decomposition in pure types has the required property.

2) Start with a class of 9-cohomology [p®%]. There exists w®9 ¢ [go(p’Q)]
which is harmonic for O but also for A = %D. So w9 is d-closed. |

Corollary 5.1. Let M be a compact kdhlerian manifold. Any holomorphic
form ¢ € H (M, Q8,) is d-closed and harmonic.

Proof. The form ¢ is of type (p,0), so ¥y = 0 trivially. But ¢ is holomorphic
so dp = 0. Thus Oy =0, so Ap = 0 and ¢ is harmonic and d-closed. O

5.5 The pure Hodge structure on cohomology

Let us recall from chapter 2 the definition of the Hodge filtration F' and its
conjugate F. If M is a complex manifold, one can write a k-differential form
@ on M in local complex coordinates as

o= > ¢ppds’ Adz’ (5.35)
[T)+]J|=k

We say that ¢ has type > p, if one has |I| > p in in the sum (5.35) (for every
system of complex coordinates on M). We define FPEY, as the subsheaf of
E ]’\“/[ of k-forms of type > p. This defines a decreasing filtration and d respects
this filtration:

d(FPEY,) C FPEN!
The conjugate filtration is defined by saying that ¢ € FI€¥, if |J| > ¢ in the
sum (5.35) or in other words

Figk, = Fagk,.
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The above filtrations induce filtrations on the cohomology H ¥(M,C), which
we still denote F'P and F9.
Theorem 5.6 and theorem 5.7 can be restated as

Theorem 5.8. Let M be a compact Kdihler manifold. The cohomology groups
HF(M,C), equipped with the Hodge filtrations FP and F?, carry a pure Hodge
structure of weight k:

HYM,C)= @ A»*(M)
pt+q=k

where AP4(M) = FPH*(M,C)NFI1H*(M,C) are isomorphic to the Dolbeault
groups HP1(M).

Proof. The natural linear map
HPD (M) — FPH*(M,C) N FIH" (M, C)

is injective because of theorem 5.6, and is surjective because the harmonic
projector H respects the types of the forms (theorem 5.4). The theorem
follows from theorem 5.6. |

5.5.1 Strictness for d
Theorem 5.9. Let M be a compact Kdhler manifold. The differential
d: T (M, &) — T (M, &)
1s strict for the Hodge filtration FPT (M7 EM)
Proof. The statement means that if w € FPI (M7 EJ’\’;"I) and w = dy, ¥ €
I (M, &5/7"), one can find ¢ € FPT (M, 5797 ) with w = dg. By hypoth-

esis, we can write
W= E wPth.a—k
k>0

9=k is of type (p+ k,q — k); also 1) decomposes as

p= >

r+s=p+q—1

where wPt*

into forms of type (r,s). Then the equation w = di reads as

WP = OypP—1a 4 Gyppra—1 (5.36)
0 = GyP—2a+1 4 Jyp—1.a (5.37)
0 = OpP—3a+2 4 Gyp—2.a+1 (5.38)
0= 8w0,p+q—1 4 5w17p+q—2 (539)

0 = gyOrta-l (5.40)
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By (5.40), 9%Pt2~1 defines a d-cohomology class of H%P+9=1(M), hence by
theorem 5.8, an element of HP?+9~1(M, C); which means that ¢*?*9~! can be
written as the sum of the d of a form of type (0,p+¢—2) and a d-closed form
of type (0,p+¢—1):

1Z)Om+q—1 = q0Pta-1 5~90,p+q—27 dadPta—1 — (5.41)
It follows that
w=d(1p—a®Pt7l) = d (¢ — PPl 4 9gorta?) (5.42)

Now, a®P*te4=1 is d-closed, so for degree reasons 9a®Pt1~! = dalrta—1 = 0,
and from (5.39) and (5.41) we deduce

0 = JDGOPTI2 4 Gylrta=2 = §(—ggOrta—2 4 lrta=2)

so that again there exists a d-closed form a'"?*t9~2 and a form §'?t9=3 such
that
—9g0prta—2 wl,p+q72 = oqlPta—2 4 jgl.pta—3 (5.43)

so that using (5.42) and (5.43)

w=d (w _ oOpta-1 _ al,p+q—2) —d (¢ _ w07p+q—1 _ wl,p—i—q—Z + 591,p+q_3)

etc. ---.
Finally, we arrive at

w=d (1/} o wo,erqfl o wl,p+q72 . 1Z)p—l,q + 591)71#}71)

= d( Z YPrE-La—k 39p—17q—1>

E>1
But
dogr—1a7t = —qogr—ta-!
so that
w=do
with

¢ = szﬂrkfl,qfk —ger~La-1 ¢ pry (M, gﬂ-q—l)
k>1

By theorem 1.1 of chapter 1 the above theorem can be restated as

Theorem 5.10. Let M be a compact Kdhler manifold. The spectral se-
quence associated to the Hodge filtration F on the complex of global sections
T (M7 EM) degenerates at Fj.
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5.5.2 The case of closed forms of pure type

Theorem 5.11. Let M be a compact Kdhler manifold. If w is a form on M
of type (p,q) which is d-exact, there exists a form « of type (p—1,q—1) such
that

w = 00« (5.44)

In particular, we can write
w=dB, B of type (p,q —1) (5.45)
w=dy, 7 oftype (p—1,q) (5.46)

Proof. Equations (5.45) and (5.46) follow from (5.44), taking 3 = —da and
respectively v = da. Let us start with w of type (p, q) which is d-exact, so
that it is 0- and 0-closed. Using harmonic theory (theorem 4.5 of chapter 4)

one decomposes w as B
w = h?? + 0YGw (5.47)

where hP9 is harmonic, 9 is the adjoint of 0 and G is the Green operator.
Since the harmonic forms are orthogonal to the d-exact and the 0-exact forms,
one has h?? =0, so

w=0yYPIt PP = YGw (5.48)

(we recall that G' and ¥ respect types). Using the fact that w is 0-closed, and
(5.48) , we find that 9yP9~1 is O-closed, so we write the Hodge decomposition
of OyYPa~1 as

&bmz—l — pptla-1 + gwp+17q—2

with hP+1:9=1 harmonic, hence orthogonal to the images of 9 and of 9, so that
hPT1:4=1 = ( in the previous equation. Then

opPa=1l = Gyptla=2 (5.49)
It follows that 9yPT1972 is O-closed, so by the same reasoning
3wp+1,q72 — ngﬂrqu?»

until we obtain
8wp+q—271 — gwp-i-q—ho (5.50)

Then 9yP+9=10 is a form of type (p+q, 0) which is 0-closed by the above equa-
tion; such a form is holomorphic, and thus harmonic for O and OJ, by corollary
5.1; and in particular it is orthogonal to the image of 9. But 9?71 is also
in the image of 0, so it is zero:

3wp+q—170 =0

q—1,0

Using Hodge decomposition for 4P+ we deduce

1/)”+q_1’0 _ hp—}-q—l,o + a¢p+q—270 (551)



Hodge theory on compact kdhlerian manifolds
Then, using (5.50) and (5.51)
3¢p+q—271 - 5wp+q—170 - 58¢p+q—2,0
(harmonic forms are 9-closed) so

o (prrqf?,l 4 5¢p+q7270) =0

so again
prrqf?,l 4 (§¢p+q72,0 — ppta—-11 + 3¢p+q73,1
etc. --- so finally, using (5.49) we arrive at
81@”"171 _ 58¢p,q72
so that

o (wnq—l 4 §¢p7q—2) =0

and using Hodge decomposition
wp,q—l 4 5¢p7q—2 = ppa-1 4 3¢p—1,q—1
so by (5.53) and (5.48)
w = gYP 1=t = gogr— a1

which completes the proof.
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Chapter 6

The theory of residues on a smooth
divisor

6.1 Introduction

In this chapter, we shall explain the theory of residues for a smooth hyper-
surface. The theory has a long history. It starts from the Cauchy formula
in classical holomorphic function theory. In the 19'" century, it is used to
construct the theory of abelian integrals of the 15¢, 2" and 3" kinds on a
compact Riemann surface. The idea is to realize the compact Riemann sur-
face as an algebraic curve in P?, possibly with “standard” singularities and
to obtain the various differentials of degree 1 as residues. From that con-
struction, one could deduce all the classical theory of algebraic curves. Picard
and Poincaré defined the notion of residue of rational forms on algebraic sur-
faces, in particular studied the periods of rational differentials and proved that
they are periods of abelian integrals on the polar curve. The modern theory
was defined by Leray to study the Cauchy problem of holomorphic partial
differential equations. Actually, Leray constructed a residue theory for a hy-
persurface which is the union of divisors with normal crossing. But the main
result, namely that the cohomology of the complementary of a hypersurface
can be realized with forms with poles of order at most 1 was proved by Leray
only for a smooth hypersurface.

6.2 Forms with logarithmic singularities

Definition 6.1. Let M be a complex manifold of dimension n, and D be
a smooth hypersurface. Let ¢ be a C*° k-form on M \ D. We say that ¢
has logarithmic singularities on D if for any point mg € D, there exists a
neighborhood U of mg in M, where D is defined by a local equation s = 0:

DNU={meU|s(m)=0} (6.1)

103



104 Classical Hodge theory

and the form ¢ can be written in U \ D as

d
30:?8/\(,0—1—9 (6.2)

where w and 0 are C'*° forms on U of degree k — 1 and k respectively.
We denote £, (log D) the sheaf on M of C* k-forms, which have logarith-
mic singularities on D (and are C'*° outside D).

One has obviously
Lemma 6.1. Let m be a point of M.
(i) If m ¢ D, Efd,mﬂogD) = Ef\c/[,m,

(i) If m € D, £}y, (log D) is the £, -module generated by the k' exterior
products of the differentials, dz—zll, dzs,. .., dzp, dzy,. .., dz, where z1 =0
1s a local equation of D near m.

Definition 6.2 (of the residue form). Let ¢ € I' (M, £f;(log D)) be a k-form
with logarithmic singularities on D. One writes locally ¢ as in (6.2). Then
one defines

Res p = w|p.

Lemma 6.2.
(i) Resp is well defined as an element Resp € T (D, Sg_l).
(i) Res commutes with d: Resdyp = dRes p.

Proof.

(i) If s’ = 0 is another equation of D, then s = s’ f where f is holomorphic
and invertible. But

ds ds' df
—=— + =
S S f
% d ds’ d
s s
p=—Aw+0= —,/\w—i——f/\w—i—@.
S S f
Hence ¢ = dj/ Aw + 0 with the same w. Suppose now that one has two

decompositibns of ¢, namely

d
30:—8/\w+9:—/\w’+9'
s
Then one deduces J
—s/\(w—w'):f)’—f)
s

and thus £ A (w — w') is a smooth form. Choose a system of coordinates
(21,...,2n) where s = z1; an easy calculation shows that w—w’ is a linear
combination of dz1 A a, 2103, so that w|p = W'|p.
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(ii) We write ¢ as in (6.2). Then

d
dp = Z N dw +do
S

hence Resdyp = dw|p = dRes . O
As a consequence of (ii) we deduce
Lemma 6.3. Let ¢ € I' (M, &Y (log D)).
(i) If ¢ is a d-closed form (on M\ D), then Resy is a d-closed form on D.
(it) If ¢ is in dI" (M, Ejlf/f_lﬂogD)), then Res ¢ is exact on D.
(iii) Res induces a morphism in cohomology.

ker {d: T (M, &}, (log D)) — T (M, &} (log D)) }
“ AU (M, €5 (log D))

— H*"1(D,C)

6.3 The long exact homology residue sequence

We choose a riemannian metric on M. Let mg € M and v an unit tangent
vector at mg; we denote by 7 (s | u,mg) the geodesic through mg tangent to
u (where s is the arc length).

Definition 6.3 (of tubular neighborhoods). Let D be a hypersurface of M.

We define a tubular neighborhood T as the set of points of M which are at
a distance < ¢ of D. This neighborhood can be described as follows: from any
point mg € D, we draw the geodesic 7y (s | u, mg) where u is an unit tangent
vector orthogonal to D. We assume that ¢ is less than the injectivity radius
of the exponential maps at all points mg € D. Then, T is the set of all points
v (t | w,mp) for t < e, u orthogonal to D at mg, and mg € D.

There is an obvious retraction
r:T.—D (6.3)
such that
r ('Y (t | U,mo)) = myo

and a retraction
p: M\ D— M\T. (6.4)

which associates to any point y (¢ | u,mo) € T. with ¢ # 0 the point 7y (& | u, mo)
and to any point of M \ T the same point.
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6.3.1 The long exact homology sequence

Theorem 6.1. One has a long exact homology sequence

i —— H,(M\ D,C) —=— H, (M,C) —~— H, 5 (D,C) —— .
6.5

S H, (M\D,C) ...

We give only the description of the morphisms
(i) The morphism 4, is induced by the canonical embedding i: M\ D — M.

(ii) To define g, consider a p-singular cycle C' on M. Then one takes the
intersection class [C.D], which has dimension p — 2.

(iii) Finally to define the morphism ¢, one starts with a (p —2)-cycle C on D.
It induces a p-chain in T by taking all the arcs (7y (t | u,mg)) for t < e,
mo € C and u orthogonal to mg (and unit length). This defines a chain
C in T. and one takes the boundary dC in T.. Then by definition:

6.3.2 The residue formula

Theorem 6.2. Let [y] € H,(S) be a homology class and ¢ be a d-closed
(p+ 1)-form on M \ D, which has polar singularities of order at most 1 on

D. Then one has
/ Y= 2i7r/ Res . (6.6)
3] v

Proof. We can assume that ¢ has a logarithmic singularity. It is sufficient to
prove (6.6) for a simplex o which is contained in a sufficiently small open set
so that D has the equation z; = 0, (21, .. ., 2, ) being holomorphic coordinates.

Hence we can write
le
p=—Aw+0.
zZ1

Locally we can use the standard hermitian metric, so that .o becomes a
union of circles with center in o and radius ¢ in a certain z;-plane. Moreover
€ is as small as we wish. Now, one has :

0c0 — ber0 = OC

where C' is a union of annuli centered on points of ¢ in the corresponding z1-
plane between the radius € and ¢’ and thus

Lol o= L= e
d.0 .10 oC C
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But

and for e — 0

d
lim ﬁ/\u):2@'7r/u)=2Z'7T/Resga.
g o

e—0 Seo A1

6.4 The residue sequence in cohomology and the Gysin
morphism

6.4.1 Definition of the sequence

Taking the transpose of the long exact residue sequence in homology (the-
orem 6.2), we deduce

Theorem 6.3. Let D be a smooth hypersurface in M ; one has a long exact
sequence

o —— HP' (M \ D,C) L% gr—2 (D, C) —1 HP (M,C) ——

— S HP(M\ D,C) %5, ...
(6.7)

Proof. We have just to identify the transpose of the morphisms of the sequence
(6.5); i* is the induced morphism in cohomology by the embedding i: M\ D —
M.

The morphism res is the transpose of the morphism § of the sequence (6.5).
In particular if [¢] is a class of cohomology given by a d-closed form on M\ D
which has logarithmic singularities on D, we have

res[y] = 2im [Res ¢) (6.8)
because of the residue formula (6.6) and the realization of the duality between
homology and De Rham cohomology using the integration on chains. Finally

tq is the transpose of the intersection morphism q: H,(M,C) — H,_2(D,C).
O

Definition 6.4. tq: H?(D,C) — HP*?(M,C) is called the Gysin morphism.
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6.4.2 Construction of the Gysin morphism

We consider the line bundle L(D) — M associated to D. Then, by defini-
tion, there exists a holomorphic section o: M — L(D) such that

D={meM|o(m)=0}. (6.9)

We can also introduce a hermitian metrics denoted H || on L(D) and we define
Odlo all . .10

In a small neighborhood U of mg € D where one can find coordinates (z1, ..., 2,)
on U such that z; = 0 is the equation of D in U, we see that

1 d21 ’

- 11
Dy 2in o Tp (6.11)

where 1, is C* in U. We also define
1 = 2 =
Qp = 5 9dlog||o||” = Onlp. (6.12)

This form is a (1, 1)-form on M (it is C* because of (6.11)) and it represents
the Chern class ¢; (L(D)) of the bundle L(D).
Let us now define

vYp.u : HP(D,C) — HPT2(M,C)

We start from a cohomology class [a] € HP(D,C) and a d-closed p-form « €
[a]. Because the tubular neighborhood T retracts on D, so that H? (T,,C) ~
HP(D, C), there exists a d-closed p-form o’ in T, such that o/|p = a. Using
a function x which is 1 on T, /o and which has its support in 7%, one can find
an extension & = ya’ of o to M, which is d-closed in T /5. Now we define

p=d(@Anp)

6.13
=daAnp + (—1)Pa A Qp. (6.13)

This is a (p 4 2)-form on M. Because d& = 0 on T, /5, # has no singularities
on D and is d-closed, so it induces an element

[8] € H?** (M, C)

and we define

18] = vp,nm ([a]) - (6.14)
Lemma 6.4. vp s is ezactly 'q, namely if T € H,(M,C) then

/F a= /F N~ (6.15)
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Proof. Because & has its support in T., § has also its support in T;, so that

the integral
I= / YD, / d(aAnp)

depends only on the relative homology class of ' mod M\ Tk, i.e. it depends
only on the image IV of T in H), (M,M\TE,(C). Moreover the retraction
r: EJ—> D induces an isomorphism in homology. So finally I'" is homologous
to I'.D where I".D is obtained as the union of small disks of radius € centered
onI'.D. So

I:/Nd(a/\np)—hm ~ d(aAnp).
r.D ' =0 JrD\1.,

But 0 (ﬁ \ Taz) is contained in 0T, UOT.. The part in 9T: gives 0 because

&lM\TE =0. So
I = lim _/~ aAnp | .
e'=0 [.DNOT.,

Then using (6.11), we obtain
I:/ o}
r.D

which proves (6.15). O

Theorem 6.4. Let M be a Khdilerian manifold, D a smooth hypersurface
of M, j : D — M the natural embedding. The Gysin morphism vp am :
H?(D,C) — HP*2(M,C) can be obtained via Poincaré duality from the pull-
back

j* . H2n7p72(M, (C) _ H2n7p72(D,(C)

It follows that yp ar is real, commutes to conjugation, and is a morphism of
pure Hodge structures of degree 1.

Proof. The first assertion is a consequence of lemma 6.4 and the definition
of the mapping ¢ in (6.5). Using Serre duality we find that the dual of j*
sends H™*(D) to H"T%sT1(M), which implies that yp ps is a morphism of
pure Hodge structures of degree 1. O






Chapter 7

Complex spaces

7.1 Complex analytic varieties and complex spaces

We refer to [GF], [GR] for generalities and details on complex spaces.
Let U C C™ be an open set, and Oy be the sheaf of holomorphic functions
on U: for V open in U, by definition

Oy (V) ={f:V — C holomorphic }
Then Oy is a sheaf of local C-algebras.
Theorem 7.1 (Oka’s theorem). The sheaf Oy is coherent.

Definition 7.1. A (complex) analytic subset of U C C" is a closed subset
S C U with the following property; for every x € S there exist a neighborhood
V of £ in U and a finite number of holomorphic functions fi,..., f, on V such

that SNV ={zeV | fi(z) == fo(2) =0}.

An intersection, or a finite union, of analytic subsets of U is analytic. Note
also that U itself is, trivially, an analytic subset. An analytic subset S C U
is globally defined in U if it is the set of the zeroes of holomorphic functions
defined on all of U: S = {z€ U | g1(z) =+ =gs(2) =0} where g1,...,gs
are holomorphic on U.

To an analytic subset S C U we associate a subsheaf of local C-algebras
Zs C Oy defined as

Zs(V)={f€O0u(V) | flsnv =0}
in other words, the subsheaf of holomorphic functions vanishing on S.

Theorem 7.2 (Cartan coherence theorem). The sheaf Zs is coherent, or
equivalently, finitely generated.

We define
Os =(0u/Is)ls

which is a coherent sheaf of local rings on S. It is easy to see that Og injects
into the sheaf Cg of continuous functions on S as a subsheaf. The coherent C-
ringed space (S, Og) is called a complex analytic variety, or simply a complex
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variety. A section of Og on an open subset Z C S is called a holomorphic
function on Z. If Z is an open subset of S, the C-ringed space (Z, Oz) where
Oz = Og|z, is a complex variety.

Let S C U be a complex variety. An analytic subset of S is a closed
subset T such that for every x € T there exist a neighborhood V of z in
S and a finite number of holomorphic functions fi,..., f, on V such that
TNV={zeV: fi(z)=---=fp(2) =0}

Then T is an analytic subset of U.

To an analytic subset T' C S we associate the subsheaf of rings Zr C Og
defined as

Ir(V)={f€0s(V): flrrv =0}

that is, the subsheaf of holomorphic functions on S vanishing on 7. Then
T, equipped with the sheaf Op = (Og/Zr)|r is a complex variety, called
a complex closed subvariety of S. Let us remark that T is also a complex
subvariety of U.

Definition 7.2. A complex (analytic) space X is a C-ringed space (X, Ox)
with the following properties.

(1) X is a metrizable, countable at infinity, topological space.

(2) For every x € X there exist an open neighborhood V of z in X and an
isomorphism of ringed spaces (V, Ox|y) =~ (S, Og), where S is a complex
variety.

In other words, a complex space behaves locally as a complex variety. The
sheaf Ox is coherent; it injects into the sheaf Cx of continuous functions on
X as a subsheaf.

A section of Ox on an open subset V' C S is called a holomorphic function
onV.

A morphism f: X — Y of complex spaces is by definition a morphism of
ringed spaces f: (X,0x) — (Y,0Oy), so that if g: V — C is a holomorphic
function on an open set V. C Y, go f: f~1(V) — C is holomorphic.

Theorem 7.3 (Examples).

(1) A complex manifold M, equipped with the sheaf Opr of holomorphic func-
tions on M, is a complex space. We refer to a complexr manifold also as
a smooth complex space.

(2) A complex variety is a complex space.

(8) (Complex open subspaces). An open subset V' of a complex space X is a
complex space (the sheaf being the restriction Ox|y to V).

(4) (Complex closed subspaces). Let X be a complex space. An analytic sub-
set of X is a closed subset E such that for every x € E there exist a
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neighborhood V of x in X and a finite number of holomorphic functions
fis-oos fp on' V such that ENYV = {zeV ‘ fl(z):~~:fp(z):0},
The subsheaf of ideals Ty, C Ox is defined as

Ip(V) = {f € Ox(V) | flenv =0}

Then E, equipped with the sheaf O = (Ox/Zg)|E is a complex space,
called a complex closed subspace of X .

(5) An intersection, or a finite union, of complex subspaces of X is a complex
subspace.

(6) (The support of a coherent Ox-module is a complex subspace.) Let X be
a complex space and F be a coherent Ox-module. Then supp (F) is a
complex closed subspace of X.

(7) (The subspace defined by an ideal of finite type.) Let X be a complex
space and J C Ox be an ideal of finite type. The subspace defined by
J is by definition the support Y = supp(Ox/J). Let V be an open
subset of X such that J is generated on V by the holomorphic functions
Gis---s9s; then YNV ={zeV:gi(z)=---=gs(x) =0}. The ideal
J is contained in the ideal Ty, but in general is different. The ideal Ly
appears as the maximal coherent ideal which defines Y .

(8) Let f: X — Y be a morphism of complex spaces. If T is a subspace of Y,
f~YT) is a subspace of X.

Remark. By definition, our complex spaces are reduced, that is, for every
open set V' C X the ring Ox (V) has no nilpotents elements (because it
is a subring of Cx(V)), so that holomorphic functions on V' are continuous
functions. We do not need the general notion of complex space, which allows
nilpotent elements in the structure sheaf. When referring to a complex space,
we always mean a reduced complex space.

One of the main properties of (reduced) complex spaces is that they are
generically smooth. More precisely, we say that a point z of a complex space
X is smooth (or simple, or regular) if there is an open neighborhood of x
which is a manifold, and singular otherwise. Then

Theorem 7.4. Let X be a complex space. The subset U of the smooth points
of X is open and dense in X. Moreover its complement sing (X) (the set of
singular points) is a nowhere dense complex subspace of X .

A complex space X is reducible if there are two proper, nonempty complex
subspaces X7, Xo, with X = X7 U X, and irreducible otherwise. Any space
X has a decomposition into irreducible components:

Theorem 7.5. Let X be a complex space, U = X \ sing X. Let U = |_|j U;
be the decomposition into distinct connected components. Then
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(1) the closure X; of U; in X is an irreducible complex subspace of X ;

(2) X =U; X;;
(3) every irreducible complex subspace of X is contained in one of the X;;

(4) X is irreducible if and only if there is only one X;, or if and only if
X \ sing X is connected.

The spaces X; are called the irreducible components of X.

If X is compact, the number of irreducible components is finite.

Let f: X — Y be a proper surjective morphism of complex spaces. If X is
irreducible, Y is irreducible.

The dimension dim X of an irreducible complex space X is the dimension
of the connected manifold X \ sing X; in general dim X is the supremum of
the dimensions of its irreducible components.

If Y € X is a nowhere dense complex subspace, dimY < dim X.

Throughout all the present book we will make the assumption that all the
complex spaces we are considering have finite dimension. Nevertheless, many
results hold also for complex spaces whose dimension is not finite.

7.2 Coherent sheaves on complex spaces

If (X, Ox) is a complex space, by a coherent sheaf on X we mean a coherent
sheaf of Ox-modules.

Theorem 7.6 (Grauert’s direct image theorem). Let f: X — Y be a proper
morphism of complex spaces, F a coherent sheaf on X. The higher direct image
sheaves RF f.F are coherent Oy -modules for any k > 0.

If f: X — Y is a proper morphism of complex spaces and Z is a subspace
of X, f(Z) is a subspace of Y (it is in fact the support of the sheaf f.O,
which is coherent by the above theorem).

Corollary 7.1. Let X be a compact complex space, F a coherent sheaf on X .
The cohomology groups HP (X, F) are finite dimensional C-vector spaces.

In fact, we consider the trivial morphism f: X — {x}, where {x} is a
point. Then the direct images of the sheaf F on X are the cohomology groups
H? (X,F). For them, the coherence means that they are finite dimensional
C-vector spaces.



Complex spaces 115

7.3 Modifications and blowing-up

Definition 7.3. A modification is a morphism f: X — X of complex spaces
with the following properties:

(1) f is proper and surjective;

(2) there exists a nowhere dense subspace E C X such that the restriction
flx%\-1(p) is an isomorphism X\f~Y(E)~ X\E. Thespace E = f~Y(F)
is called the exceptional space of the modification.

We will often denote a modification as f: (X, E) — (X, E).

Definition 7.4. Let X be a complex space, J C Ox an ideal of finite type,
Y the subspace of X defined by J. The blowing-up of X centered at J is
the complex space X, provided with a morphism f: X — X, characterized
by the following properties:

(a) the ideal f*(J)Og% C Oy generated by the functions {so f,s € J} is an
invertible sheaf; in particular the subspace of X defined by f*(J) Oy,
that is, f~1(Y), is a divisor;

(b) if h: Z — X is a morphism of complex spaces such that the ideal h* (J) Oz
of Oz is invertible, there exists a unique morphism ¢g: Z — X with

fog=h.

The property (a) implies that f induces an isomorphism X\ f~1(Y) ~ X\Y;
hence f is a modification whose exceptional space is Y = f “LY).

When the ideal 7 is the ideal Zy of the holomorphic functions on X van-
ishing on Y, we say also that f (or X) is the blowing-up of X along Y.

The blowing-up of a manifold M along a submanifold N (see chapter 2) is
a particular case af the above definition; in this case the ideal J is the ideal
Zn of the holomorphic functions vanishing on N.

The property (b) implies that the blowing-up, if it exists, is unique. Hence
the existence and the construction of the blowing-up are a local problem on X:
if we construct the blowing-up ﬁj centered at J |y, of every open set U; of a
covering of X, then the U ; will glue together to form the blowing-up X. Hence,
it is sufficient to construct the blowing-up on an open neighborhood U of a
point of X where the ideal J|y is generated by a finite number of functions
fo,--s fr € T(U,J). We consider the sheaf of algebras A = @,,~, J™
(by definition J° = Ox). A is an algebra over Ox, generated on U, as an
algebra, by fo,..., fr. Precisely there is a surjective morphism of Oy-algebras
¢: Ov [To, ..., Tr] — Aly sending Tj to f;. Let M be the kernel of ¢, so that
we have an exact sequence

0—M— Oy[To,....,T:] — Aly — 0
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It can be proved that, after replacing U by a smaller neighborhood, M is gen-
erated as an Oy [Ty, . .., T.]-algebra by a finite set g1 = ¢1 (x, To, ..., Tv),. .-,
9s = gs (¢, Ty, ..., Ty) € T'(U, Oy [To, . . -, Tr]), homogeneous with respect to
the variables Ty, ..., T).

Let P" be the complex projective space with coordinates tg,...,t.. An
element g = g (z,Tp,...,T,) € T'(U,Ovu [Ty, ..., Ty]) detects a holomorphic
polynomial g (z,tg,...,t.) on P", homogeneous with respect to the variables

to, ..., t. and depending holomorphically on z € U. Let U C U x P” be the
subspace defined by

U:{(m,t)EUXIPT‘gl(a:,to,...,tr):---zgs(m,to,...,tr):O}

Then U, equipped with the first projection f: U — U, is the blowing-up of
U centered at J|y. In order to understand better the construction, let us
note that the polynomials f;T; — f;T; € Oy [Ty, ...,T,] are mapped to zero
through ¢, so that they belong to M; hence U is contained in the space

U = {(x,t) €U xP"| fix)t; — fi(x)t; =0, 0<i,j<r}

In general, U is smaller than U’. But if U is smooth and we are blowing up
U along a smooth submanifold, the polynomials f;T; — f;T; generate M and
we find U = U’; that is we recover the blowing-up introduced in chapter 2.

Another important notion in the theory of the blowing-up is the strict
transform, which relates the blowing-up of a space X and the blowing-up of
a subspace Y along the same subspace Z (Z C Y C X).

Theorem 7.7. Let f: X — X be the blowing-up of X along a subspace Y
(i.e. the blowing-up of X centered at the ideal Ty of holomorphic functions
vanishing on'Y). Let Z C X be a subspace such that Y C Z. Let Z be
the closure of f~*(Z\Y) in X. Then Z is a complex subspace of X, called
the strict transform of Z through f. Then f(Z) = Z, and the restriction
flz: Z — Z is the blowing-up of Z along Y .

There are examples of modifications which are not blowing-up. The next
theorem relates the modifications to the blowing-up.

We say that a sequence of morphisms of complex spaces

X, fr Xios fr—1 f1 Xo= X

is locally finite if over each relatively compact open subset of X, all but finitely
many fj are isomorphisms. It is easy to see that a composition of a locally
finite sequence of morphisms is a well defined morphism f: X’ — X, where
X'’ is a complex space. If each f; is a modification, f is also a modification.
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Theorem 7.8 (Hironaka Chow lemma). Let f: X' — X be a modification.
There is a commutative diagram

XII 5 X/

\/

where p and q are the composition of locally finite sequences of blowing-up
along smooth centers. In particular every modification f is dominated by a
locally finite sequence of blowing-up. If X is compact, or a relatively compact
open set of a complex space, p and q are obtained by finite sequences of blowing-
up along smooth centers.

The following is one of the most celebrated and difficult results in the theory
of complex spaces.

Theorem 7.9 (Hironaka desingularization theorem). Let X be a complex
space. There exists a modification f: (X, E) — (X, sing (X)) such that X is
smooth (i.e. a complex manifold), E C X is a divisor with normal crossing,
and f is the composition of a locally finite sequence of blowing-up along smooth
subspaces. In particular if X is compact, or a relatively compact open set of a
complex space, [ is obtained by a finite sequence of blowing-up along smooth
subspaces.

Another useful result is that every coherent ideal J C Ox on a complex
space X can be made invertible on a suitable modification of X, which implies
also that any subspace Y C X can be transformed into a divisor with normal
crossing.

Theorem 7.10. Let X be a compler space, J C Ox a coherent ideal.
There exists a modification f: X — X, which is the composition of a lo-
cally finite sequence of blowing-up along smooth subspaces, such that the ideal
[ (J) 0% C Oy is invertible. In particular, if Y C X is a subspace, there
is a modification f as above, such that X is smooth, and f—* (Y) is a divisor
with normal crossing. If X is compact, or a relatively compact open set of
a complex space,  can be obtained by a finite sequence of blowing-up along
smooth subspaces.

Let us finally state a result, which can be useful in the sequel, which is a
simple consequence of the construction of the blowing-up.

Lemma 7.1. Let f: X' — X be a surjective morphism of complex spaces,
T C Ox a coherent ideal, J = f* (I) Ox: C Ox: the lifted ideal, g: X — X
(resp. g': X' — X') the blowing-up of X (resp. X') centered at T (resp. J ).
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Then there is a commutative diagram

XX

X —X

We remark that if Z = 7y is the ideal of a subspace Y C X, so that g is the
blowing-up of X along Y, we cannot conclude that ¢’ is the blowing-up of X’
along f=(Y), because the ideal J defines f~1(Y), but does not necessarily
coincide with the ideal of functions vanishing on f=1(Y).

7.4 Algebraic and projective varieties, Moishezon spaces

Algebraic varieties (over the complex numbers) can be considered as par-
ticular complex spaces, whose local equations are polynomials. Actually, the
very definition requires the use of the Zariski topology instead of the usual
one (the strong topology). On C™ it is the topology whose closed sets are the
algebraic subsets, defined as the set of common zeroes of a finite number of
polynomials:

{Zecn‘P1(Z):"':Pk(z):0}~

The Zariski topology is quasi-compact, non Hausdorff. Closed and open sub-
sets, neighborhoods. . . for the Zariski topology will be called Z-closed, Z-open,
Z-neighborhoods. . . ; they are obviously close, open, neighborhoods ...in the
strong topology. Let U be a Z-open subset of C"; a rational function on U is
a holomorphic function f on U which is locally a quotient of polynomials: for
every point 2 € U there exist a Z-neighborhood V of = and polynomials p(z),
q(z) (with ¢(z) # 0 on V') such that f|y = p/q. The restriction of a rational
function to Z-open subsets is rational, so that we can define the sheaf of the
rational functions on U, which we denote Ay .

The sheaf A is coherent.

An algebraic subset of U C C" is a Z-closed subset S C U. Then it is
automatically locally defined by rational functions: for every x € S there
exist a Z-neighborhood V' of x in U and a finite number of rational functions
fi,..., fp on V such that SNV = {zeV | fl(z):~':fp(z):0}. An
intersection, or a finite union, of algebraic subsets of U is algebraic. Note
that U itself is, trivially, an algebraic subset. An algebraic subset S C U is
globally defined in U if it is the set of the zeroes of rational functions defined on
allof U: S = {z eU | g1(z) = =gs(2) :0} where g1,...,gs are rational
on U.
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To an algebraic subset S C U we associate a subsheaf of rings Zg C Ay
defined as

Zs(V) = {f € Au(V) | flsrv =0}

The sheaf Zg is coherent, or equivalently, finitely generated.

Hence the quotient Ay /Zs is a coherent sheaf of local rings on U. On the
other hand, if z € U\ S, we have by definition Zg, = Ay, so that the
restriction of Ay /Zg to U \ S is identically zero. We define

As = (Av/Zs) s

which is a coherent sheaf of local C-algebras on S. The coherent C-ringed
space (S, Ag) is called an algebraic affine variety, or simply an affine variety.
A section of Ag on an open subset T' C S is called a rational function on T'.
If T is an open subset of S, the C-ringed space (T, Ar) where Ar = Ag|r, is
an affine variety.

Let S C U be an affine variety. An algebraic subset of S is a Z-closed
subset T'; this is equivalent to saying that for every z € T there exist a Z-
neighborhood V of z in S and a finite number of rational functions fi,..., f,
onVsuch that TNV ={zeV | fi(z)=--=fp(2) =0}.

Then T is an algebraic subset of U.

An algebraic variety X is a ringed space (X, Ax) with the following proper-
ties. X is a quasi compact topological space, and for every = € X there exist
an open neighborhood V of x in X and an isomorphism of C-ringed spaces
(V,Ax|v) ~ (S, As), where S is an affine algebraic variety.

A section of Ax on a Z-open subset V' C S is called a rational function on
V.

One has also obvious notions of algebraic subvariety of an algebraic variety
and of morphism between two algebraic varieties.

The projective spaces P¢ are algebraic varieties. A projective (algebraic)
variety is an algebraic variety isomorphic to an algebraic subvariety of some
PZ.

As we have seen, the general definitions on algebraic varieties as C-ringed
spaces and those on complex spaces are similar. The holomorphic functions
must be replaced by the rational functions, and the strong topology by the
Zariski topology. Everybody knows that there are huge differences between
the two theories; however, for the purposes of the present book, an algebraic
variety will be considered as an important special case of complex space, which
enjoys particularly good properties. Strictly speaking, to any algebraic variety
(X, Ax) we can associate a (unique) complex space (X?", A% ). Going back
to the beginning, if U is a Zariski open subset of C™, U®" is the set U equipped
with the strong topology, and A" is the sheaf Oy of holomorphic functions.
If X is an algebraic subvariety S of U, then S is also a complex subspace
of U?", which we denote S*" when provided with the strong topology; in
this case A% is Ogan, the sheaf of holomorphic functions on $*". Finally, in
the general case we cover X with open sets V' isomorphic to affine algebraic
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varieties, so that (V2" , Oyan ) have been defined, and we construct (X", AY)
by gluing together the V*" and the Oyan. Analogously, to every morphism
f: X — Y of algebraic varieties we associate a (unique) morphism of complex
spaces f2": X" — yan,

Hence when dealing with an algebraic variety, we will leave in the back-
ground the sheaf Ax. By an algebraic variety we will always mean a complex
space of type (X", A%"), and by an algebraic morphism between algebraic
varieties a morphism of the type f*" : X?" — Y#" . Analogously, a projective
variety is a complex space (X", A¥ ) such that X is projective.

In our language, we can state the following properties and definitions.

e A Zariski open set of an algebraic variety X" is an open set of type
U where U is a Z-open set of X.

e An algebraic variety is compact if it is compact as a complex space
(strong topology). A projective variety is compact.

e A quasi-projective variety is an algebraic variety isomorphic to a Z-open
set of a projective variety.

e Every affine, or quasi-projective variety X can be compactified: there

exists a compact algebraic variety X such that X is isomorphic to a
Z-open subset of X.

e The product of two algebraic (resp. projective) varieties is algebraic
(resp. projective).

e Any complex subspace of a projective variety is a projective variety
(theorem of Chow).

e The irreducible components of an algebraic (resp. projective) variety
are algebraic (resp. projective).

e If f: X — Y is an algebraic morphism of algebraic varieties, for T' C Y
algebraic subvariety, f~!(7T') is algebraic subvariety of X; if f is proper
and Z is an algebraic subvariety of X, f(Z) is an algebraic subvariety
of Y.

e The subspace sing (X) of the singular points of an algebraic (resp. pro-
jective) variety X is an algebraic (resp. projective) subvariety, in par-
ticular is Z-closed. An algebraic manifold is an algebraic variety with
no singularities.

e The blowing-up of an algebraic (resp. projective) variety along an al-
gebraic (resp. projective) subvariety is algebraic (resp. projective). An
analogous result holds for the strict transforms.

There are algebraic versions of the Hironaka Chow lemma, the Hironaka desin-
gularization theorem, and of theorem 7.10. They are even stronger, because
the algebraic varieties are quasi compact for the Zariski topology.
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Theorem 7.11 (Algebraic Chow lemma). Let f: X' — X be an algebraic
modification of algebraic varieties. There is a commutative diagram

XII 5 X/

of algebraic varieties and morphisms, where p and q are the composition of
finite sequences of blowing-up along smooth algebraic subvarieties. Moreover
X" can be taken quasi projective (projective if X is compact).

Theorem 7.12 (Hironaka algebraic desingularization theorem). Let X be an
algebraic variety. There exists a modification f: (X, E) — (X, E) of algebraic
varieties and morphisms such that X is smooth (i.e. an algebraic manifold),
E C X is a divisor with normal crossing, E = sing(X) and f is the compo-
sition of a finite sequence of blowing-up along smooth algebraic subvarieties.
Moreover X can be taken quasi projective (projective if X is compact).

Theorem 7.13. Let (X, Ax) be an algebraic variety, J C Ax a coherent
ideal. There exists a modification f: X — X, which is the composition of a
finite sequence of algebraic blowing-up, such that the ideal f*(J) Ay C Ox
is invertible. In particular, if Y C X is an algebraic subvariety, there is a
modification f as above, such that X is a quasi projective (projective if X is
compact) manifold and f=1(Y) is a divisor with normal crossing.

One has to be very careful in dealing with algebraic varieties as complex
spaces. In particular let us point out the following fact.

Let f: X — Y be a modification of complex spaces. If X is algebraic, Y is
not necessarily algebraic, and conversely. Neither projectivity or compactness
can help in this context. That means in particular that there are compact
complex spaces X, not necessarily algebraic, such there exists a modification
f:+ X' - X where X' is algebraic (or even projective, after the algebraic
Chow lemma). Such spaces are called Moishezon spaces (they where defined
by Moishezon in [M] as compact complex spaces carrying many global mero-
morphic functions; the original definition is equivalent to ours).

Compact algebraic varieties are obviously Moishezon spaces.

One of the main theorems proved by Moishezon is the following.

Theorem 7.14. Let X' be a compact Moishezon space, X a complex space,
f: X" — X a morphism of complex spaces. Then f (X') is a Moishezon space.

e A complex space is Moishezon if and only if each irreducible component
of X is Moishezon.

e If g: X — X is a modification, X is Moishezon if and only if X is
Moishezon.
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e Every subspace of a Moishezon space is Moishezon.

e Every Moishezon space has a projective desingularization.

7.5 (B)-Kahler spaces

In the present paragraph we deal with a class of compact complex spaces
(the Kahler spaces) which carry some properties of compact Kéhler mani-
folds especially useful in the theory of mixed Hodge structures. The class has
been introduced by Fujiki [F] with the name class %, as the class of com-
pact complex spaces bimeromorphic to a compact Kéhler manifold. On the
other hand, a definition of Kahler space can be given by means of plurisubhar-
monic functions on X, mimicking one of the definitions of a Kéhler manifold.
Fortunately, Varouchas in [V] has proved that all the possible reasonable de-
finitions of a Kéhler space coincide. The fundamental theorem of Varouchas
is the following.

Theorem 7.15. Let M be a compact Kahler manifold, X a complex space,
f: M — X a surjective morphism. There exists a compact Kdhler manifold
X' and a modification g: X' — X.

Let us recall the following

Theorem 7.16. The blowing-up of a compact Kdhler manifold along a sub-
manifold is a Kdhler manifold.

(In the case of a blowing-up at a point, an easy proof can be found in [BL]).

Definition 7.5. A (B)-Kéhler space is a compact complex space X such that
there exists a modification X’ — X where X’ is a compact Kahler manifold,
or, equivalently, there exists a surjective morphism M — X, M a compact
Kahler manifold.

Remark. We have decided (following [A1]) to use the expression “(B)-Kéhler
space” (whose meaning is: bimeromorphic to a Kéhler manifold) instead of
“belonging to the class €7 because it is clearly simpler. Note that the simplest
expression “Kahler space” would be misleading. In fact the compact Kéahler
manifolds are obviously (B)-Kéahler spaces, but a (B)-Kéhler space which is a
manifold is not necessarily a Kahler manifold.

Ezamples.

1. A complex space is (B)-Kéhler if and only if each irreducible component
of X is (B)-Kéhler.
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2. A compact algebraic variety X, or a Moishezon space, is a (B)-Kéahler
space: there is a modification X’ — X, X’ being a projective, hence
Kahler, manifold.

3. If f: X — Y is a surjective morphism of compact complex spaces and
X is (B)-Kébhler, Y is (B)-Ké&hler.

Theorem 7.17. Let X be a (B)-Kdihler space.
(i) If g: X — X is a modification, X is (B)-Kihler.
(ii) Every subspace Y of X is (B)-Kdahler.

Proof. Let f: M — X be a modification, M being a compact K&hler manifold.
By Hironaka-Chow lemma there is a commutative diagram

Ml\«/

where p and ¢ are the composition of finite sequences of blowing-up along
smooth centers. At each step, the blowing-up in the sequence defining ¢ is a
Kéhler manifold, so by theorem 7.16 M7 is a Kahler manifold. Hence replacing
M by M; and f by p we can suppose that f itself is the composition of finite
sequence of blowing-up along smooth centers.

We prove (i). It is easy (for example using lemma 7.1) to construct a
commutative diagram

T*pf(
oL
M—X

where ¢’ and f are modifications. By Hironaka-Chow lemma there is a com-
mutative diagram

M,\«/T

where v and v are compositions of finite sequences of blowing-up along smooth
centers. It follows by theorem 7.16 that M’ is a compact Kahler manifold.
The composition fo w: M — X isa modification, hence X is (B)-Kaéhler.
Next we prove (ii). We can suppose that Y is irreducible. By theorem 7.10
there is a modification h: M — M obtained by a finite sequence of blowing-
up along smooth subspaces, such that D = h~! (f*I(Y)) is a divisor with
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normal crossing. Then, M is a compact Kéhler manifold, and the irreducible
components D; of D, as submanifolds of M, are Kéhler. There is a j such
that (f o h)(D;) =Y, hence Y is (B)-Kéhler. O

The strictness of the differential d on global differential forms with respect
to the Hodge filtration and the equivalent degeneration at E; of the Hodge
spectral sequence holds for manifolds which are (B)-Kéhler.

Theorem 7.18. Let X be a compact (B)-Kdahler manifold. The differential
d: T (X,&%) - T (X, &%)

is strict for the Hodge filtration FPT (X, 5;“() Equivalently, the spectral se-
quence associated to filtration FPT (X, EX) on the complex T’ (X, EX) degen-
erates at 1.

Proof. We prove the degeneration of the spectral sequence. There exists a
modification f: X — X such that X is a compact Kahler manifold. The first
term of the spectral sequence (E,f”’k(X), d,,) is:

EPM(X) = H* (X,0™)

Let us consider also the spectral sequence (E™*(X), d,) for X, with E{™*(X) =
H’“(X,Q}(m). There are linear mappings f*: E™F(X) — E™*(X), in-
duced by the pullback f*, which commute with d, and d,. By theorem 5.10
of chapter 5, E™*(X) degenerates at Ej, that is, d, = 0, for r > 1 and
EmHk(X) = E™*(X), for r > 1.

The mappings f7"": E/"*(X) — EJ"*(X) coincide with the pullback,
through f, of cohomology classes: H* (X, Q}m) — H*(X, Q}m), hence they
are injective by theorem 4.8 of chapter 4.

It follows that dy is the restriction of d; to a subspace, so that d; = 0. We
deduce that EJ"F(X) = E/™*(X) and fJ"* = ™" so that fJ"* is injective
too. Again we find dy = 0. Continuing in the same way we prove by induction
that f7F is injective and d,. = 0 for every r > 1. |

7.6 Semianalytic and subanalytic sets

Let U C R™ be an open set, and Of be the sheaf of real analytic functions
on U: for V open in U, by definition

O%(V)={f:V — R analytic}

Then O% is a sheaf of local R-algebras.
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A (real) analytic subset of U C R™ is a closed subset S C U with the
following property; for every x € S there exist a neighborhood V of z in
U and a finite number of real analytic functions fi,..., f, on V such that
SNV ={zeV|filz)=-=fp(z)=0}.

An intersection, or a finite union, of analytic subsets of U is analytic. Note
also that U itself is, trivially, an analytic subset.

To an analytic subset S C U we associate a subsheaf of local R-algebras
Is C 015 defined as

Zs(V) = {f S OHS(V) | f|SﬁV = 0}

in other words, the subsheaf of analytic functions vanishing on S.
The quotient OF /Zg is a sheaf of local R-algebras on U. On the other
hand, if x € U \ S, we have by definition Zg , = Oﬁé,x, so that the restriction

of OF/Zs to U\ S is identically zero. We define
Op = (05 /Ts) |s

which is a sheaf of local rings on S. It is easy to see that OF injects into Cg
as a subsheaf. The R-ringed space (S, Og) is called a real analytic variety,
or simply an analytic variety. A section of OF on an open subset Z C S is
called an analytic function on Z. A (real) analytic space X is a R-ringed
space (X , (’)H)%) with the following property. For every x € X there exist
an open neighborhood V of z in X and an isomorphism of R-ringed spaces
(V, OH}HV) o~ (S, Oﬁé), where S is an analytic variety.

In other words, an analytic space behaves locally as an analytic variety.

A section of O% on an open subset V C S is called an analytic function on
V.

A morphism f: X — Y of analytic spaces is by definition a morphism of
R-ringed spaces f: (X7 (’)H)%) — (Y7 (’)H;i).

A real analytic manifold is a real analytic space.

Let X be a complex space. A real analytic function on an open set U C X
can be defined as the real (or the imaginary) part of a holomorphic function
on U. The analytic functions on open sets of X form a sheaf, which we denote
O%. Tt is a sheaf of local R-algebras. It is easy to see that (X, OH}}) is a real
analytic space, the analytic space underlying the complex space X .

Remark. The structure sheaf of an analytic space is not necessarily coherent.
It is coherent if the space is a manifold.

Let X be an analytic space. For each z € X, let S(x) be the smallest family
of germs at x of subsets of X such that:

(1) A, B € S(z) implies AU B and A\ B € S(x);

(2) if f is an analytic function on a neighborhood of z, the germ at = of the
subset {f > 0} belongs to S(z).
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A subset M of X is called semianalytic if its germ at every x € X belongs
to S(z). Roughly speaking, a semianalytic set is, in a neighborhood of every
point z € X, a finite union of subsets defined by analytic inequalities and
equalities.

Locally finite unions and intersections, complements, closures, interiors and
boundaries of semianalytic sets are semianalytic. Analytic subspaces are semi-
analytic.

Let M be a semianalytic subset of X. A point of M is g-simple, or g-regular

if there is a neighborhood U of x in M such that the ringed space (M, (’)H)%‘M

is isomorphic to (V7 (’)ﬁq“/), V an open subset of R?. In other words, U is in
a natural way a real analytic manifold.

The set M* of simple points of M is a real analytic manifold, open and
dense in M. The dimension of M is, by definition, the dimension of the
manifold M*.

Suppose dim M = p. Then dim M = p, dim M \ M < p. The semianalytic
set bM = M \ M is called the border of M; bM is closed, if M is locally
closed. If M* is the set of p-simple points of M, then (M*, OH)%('MJ is a real

analytic manifold of dimension p, and sing (M) = M \ M* is semianalytic in
X, dim sing (M) < p.

We point out that if M is an analytic space, by the above assertion sing (M)
is a semianalytic subset; but it is not analytic in general. Nevertheless, there
exists a nowhere dense analytic subspace Y of M, such that sing (M) C Y.

One of the deepest results about the topology of semianalytic subsets is the
theorem of Lojasiewicz [Lo] [Gi]. We need it in the following form.

Theorem 7.19. Let X be an analytic space, M C X a semianalytic subset.
There exists a triangulation of X compatible with M. That is, there exists a

locally finite simplicial complex 'V in an affine space R™ and a homeomorphism
7:V — X such that

(a) for any open simplex o € V, 7(0) is is semianalytic in X and has only
simple points;

(b) M is the image of a subcomplex M C V.
As an important consequence we obtain
Theorem 7.20. Let X be an analytic space (in particular a complex space).

(i) Let M C X be a semianalytic subset. There exists a fundamental system
of neighborhoods V' of M in X such that M is a deformation retract of
V.

(i) Every point of X has a fundamental system of contractible neighbor-
hoods.
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In fact, the properties (i) and (ii) go back, through the above theorem, to
analogous, well known properties of simplicial complexes.

Let f: X — Y be a morphism of analytic spaces. The inverse image of
a semianalytic subset of Y is easily seen to be semianalytic in X. On the
contrary, there are examples of proper mappings f as above, and analytic
subspaces Z of X such that f(Z) is not semianalytic in Y. For this reason
Hironaka [H3] has introduced the notion of subanalytic subset of an analytic
space. We do not give here the exact definition, instead we collect the main
properties of the subanalytic subsets. Roughly speaking, the family of suban-
alytic subsets of an analytic space X is the smallest family S of subsets of X,
such that

1. S contains all the images f(T"), where f: Z — X is a proper morphism
of analytic spaces and T' C Z is a semianalytic subset.

2. S is stable with respect to the following operations: locally finite unions
and intersections, complement, closure, interior and boundary, inverse
images and images by proper morphisms of analytic spaces.

A semianalytic subset is subanalytic. A subanalytic subset of X is locally
connected, its connected components are subanalytic and form a locally finite
family in X. Let M be a subanalytic subset of X. A point of M is g-simple,
or g-regular if there is a neighborhood U of x in M such that the ringed space
(M, OH}HM) is isomorphic to (V, Og, |V), V' an open subset of RY.

The set M* of simple points of M is a real analytic manifold, open and
dense in M. The dimension of M is, by definition, the dimension of the
manifold M*.

Suppose dim M = p. Then dim M = p, dim M \ M < p. The subanalytic
set bM = M \ M is called the border of M; bM is closed, if M is locally
closed. If M* is the set of p-simple points of M, then (M*,O%|u-) is a real
analytic manifold of dimension p, and sing (M) = M \ M* is subanalytic in
X, dim sing (M) < p.

Hence the family of the subanalytic subsets has all the good properties of
the semianalytic subsets (including the triangulation theorem 7.19: see [Ve])
and furthermore the images of subanalytic sets by proper analytic morphisms
are subanalytic.

7.7 The Borel-Moore homology of a complex space

We refer to [BHae], [BMo] for more details on the contents of the present
section.

We denote by K the ring Z or one of the fields Q, R, C. Let X be a para-
compact, locally compact topological space; Kx (or simply K if no confusion
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arises) will denote the corresponding constant sheaf. Then for a family of
supports ® in X the cohomology groups H% (X, K) are defined. On the other
hand, there are many interesting cohomology groups defined on X, which
share the same notations H”, like the singular cohomology groups and the
Borel-Moore cohomology groups. For a general X, such cohomology spaces
do not necessarily coincide with each other. Fortunately, it is the case if X
is a locally closed subanalytic subset of some analytic space, in particular if
X is a real or complex analytic space, and this is essentially a consequence of
the triangulation theorem 7.19 and its generalization to subanalytic subsets
[Ve].

Given a paracompact, locally compact topological space X and a family of
supports ® in X the Borel-Moore homology modules with coefficients in K and
supports in ® consist of K-modules HY (X, K) (simply Hy(X) = Hy (X, K)
if ® is the family of all closed subsets of X) whose main properties are:

(1) If U C V are open subsets of X, there are restrictions jV"U: Hy, (V, K) —
Hy, (U, K), so that the assignment U — Hy, (U, K) is a presheaf. If A is
closed in X, there is a natural morphism i x: Hy (A, K) — Hy (X, K).

(2) If A is a closed subset of X and U = X \ A there is a natural exact
sequence

iA,X

- X, U O
e Hy (A K) 23 Hy (X, K) " Hy (U K) =3 Hy_y (A K) -+ (7.1)
where Jy 4 is called the boundary, or connecting, homomorphism.

(3) Every continuous map f: X — Y induces a natural push-down morphism
for Hi (X, K) — Hg (Y, K), (where © means compact supports); if f is
proper, it induces also f.: Hy (X, K) — Hy (Y, K).

(4) If X is a differentiable manifold, the Borel-Moore homology modules with
compact supports Hf (X, K) coincide with the k-th modules of singular
homology; in particular they are homotopy invariants.

(5) If X is a connected differentiable manifold of dimension p, the presheaf
U +— H,(U,K) is a sheaf K, which turns out to be locally isomorphic
to the constant sheaf K, and it is globally isomorphic to the constant
sheaf if and only if X is orientable. The module H, (X, K) is 0 if X
is non orientable, and it is isomorphic to K if X is orientable. In the
orientable case, a nonzero element of H, (X, K) defines an orientation
and a multiplicity (i.e. a constant) on X.

Let X be as in (5), w a (real or complex) differential form of degree p on X,
and ¢ a class in Hp (X, K). Then either ¢ = 0 or ¢ defines an orientation on
X and a multiplicity & € K. We define the integral of w on ¢ by the formula

Jo=t [
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where the integral in the second member is performed according to the defined
orientation. If X is not connected, we define fc w as a sum over the connected
components of X. The above integral converges under some conditions on w,
for example if w has compact support.

Let X be an analytic manifold, M a locally closed subanalytic set of X
of dimension p, ¢ a class in H, (M, K). Let w be a p-form defined on an
open neighborhood U of M. Then we can define fcw as follows. Let M* be
the sap of p-regular points of M, which is open and dense in M. M* is an
analytic manifold of dimension p, and it embeds into U: i: M* — U. Then
we consider the class ¢* = jMM (¢) € H, (M*, K) and the p-form i*w on M*

and we define
/w:/ 1w
c c*

We point out that if w has compact support, the support of i*w is not
necessarily compact. The following theorem, which goes back to Lelong [Le],
Herrera [He| and Dolbeault and Poly [DP], ensures the convergence of the
integral.

Theorem 7.21. Let M’ C M be closed subanalytic subsets of an analytic
variety X, such that M\ M' is a smooth, closed submanifold of X \ M'. Let c
be a class in H, (M \ M', K) and w a differentiable p-form on X. We suppose
that either w has compact support, or M is compact. Then the integral fc *w,
where i is the embedding of M\ M’ into X \ M', converges.

The above theorem clearly applies to locally closed subanalytic sets M’, M,
replacing X by any open set U such that M is contained and closed in U,
provided that the restriction of w to U has compact support.

7.8 Subanalytic chains

Let X be an analytic space, M a closed subanalytic subset of X (possibly
M = X), p a nonnegative integer. A p-subanalytic prechain on M with
coefficients in K is a pair (N,c), where N is a locally closed subanalytic
subset of X contained in M, dim N < p, and ¢ € H,(N) = Hp (N, K). The
set of the p-subanalytic prechains on M with coeflicients in K will be denoted
PSp(M) (or PSp(M, K) if it is necessary to mention K). Let us remark that
if dim N < p, then necessarily ¢ = 0.

We define commutative and associative operations on PS,(X) as follows.

(N1,¢1) + (N, ) = (N, ¢! +¢?) (7.2)
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where N = Ny U Ny \ L, L = bN; UbNs and ¢® is the image of ¢s by the
compositions

Ns,Ns\L

Hy (Ny) —— Hy (N, \ L)

ING\L,N

Hy(N) (7.3)

The above maps are defined because N, \ L is open in N, and is closed in N.
The product by elements k € K is defined by k(N,c) = (N, kc).
We define on PS,(M) the following equivalence relation:

(Nl,cl) = (NQ,CQ) <— (Nl,cl) + (NQ, —Cg) = (N, 0)

The quotient S,(M) (also denoted by S,(M, K)) of PS,(M) by = carries
an induced K-module structure. The elements of S,(M, K) are called p-
subanalytic chains of M with coefficients in K.
Using the exact sequence (7.1) corresponding to the pair (N, bN ) we obtain
maps
PSp(M,K) — PSp,_1(M,K), (N,c)— (bN,Onpn(c))

which are linear and compatible with the relation =, so that they induce
boundary homomorphisms

9: 8,(M. K) — S,-1 (M, K)

satisfying 9 o @ = 0. We obtain the complex (S.(M, K), d) of the subanalytic
chains on M.

Let now V. C M be an open subset of M and U any open set in X such
that UNM = V. Then V is a closed subanalytic subset of the analytic space
U, so that the complex S.(V, K) is defined and does not depend on the choice
of U. If W C V is also open in M, a restriction morphism ryy : Sp(V, K) —
Sp(W, K), compatible with boundaries, is induced by the maps

PSp(V,K) = PS,(W,K), (N,c)— (NnW,;VNW(e))

The assignment V' — S, (U, K) defines a presheaf on M, which can be proved
to be a sheaf. We obtain a complex of sheaves (S.,0) on M. The sheaf S,
will be denoted by Sys, when we need to mention the space M, and will be
called the sheaf of germs of subanalytic p-chains on M.

For an open set U of M let S,(U) = S,(U,K) = I'c. (U,Sm,p) be the K-
module of the chains with compact support in U. Let (N, ¢) be a p-subanalytic
chain in U; then ¢ is a section on N of the sheaf K defined by K(W') = H, (W),
hence its support is defined. The class of (N,c¢) in Sy »(U) has compact
support in U if the support of ¢ is relatively compact in U; this happens
in particular if N is relatively compact in U. If ¢ has relatively compact
support, there exists a chain (N’,c’), equivalent to (V,c), such that N’ is
relatively compact. Hence we are allowed to deal only with chains (IV, ¢) with
N compact in U.
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If V C U is also open, there is an obvious injection (the extension by zero)
Sp(V) — Sp(U). If a € Sp(U), then da € Sp_1(U).

The presheaf on M defined by U +— homg (S,(U, K), K) is a sheaf, which
we denote by SP. An element of SP(V) is called a p-subanalytic cochain on
U with coefficients in K. The boundaries 0 give by transposition differentials
§: 8P — SP*! such that 6 o § = 0, hence (S',&) is a complex. The duality
between the S,(U) and SP(U) is given by a bilinear K-valued pairing: ( , ),
such that (by definition of §)

(o, dw) = (Do, w) (7.4)

for o € Sp11(U) and w € SP(U). The sheaf S? will be denoted by S%, when
we need to mention the space M, and will be called the sheaf of germs of sub-
analytic p-cochains on M. The main results of [BH], [DP] can be summarized
in the following

Theorem 7.22. Let M be a closed subanalytic subset of an analytic space X,
and ® a paracompactifying family of supports on M. Then

(1) The sheaves Sy are soft, and the sheaves Sk, are flabby.

(2) There are natural isomorphisms
HY(M,K)~ H, (Te (M,Sn,))

between the Borel-Moore homology of M with supports in ® and the ho-
mology of the complex of global sections with supports in ® of (Swm,-,0).

(8) If K is a field, the complex (S]'V[,(S) is a resolution of the constant sheaf
Ky, so that there are isomorphisms

HY(M,K) ~ H? (T'y (M, S};))

where the right hand side is the cohomology of the complex (I‘q> (M, SM) ,5)
of global sections with supports in ®. In this case, the pairing { , ) on
Sp x 8P induces a nondegenerate pairing

HE(M, K) x H'(M,K) — K (7.5)

The original proof of [BH] deal with semianalytic chains. The advantage
of considering subanalytic chains is that the sheaves S, of subanalytic chains
behave well with respect to proper mappings. In fact, let f: X — Y be a
proper morphism of analytic spaces. If (IV,¢) is a subanalytic p-prechain on
X, f(N) is a subanalytic closed subset of Y and the push-down f.c is a class in
H, (f(N)), hence (f(N), f«c) is subanalytic p-prechain on Y’; the construction
passes to subanalytic p-chains, so that f induces morphisms

f*: f*SX,p — SY,p



132 Classical Hodge theory

of sheaves of K-modules, commuting with boundaries.

If f: X — Y is a not necessarily a proper morphism, it is possible to define
the push-down for chains with compact support. Such chains have repre-
sentative prechains (N, c) with N compact. Then (f(N), f.c) is subanalytic
p-prechain on Y with compact support, since f|5 is proper. We obtain mor-
phisms

fer Sxp (F7HV)) = Syp(V)
for any an open set V' in Y. By duality we also obtain pullback

[ 8 — f.S%
commuting with 6. In particular
<Cv f*w> - <f*ca w>
for any c € Sx (f71(V)) and w € S%.(V), V an open set in Y.

7.9 Integration of forms on complex subanalytic chains

Let (N, ¢) be a p-subanalytic prechain of an analytic manifold X with coef-
ficients in C, and w a p-differential form on X. Let N* be the set of p-regular
points of N, i: N* — X the embedding. Let ¢* = ;NN (¢) € H, (N*,C).

Then we define
/ w = /w = / *fweC
(N,c) c c*

which converges, by theorem 7.16, if IV is relatively compact in X, or ¢, or
w, has compact support. If (Ny,c1) is a p-subanalytic prechain equivalent
to (IV, ¢), the integrals f(N7c) w and f(Nl,cl) w are equal. This means that for
every chain with compact support n € S, (X,C) with coefficients in C, the
integral fnw is well defined. Moreover:

Theorem 7.23 (Stokes formula). Let n be p-subanalytic chain with coeffi-
cients in C and compact support of an analytic manifold X, w a p-differential

form on X. Then
/dwz/ w.
n on

The Stokes theorem can be given the following interpretation. The inte-
gration of differential forms on chains with compact support is a morphism
of sheaves jP: % — S which turns out to be injective. The Stokes formula
reads as jPT! (dw) = §5P (w), that is j': € — Sk is a morphism of complexes
of sheaves. Since both the complexes are resolutions of Cx, we conclude that
the pairing (7.5) between homology and cohomology is also given by integra-
tion of forms on chains with compact support.
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7.10 The Mayer-Vietoris sequence for modifications

Let us consider a modification of complex (or real analytic) spaces given by
the commutative diagram :

n

E—1oX

%Djr

where F C X is a nowhere dense closed subspace, j: E — X is the natural
inclusion, and 7 is a proper modification inducing an isomorphism X \ E ~
X\ E. Let K be the ring Z or one of the fields Q, R, C. We want to introduce
the Mayer-Vietoris sequence for cohomology and prove that it is exact. We
apply formula (3.20) of chapter 3 to the constant sheaf K and to the pairs
(E,X) and (E,X ), and we relate them with natural pullback maps, obtaining
a commutative diagram with exact rows:

HNX,K) — s HYB, K) —— HEP X\ B, K) " B (X, K) -

A

HNX,K) 1 BB, K) —>— HFY(X\ B, K) " B*Y(XK) - -

where g = (W|X\E)* is an isomorphism, and ® is the family of closed sets in

X contained in X \ E, which is also the family of closed sets in X contained
in X \ E. We define the Mayer-Vietoris sequence:

1R K) T BRR K @ BB, K) —2 .

—— HH(E, K) —— H"*\(X,K) ——

where: R
U =p,ogtod, 0= (-1)* (" — ¢

It is easy to see that the above sequence is exact. For example we prove that
ker (7%, j*) = im ¥. Let £ € H*1(X, K) such that 7* (¢) = 0 and j* (£) = 0;
from the second equality we find & = p. (u) for some u € Hy™ (X \ E, K);
let i = g(p); we have p, (i) = 7 (p« (1)) = 7 (§) = 0; hence there exists
0 € H*(E, K) with 6 () = fi; it follows £ = p. (97" (1)) = ¥ (#). Conversely,
lff W (6) for some 6 € H¥(E,K), 7 (§) = (7" 0 p.og ™' 00) (0) = (p* ogo
©0)(0) = (p+ 09)(0) =0, and j* (§) = (j* o p.og ' 00)(0) =
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Chapter 1

The basic example

1.1 Introduction

Let X be a complex space. We denote by Cx the constant sheaf on X.
When X is smooth we denote by £y the De Rham complex of differential
forms on X. There exists a resolution of singularities of X, i.e. a commutative
diagram:

— X
J (1.1)

E*>X

%Djx

where E C X is a nowhere dense closed subspace, containing the singularities
of X, j: E — X is the natural inclusion, X is a smooth manifold and 7 is a
proper modification inducing an isomorphism X \ E~X \ E.

Throughout all the present chapter we will consider a complex space X
with the following property. There exists a resolution of singularities of X as
in the diagram (1.1) with the additional assumption that E and E are smooth
manifolds. For simplicity we will call such an X a quasi-smooth complex space.
In the case of a quasi-smooth space X it is quite easy to understand how to
construct a complex Ay of “differential forms” on X which is a resolution of
the constant sheaf Cx. The main idea is very simple. On the manifolds X,
E and E everything is well known: the definition of differential forms, of the
differential of a form, the theorem of De Rham, the notion of pullback of forms
(together with its important property of commuting with differentials), and
classical Hodge theory. Then the diagram (1.1) allows us to give definitions
for X and prove the expected theorems. Roughly speaking, an object on X is
triple of objects on X, E and E. The manifold E plays a role different from
X and E, in the sense that the object which is the E- component must be
“shifted” by one. We will say that X and E have rank 0, while F has rank 1.
For example, a k-differential form on X is a triple of forms: a k-form on X,
a k-form on E and a (k — 1)-form on E. Of course X is not a “direct sum”
(whatever this could mean) of X, FE and E, so, in order to describe properties
of X we have to perturb the triples by using the maps 4, j, ¢, 7 in the diagram

137
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(1.1). In the case of differential forms, it is the definition of the differential
d of a form which encodes the relations among X , E and FE in the above
mentioned diagram, by means of the two pullback i* and ¢*.

As we will see in the next chapter, the differential forms we introduce here
for a quasi-smooth X are a particular case. On one hand, they suffice to
describe De Rham theory and Hodge-Deligne theory on X; on the other hand,
if we consider a map f: X — Y of complex spaces, X and Y quasi-smooths,
we are not able in general to pullback to X the forms on Y. In fact if

—

(1.2)

e
<

—_

~—

is a diagram for Y corresponding to (1.1), in general the morphism f does
not extend to a morphism f: X — Y, and moreover there is no relationship
between f~!(F) and E.

Neverthless, by means of the (particular) forms we consider in this chapter
we can define two filtrations on the cohomology of X, W and F, such that
H* (X,C) carries a mixed Hodge structure (under the assumption that X,
E and E are compact Kéhler manifolds). This is a consequence of the fol-
lowing important property: the spectral sequence of the cohomology spaces,
corresponding to the filtration W, degenerates at level 2. The proof of this
property in our basic situation is simply due to degree reasons, while the
analogous result in the general case (see chapter 3) will require much more
work.

1.2 A resolution of Cx

Let X be a complex space. We denote by Cx the constant sheaf on X.
When X is smooth we denote by £y the De Rham complex of differential
forms on X.

Let us consider a commutative diagram (1.1).

In the above situation one has

Proposition 1.1. Let U C X be an open neighborhood of a point x € E.

1. Let ny,my € H* (W’l(U),(C) be two cohomology classes whose restric-
tions to H* (W’l(U) N E,(C) coincide. There exists an open neighbor-

hood V. C U of x such that the restrictions of ny,n2 to H* (7T71(V),(C)
coincide.

2. Let 0 ¢ H* (W’l(U) NE, C), There exists an open neighborhood V. C U
of x and n € H* (7= 1(V),C) inducing 0] .- yynz5-
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Proof. We treat the case k > 1 (the case k = 0 being trivial). Let us consider
the diagram

T U) N E—— 7" ()

l | l (1.3)

UNE—21 50U

induced by the diagram (1.1). The Mayer-Vietoris sequence associated to
(1.3) is

- ——HF (U,C)—2=H* (UN E,C) ® H* (~1(U),C)—2— w
1.4

—— H*(z=}(U) N E,C) —2— H*1 (U,C) — -~

Let us remember that if 0 € H* (U,C) (resp. o € H* (U N E,C)) with k > 1,
there is a smaller neighborhood V' of z, such that o|y = 0 (resp. a|vnr = 0).
First we prove 1. By assumption we have © (0,7;) = © (0, 72) hence by the
exactness of the sequence (1.4) there is o € H* (U, C) such that n; —ny = ®(0).
Since o]y = 0 on a smaller neighborhood V of z, it follows that the restrictions
of n1,m2 to HF (W_l(V),(C) coincide.
Next we prove 2. Let 0 = ¥(f). Again |y = 0 on a smaller neighborhood W
of x so that by (1.4) there exists (o, 8) € H* (W N E,C) ® H* (m=*(W),C)
with © (o, ) = 0. Let V C W be an open neighborhood of z such that
alvnp = 0. It follows that 6| _. ) is the restriction of 3]y . O

From now on let us consider a quasi-smooth complex space X, that is, in the
diagram (1.1) E and E are smooth manifolds. In the case of a quasi-smooth
space X it is easy to construct a complex Ay of “differential forms” on X
which is a resolution of the constant sheaf Cx. The complex A’y is defined
by

Ny = € ®1uE5 ® (0 0).Ep(-1)
More precisely, let U be an open set of X, U = 7= 1(U) C X; then
Me(U)y=€E(U) oL (UNE)a L (UNE)

that is, a k-differential form on U is nothing else that a triple of forms (w, o, )
onUcCX, UNECE,UNECE respectively, such that w and ¢ have the
same degree k, while 6 has degree k — 1. The definition makes sense because
X, F and E are smooth, so the notion of differential form on them is well
known.
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The differential is defined by

d: A% — A]?rl with
My =8k 085 ® (G o0), £
M =m &M @ e © (jog), EL,
d(w,0,0) = (dcu7 do,df + (—1)F (i*w — q*a)) (1.5)

where i*: 5;3( — Eg and ¢*: EX — Eg are the usual pullback of forms.

A trivial computation shows that d?> = 0 so that Ay is a complex.
We define the natural augmentation

c— (c,c,0)

which will make A’y a resolution of Cx.

Notation. From now on we will write for simplicity Ay =&, @ & @ E-(-1)
instead of m.&; @ . @ (J 0 q), E4(-1).

Theorem 1.1. The complex Ay = L & Ep ® E(—1) is a resolution of Cx.
Moreover each A% = E;?( ®EE @ 5;71 is a fine sheaf.

Proof. Let © € X; if # ¢ E, X is smooth in a neighborhood of x and Ay
coincides near x with the De Rham complex £, and the conclusion follows

from Poincaré lemma.
Let # € Ej; let (w,0,0) € A% (U), ie. we & (n71(U)), 0 € EL(UNE),
6 et (w_l(U)ﬁE), with (dw,do,dd + (—1)* (i*w — ¢*0)) = (0,0,0).

Then do = 0 implies, by Poincaré lemma on FE, that o = do’ (after pos-
sibly shrinking U). Then we have

d(0— (-1)Fq*0’) = —(-1)Fi*(w)
which implies, because dw = 0, that w gives a class in H* (77_1(U)7 (C) whose
restriction to H* (7T_1(U) NE, C) is zero; by proposition 1.1 (after shrinking
U) we can write w = dw’ with o’ € 8;“{1 (7=1(U)); it follows

d[0+ (—1)Fi*w — (-1)Fg 0’ =0
thus 6+ (—1)*i*w’ — (—1)*q*0’ gives a class in H*~! (W’I(U) NE, (C). Again
by proposition 1.1 (after possibly shrinking U once more) we can write

0+ (—1)Fi*w — (=1)Fq o’ = (~1)F YW + df’
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where w” € 5;‘1 (7=1(U)), dw” =0, and 0’ € 52‘2 (W’l(U) N E) (here we

suppose of course k > 2: the case k < 1 needs minor modifications). As a
consequence

(w,0,0) =d(w +w”,0",0)
Finally, for every k , A’)“( = E;?( &) Eg &) 8%71 is a fine sheaf; in fact it is a direct

sum of direct images of fine sheaves. O

It follows from the above theorem that the cohomology of X can be de-
scribed by means of sections of the complex A'y:

ker {d: T (X,A%) — T (X,A%) }

H:(X,C) =
(X, C) dr (X, A1)

(1.6)

Definition 1.1. The triple (X' B, E) is called the hypercovering of the quasi

smooth space X corresponding to the diagram (1.1). We say that X and E
have rank 0, while F has rank 1.

The above description of the cohomology by means of sections of the com-
plex A’y is strictly related to the Mayer-Vietoris sequence associated to the
diagram (1.1). In fact we define morphisms of complexes

U:0e&r ! (0,0,0) € A%
®: (w,0,0) € A% — (w,0) EEE@EE
0: (w,0) € 5;9( @ EL — (1) (i*'w —q*0) € 52

The above morphisms commute with the respective differentials, so that they
induce morphisms in cohomologies. Then

Theorem 1.2. The morphisms ¥, ®, © induce in cohomology the Mayer-
Vietoris sequence:

o —— HY (X, C) —2 H*(X,C) ® H* (B,C) —— o

—— H*(B,C) —— H"1(X,C) — - - o

Proof. The proof is trivial. O
Remark. The projection

(w,0,0) € A’;( — 0 c 5}’3:1

does not commute to differentials.
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1.3 The weight filtration W

Let M be a complex manifold. The weight filtration on the De Rham
complex &, is the trivial increasing filtration

W&l = EY,  form >0, Wy =0 for m <0
Let X be a quasi-smooth space. We define an increasing weight filtration W,
onlAy =€, GEL®EL(—1) by
WA = Wik @ WinEE & Wi E5 ! (1.8)

The filtration W,,, has the following properties :

i. WAL =A% for m > 0.

ii. Wy,A% =0 form < —2.

ii. (A')(, d) is a filtered complex, namely

d (WinAk) c W, AR

The fact that d respects the filtration is a consequence of the formula (1.5)

for d, and the fact that the pullback i* and ¢* preserve the filtration.
From the definition (1.8) we deduce immediately:

Lemma 1.1. We have
A% ifm >0
k _ k=1 .o
WinAx =< (0) & (0)® & ifm=-1 (1.9)
0 ifm< =2
Hence the graded complex with respect the filtration W, is given by
EL®EL ifm=0
=q (e Oees!t ifm=-1 (1.10)
0 ifm#0,m# —1.

The filtration W,,, induces a filtration, still denoted W, on the complex of
global sections:

W Ak
W1 A%

W, (X, A%) =T (X, W, A%) (1.11)

WA . .
—™m—X_ are fine, we have the natural isomorphism of com-

(X, WnAYy) WAy
—— =T X, —/——— 1.12
T (X, W1 AY) ( ’Wm_lA'X> (1.12)

Since the sheaves
m—1Ny

plexes
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The filtration W passes to the the cohomology:
ker {d: T' (X, W A% ) — T (X, W A }
dr (X, A1) NT (X, W, A%)

W, H" (X,C) = (1.13)

Then

Theorem 1.3. The morphisms ® and © in the Mayer-Vietoris sequence (1.7)
are morphisms of filtered spaces for the filtration W; moreover ® is a strict
morphism for the shifted filtrations W,, H* (E, (C) — W1 HF (X, C).

Proof. The proof is trivial. The morphisms ®, © respect the filtration W
because that they do so at level of complexes (as to ©, we recall that the pull-
back respect the degrees of the forms). The fact that ® is a strict morphism
for the shifted filtrations is obvious by the definition. O

As a consequence:
Theorem 1.4. For X quasi-smooth:
W, H" (X,C) = H* (X,C) form >0
Hk- 1(E (C)

W_1H"(X,C) = im{¥: H*'(E,C) — H* (X,C) } = e

W, H" (X,C) =0 form < —2
while the graded cohomology is:
WOHk(X,(C) H’“ (X,C)

1H’“(X,(C) im ¥
H*(X,C) _ H'(E,C)
H (X,C) im©

and zero otherwise.

Proof. The classes of H" (X,C) which are in W_; H* (X, C) have, by defin-
ition, a representative of the type (0,0,0), where 0 is a (kK — 1)-form on FE.
€)

k—1(
Hence it is clear that W_; H* (X,C) = im ¥ = " (g . The rest of the
statement follows from theorem 1.3. O

1.4 The spectral sequence of the filtration W

For the complex I' (X, A’y) and its filtration W, as in (1.11), we can con-
struct the corresponding spectral sequence denoted by E™* with first term

WA T (X, WnAy)
EmF gk x, mOX ) gk A X 1.14
1 ( 7I/leA)() (F(Xa Wmfle) ( )
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where the second equality follows from (1.12).
Then EY" ok appears as the cohomology of degree k of the complex

I (X, W, A%) T (X, W, A5
I (X, Wy,_1A%) I (X, Wy A

whose differential is induced by d. By lemma 1.1, formula (1.10), the above

complex is identically 0 for m # 0, —1, and E(l)’k is the cohomology of degree
k of the complex

o T(X,EE) e (B, EF) — T(X, L) e T (B, E5™) — -+ (m=0)

where the differentials are the direct sums of the differentials on each term;
while B LK is the cohomology of degree k — 1 of the complex

--%F(E,é‘gl) — (B, &) —— -+ (m=-1)

where the differentials are the De Rham differentials on E. As a consequence:
0 ifm#0,-1
B ={ H*(X,C) @ H* (B,C) ifm=0 (1.15)
HY(E,C) ifm=-1
Hence the only nonzero differential d; is
di: E)F = H*(X,C) @ H* (B,C) — By """ = H*(E,C) (1.16)

It is clear that

di ([w], [0]) = [(-1)* ('w — ¢"0)] = © ([w], [0]) (1.17)

where O appears in the Mayer-Vietoris sequence (1.7).
The second term of the spectral sequence is

ker{di: BV — EPTUETLY

EpF
2 . . m+1,k—1 m,k
im { di: E] — B }

hence from above we easily get

0 ifm#0,-1
WoH* (X,C)  H*(X,C) ,
Bt = WO R (RO . mw O HEm=0 g

W_,H* (X,C) H"'(E,C) T
W_,HF(X,C)  me "7
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where ¥, © are morphisms in the Mayer-Vietoris sequence (1.7), so that

W H" (X, C)

Em,k _
? Win-1H* (X,C)

(1.19)

k —2,k+1 . .
For degree reasons, do: Ey"" — Ej' = 1 is always zero. Still for degree
reasons we have:

Theorem 1.5. The differential
dr: Em,k N Emfr,kJrl

1s identically zero for v > 2, that is, the spectral sequence degenerates at the
level 2, in particular

E;””k = E;”’k forr > 2.

1.5 The filtrations F? and F?

In this section, we define the filtration by the types on the complexes A.

We define a decreasing filtration (the Hodge filtration, or the filtration by
the types) FP on A'y, by the formula

FP (M%) = FP (€)@ FP (Ep) @ FP(E57) (1.20)

where FP (5;9(), FP (5@), FP (5%71) are the standard Hodge filtrations for the
usual De Rham complex on a manifold.
F? defines a decreasing filtration and a filtered complex for d

S CFPPY(AR) PP (AR) -

1.21
1P (34)) € PP (457 e

The conjugate filtration F9 is defined as
FINy = Fank (1.22)

The formula (1.5) for d proves that d preserves FP, using the fact that ¢* and
q* preserve FP and that d preserves FP in the standard De Rham case.

FP F9 induce filtrations on the complex I' (X , AX) and also filtrations on
the cohomology H* (X, C).
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1.6 Mixed Hodge structures on the cohomology and on
the spectral sequence

In this section, we consider a quasi-smooth complex space X such that X,

E and E in the diagram (1.1) are compact Kéhler manifolds.

Lemma 1.2. The filtrations FP, F'? induce on E?’k, El_l’k, a pure Hodge
structure of weights k and k — 1:

B = @ (Brre0)”

ptq=k+m
where
0 ifm#0,-1
(E{”’k(X))M = HY(X)@PHP(E) (p+q=Fk) ifm=0 (1.23)
HP(E) (p+q=k—1) ifm=-1
Moreover the (only non zero) differential dy : E?’k — El_l’k'|r1 is a morphism

of pure Hodge structures of weight k, and so is a strict morphism for the
filtrations FP (or F1).

Proof. The proof follows immediately from the formula (1.15) and the stan-
dard Hodge theory for the compact Kéhler manifolds X, E and F. O

Theorem 1.6. Under the assumptions that X, E and E are compact Kdhler
manifolds, the cohomology spaces H* (X, C), provided with the weight filtration
W shifted by —k, carry a mized Hodge structure whose graded quotients are
given by the formula (1.18).

(The shift of W by —F is needed to normalize (1.18); in the shifted filtration
’ k
W, = W,p,_j the quotient % has weight m, as expected).

The term E5" * of the spectral sequence associated to the filtration W,
on I (X , AX) has a pure Hodge structure of weight m + k for the filtrations

induced by EI™*:
P.g
o @ (E;nk)
ptq=k+m

where
pq ker { dy: (E?”k)p’q — (Ein_l’k"'l)p’q }

()
im { dy: (Ein+1,k—1):07q . (EIn,,k)IMI }
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Since the spectral sequence degenerates at the level 2 (by theorem 1.5 or
simply by (1.18)), we have

Wy H* (X, C)

Em,k —
2 Wm—lHk (X7 (C)

which implies that H* (X, C) has a mixed Hodge structure.
To be more precise, the morphism

0= (-1)*(@i*-¢*): H*(X,C) @ H* (E,C) — H*(E,C)
respects the type of forms so that it induces morphisms
QPr4. Hmz(j() @® HP(E) — HP (E)
and gives the decompositions

ker® = @ ker @4

pt+q=k

imO = @ im ©P-4

ptq=k
so that by (1.18) we obtain:
WOHk
_— ker ©P+4
ro - D
WL HE( p+q=k

and
W_H* (X,C) D HP4(E)

WoHF(X,C) ~ N Timers

Remark. We point out that the statement of theorem 1.6 is not yet complete.
W, H® (X ,C)
W1 H(X,C)
which carry a pure Hodge structure of weight m + k for the filtration F'
induced by E™*(X) (E5"*(X) is a quotient of a subspace of E""(X)) .
On the other hand, the filtration F on H* (X, C) induces a filtration on the
Wi H* (X,C)

_LH*(X,C) <
the 1somorphlsm (1. 19), coincide (and the same for F'). This will be made
clear in the general case (chapter 3).

More precisely, the graded spaces are isomorphic to Fy" ’k(X ),

quotient 3 . We have not shown that the the two filtrations, under

As it will be seen in chapter 3, the mixed Hodge structure in the above
theorem 1.6 is unique.
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1.7 Chains and homology

For any real analytic space M we denote by Sy, the sheaf of germs of
subanalytic k-chains on M (with coefficients in C), and 0: Spx — Smk—1
the boundary operator.

Let X be a quasi-smooth complex space, with the corresponding diagram
(1.1). We define the sheaf of k-chains dual to A% = 8;?( ®EE @ 52—1 as

Cxp = TS5 1, @ JxSEL @ (§© Q)+Sp iy
which we simply write
Cxk =S5, ®SEk ©Sp
and the boundary operator as

0:Cx — Cx -1 with
Cx = Sg 4 ©Smp®Spp 1,
Cxh-1=85 41 DSE k-1 9 Sg 4 o
e, B,7) = (Da+ (=1)*i7, 08 — (=1)*q.7, 07) (1.24)

where i, and g, are the push-down of chains. It is clear that 90 = 0, so that
we obtain a co-complex (Cx,.,0).

For an open set U of X let C(U) = I'c (U,Cx ) be the C-module of the
chains with compact support in U. Then

Cr(U) =S5, (U) @ Spx (UNE)® S5, (UNE)

where S , (f]), Sex(UNE), SEr_1 (f] N E) are the respective chains with
compact support.

Theorem 1.7. The homology of the complex of global sections (C.(X),0) is
the Borel-Moore homology with compact supports of X :

ker {0: Cp(X) — Cr—1(X) }

Hk (Xa (C) = 3Ck+1(X)

(1.25)

Proof. The presheaf on X defined by U — hom¢ (Cj, (U, C)) is a sheaf, which
we denote by C%. The boundaries d give by transposition differentials §: C% —
C?{H such that d o § = 0, hence (C}(, 6) is a complex. It is enough to prove
that (Cy,d) is a resolution of Cx.

The sheaf C§( decomposes as

Cx =St oSpasi! (1.26)
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and by part I, chapter 7, S;(, Sy and Sé are resolutions of the constant sheaf
on X, F and E respectively.

The augmentation Cx — C% is given by ¢ — (¢, ¢, 0).

The duality between (w, 0, 0) € C% and (o, 3,7) € Cx x is given by

(W, 0,0), (@, 8,7)) = (w, @) + {0, ) + (0,7) (1.27)
and ¢ is defined by
<5(Wa g, 9)) (aa B, ’Y)> = <(w7 g, 9)7 8(04, B, ’Y)> (1'28)

By (1.24), (1.27), (1.28) and using the pullback-pushdown formula
(i*w,7) = (w,i7),  (¢70,7) = (0,4:7)
we easily obtain
§(w,0,0) = (bw, 60,00 + (—1)*(i*w — ¢*0) (1.29)

The above formula looks exactly like the formula for d in (1.5). Hence, mutatis
mutandis, the proof that (Ci,d) is a resolution of Cx follows almost word by
word the proof of theorem 1.1. O

1.8 Integration of forms on chains

There is a duality between forms in A% and chains in Cx x, given by inte-
gration: for (o, 3,7) € Cxx and (w,0,0) € A% we put

/(aﬂm(w’a’ 9= /aw +/6” +/V9 (1.30)

where the terms on the right hand side are the usual integrals of forms on
subanalytic chains on the manifolds X, F, E.

Lemma 1.3 (Stokes theorem). Let A\ € I' (X, A%) and n € T'(X,Cx 1) such
that A, or n, has compact support. Then

/nd)\ = /(%A (1.31)

Proof. Let A = (w,0,0), n = (e, 5,7); we must prove:

/ d(w,0,0) = / (w,0,0) (1.32)
(a,8,7) 9(a,8,7)
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In fact

dw,0,0)= [ dw + [ do + | (d0+ (-1)* (i*w — ¢*0))
(@.87) o g 5

By Stokes theorem for the manifolds X, F and E

/dwz/w, /daz/a, /d@z/@
@ da B B ¥ Oy

on the other hand

/ (w,0,0) /w—|— k/w—i—/a /0’

9(a,B,v) O op a4+
/w—f— k/zw—f—/a k/qa
Oa vy ap vy

which implies (1.32). O

+/9:
+[ 0

Y

As a consequence we obtain the following analogous of one of the classical
theorems of De Rham.

Theorem 1.8. Let X be a quasi-smooth complex space. Then the integration
formula (1.30) induces the natural duality between the cohomology H* (X, C)
and the homology Hf (X,C).



Chapter 2

Differential forms on complex spaces

2.1 Introduction

By a complex space we mean a reduced, not necessarily irreducible, complex
analytic space.

Let X be a complex space. We denote by Cx the constant sheaf on X.
When X is smooth we denote by £y the De Rham complex of differential
forms on X. Our goal is to define a complex Ay on X (in fact, as we shall
see, a family of complexes) which replaces, in the singular case, the De Rham
complex. Let us consider a resolution of singularities of X, i.e. a commutative
diagram:

et
S

q T (21)

—
%

E—=X
where F C X is a nowhere dense closed subspace, containing the singularities
of X, j: E — X is the natural inclusion, X is a smooth manifold and 7 is a
proper modification inducing an isomorphism X \ £ ~ X \ E.

In chapter 1 we have treated the case where E and E are smooth, so that on
them the De Rham complexes £ and EJ'; are available, and we have defined
a section of A’y as a triple of forms: a p-form on on X, a p-form on E and
a (p — 1)-form on E. In the general case it is then natural to proceed as
follows. First we define the complexes Ay on E, and A'E on E by induction
on the dimension of the spaces (the dimensions of E and E are strictly less
than dim X). Then we define a section of A% as a triple (w, 0,6) where w is
a section of ng(, o a section of A%, and 6 a section of A%_l.

The next step would be to define the differential d(w, o, ), mimicking the
definition in formula (1.5) of chapter 1. We run immediately into the first
difficulty, since we need to be able to pull back a section w € 8; (resp.
o€ AY) toitw € A% (resp. q*o € A%), such that d commutes to the
pullback.

In general the above requirement cannot be fulfilled. The complexes A}, and
A'E have been constructed from a desingularization F; of F, and, respectively,

151
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Ey of E, hence there are no a priori relationships among X, E; and E;.

On the other hand, the diagram (2.1) is not unique, as well as the analogous
diagrams for E and E. Therefore we are led naturally to introduce, for every
space X, a family R(X) of complexes A’y instead of a single one, so that, once
a diagram (2.1) has been fixed, we can choose suitable complexes Ay, € R(E)
and A € R(E) such that the pullback E; — Ap and Ay — AL exist
and commute to differentials. In the end we can define A’y together with
d: A% — A’;H and prove that it is a resolution of Cx.

Because we are working by induction on dim X, we must build a consistent
set of properties, definitions, constructions, existence and uniqueness theo-
rems for spaces and mappings, concerning the families R(X) of admissible
complexes A, and the families R(f) of admissible pullback Ay — A for
maps f: X — Y.

It is important to remark that the definition of the complexes A’y and the
definition of the pullback Ay — A’y must be given step by step, during the
induction procedure.

Let us be more precise. For every X we define a family of complexes R(X) =
{AX} and for every morphism f: X — Y a family R(f) of morphisms of
complexes between the Ay € R(Y) and some of the Ay € R(X), more
precisely morphisms Ay — f.Ay which we simply denote Ay — A’y and call
(admissible) pullback with the following properties.

(I) A’y is a fine resolution of Cx.
(I) For p > 2dim X, A% = 0.

(IIT) If X is smooth, the ordinary De Rham complex £ belongs to R(X),
and for every morphism f: X — Y between smooth complex mani-
folds the ordinary De Rham pullback f*: &, — f.€ is an admissible
pullback.

(IV) There exists a smooth, open, dense analytic subset U C X such that the
restriction Ay |y is the ordinary De Rham complex &;;. Here analytic
means that the complement of U in X is an analytic subspace of X.

The family of pullback will satisfy the following properties.

(C) (Composition). Let g: Z — X, f: X — Y be two morphisms, o: Ay —
Ay, B: Ay — A} two pullback; then the composition S o a: Ay — A},
is again a pullback.

For future induction procedure we denote by (C)k,m,» the property (C)
when dimZ < k, dim X < m, dimY <n.

(EP) (Existence of pullback). Let f: X — Y be a morphism, and fix A} €
R(Y); then there exists a Ay € R(X) and a pullback A} — Ay.

As above we denote by (EP),,,, the property (EP) when dim X < m,
dimY < n.
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(U) (Uniqueness of pullback). Let f: X — Y be a morphism, and o: Ay —
A%, B: Ay — Ay two pullback corresponding to f; then a = f.

We denote by (U),, ,, the property (U) when dim X < m, dimY < n.

(F) (Filtering). If A}', A} € R(X), there exists a third Ay € R(X) and
two pullback A} — A, A')’(2 — A’y corresponding to the identity.

We denote by (F),, the property (F) when dim X < m.

As noted above, since the definition of the complexes Ay uses the definition
and the existence of the pullback, we shall be forced to construct both at the
same time. This will be done by a recursion on the dimensions of the complex
spaces involved.

2.2 Definitions and statements
2.2.1 Definition of the family R(X)

We denote by A’y (—1) the complex obtained by shifting the degree in A'y:
more precisely A% (—1) = A"

We define the family R(X) by induction on n = dimX. If dimX = 0,

R(X) contains only the complex Cy with C% = Cx and C% =0 for p > 0.
We suppose R(Y') to be known for complex spaces Y of dimension < n; then:

Definition 2.1 ((D),). Let X be a complex space of dimension n. An element
Ay € R(X) is the assignment of the following data:

i. a nowhere dense closed subspace E C X, sing(X) C E and a proper
modification
X

E*>X

—

%Djr

where j: F' — X is the natural inclusion, )~(~ is a smooth manifold, £ =
7~ 1(E) and 7 induces an isomorphism X \ £ ~ X \ E;

ii. there exist Ay € R(E), A € R(E), and two pullback

¢: Ap — Ag

Y &5 — Ag

(corresponding respectively to ¢ and 7);
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iii. the complex A’y is defined by
Ay =1 @ juhp @ (j o g)-A(~1) (2.2)
with differential given by
d: A, — Ag;rl with
A% = 1% @ A @ (o g) N
AR = 1 887 @ AL @ (j o q). AR,

d(w,0,0) = (dw, do,df + (—1)P((w) — qb(o))) (2.3)

iv. the augmentation
¢+ (c,¢,0)

makes Ay a resolution of Cx;

v. there is a uniquely determined family (X, h),c; of smooth manifolds X;
and proper maps h;: X; — X such that

p p—aq(l)
AX — @hl*gxl
l

where ¢(l) is a nonnegative integer; and there exist mappings hyy,: X; —
X, commuting with h; and h,,, such that the differential A% — A’;;rl

is given by
dw; + Z el(f;z hfmwm] )

can take the values 0, £1.

d (@) = <EBz

(p)

where ¢,

The pullback ¢: Ay — A% and ¢: £ — A% in (ii) are called inner pullback
of the complex A'.

The family (X;, h;),c; will be called the hypercovering of X associated to
Ay, and ¢(1) = ¢x (1) will be the rank of Xj.

Explanation 2.1. In order to understand the above definition, we must
assume that we already know, by induction:

o the family of the Ay, € R(Y) for any space ¥ with dimY < dim X (so
that we understand Ay and A%).

e For every morphism f:Y — Z with dimY < dim X, dim Z < dim X
the notion of pullback A, — Ay in R(f); if moreover Y is smooth
of dimension < dim X, and dimZ < dim X, the notion of pullback
A, — &
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e If U C X is an open set, and U = 7 (U), an element of A% (U)
is a triple of forms (w,o,6) with w € F(f],é‘;), o € T(UNE,AY),
0 e F(f] NE, A%ﬁl), and the differential is given by the formula (2.3).

e Also the hypercovering (X;),.; of Ay comes by induction. If (Ep,),,ca,
is the hypercovering of A and (F;)ses is the hypercovering of A%, (X1)
is the family ()~(, E,., E'g> . The rank of X is 0, the rank of F,,

meM,seS B
in X is the same as its rank in F; but the rank of F, in X is given by

ax(s) = qp(s) +1
i.e. E plays a 1-shifted role in Ay.
To simplify the notations, in the sequel we will write A%, = @), ngq(l)

instead of €, hl*é‘fgq(l).

2.2.2 Construction-existence theorem

Theorem 2.1 ((E),). Let X be a complex space of dimension < n. Let
E C X be a nowhere dense closed subspace with sing (X) C E, j: E — X the
natural inclusion, and

X

E*>X

—

%Djr

be a proper desingularization. Let Ay, € R(E). There exists A} € R(E), a
pullback ¢: Ay — A (corresponding to q), a pullback : & — A% (corre-
sponding to i) with the following property: the complex
Ay = 7€ @ juhp & (j 0 @) Ap(—1)
whose differential is by definition
d: A% — AR with
A’;( = W*gp* @j*A% @ (jo Q)*A%‘ila
AP+1 gp-‘rl @j*/\p+1 ® (j ° q)*A%,
d(w,0,0) = (du)7 do,df + (—1)P(¢(w) — ¢(0))) (2.4)
s a fine resolution of Cx.
Notation. Throughout all the book we will write for simplicity £ & Ay ®

A (—1) instead of m.E @ juhp © (j 0 @) A% (—1).
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2.2.3 Definition of a primary pullback for irreducible spaces

Let f: X — Y be a morphism of irreducible complex spaces, dim X < m,
dimY <n, A§ =2 @ AL @ AT AD = €2 & AL o A2, with Ay € R(X)
and Ay € R(Y). Let us consider the corresponding diagrams

— X

—
%Nz

X b

—

e
<

-

In order to define a primary pullback ¢:
induction on (m,n), i.e. (DP), n—1 and
(DP) ., see the definition 2.4 below).

v — Ay we proceed by double
DP)y—1,n, = (DPP),,, (for

—~

Definition 2.2 ((DPP),, ). We say that ¢ is a primary pullback (corre-
sponding to f) if it satisfies the following properties:

Py) ¢ is a morphism of complexes, i.e. it commutes with differentials.

Py) Let (X1, h),cps (Ys, 9s) be the hypercoverings associated to A'y, Ay,

. ses
1.e.
@ - et
l s

For every X; there exist at most one Y;, having the same rank q as X;,
and a commutative diagram

x -y,

MJ f J

such that the composition

¢

p—aq P P p—a
&y Ay A Ex,

is either identically zero for every p, or coincides with the De Rham
pullback f/.

P3) Let a: &, — & be induced by ¢. Then o = 0 if and only if f(X) C F};
moreover in this case ¢ is the composition Ay, — An — A where
Ay — A} is the projection onto the summand Ay and Ay — A is a

pullback (inductively defined) corresponding to the induced morphism
X — F.

Ps3) If a: &, — &% is not identically zero, then, according to P, f(X) ¢ F;
in that case we assume the following properties:
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i. f7Y(F)CE;
ii. the morphism f extends to a morphism f: X —>Y and o = f is
the ordinary De Rham pullback;

iii. the morphism ¢ is given by

811/ P
N
S

&

Ap @ Ax(

[

v @ A1)

P

where (4,7,9): Ay — Aj is a pullback corresponding to the com-
position foj: E — Y (inductively defined).

Explanation 2.2. In the above definition, we must assume that we already
know, by induction:

o the family of the Ay, € R(Y) for any space ¥ with dimY < dim X;

e for every morphism f: T — Z with dim7T < dim X, dim Z < dim X the
notion of pullback A, — A7;

e for every morphism f: T — Z with dim7T < dim X, dimZ < dim X,
the notion of pullback A, — A.

Remark. Note that the property i): f~'(F) C E, in the situation P3, cannot
be forgotten. As an important example let us consider a complex Ay =
E; ® Ay & AL(—1) as in the definition 2.1~. The projection Ay — £ is not
a pullback corresponding to the map m: X — X, because 7~ !(E) ¢ ). Here
& + must be understood as the complex attached to the trivial diagram

—

S sS
Xz%bﬁz

2.2.4 Definition of a pullback morphism: the general case

Let X be a complex space of dimension m.

Let X = [J,; X; be the decomposition of X into its irreducible components.
Let E C X be a closed subspace such that X \ E is smooth and dense in
X, and I ( ) (X,E) be a proper desingularization. Then: X =

Ll; Xi, E = |, Ei, B = EN X; (here | | denotes disjoint union); moreover,
(X E;) — (Xi, E;) is a desingularization. Let Ay = E; A @
AE( 1) € R(X); let us denote by ¢: Ay — A%, ¢: E; — A% the inner

pullback of A’y (see definition 2.1 (D),,).
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Then £ = P, Eg, A, =6, AE
Let us denote by p;: 6}( — 5}5‘, q;: A'E — AE‘ the projections.

Definition 2.3. A morphism of complexes (: Ay = é}( DAL D AE(—l) —
A'X corresponding to the inclusion X; — X is called a natural pullback if

Ay, =& @ Af, @A - with Ay € R(E;), AE1 € R(E;) and there exists a
commutatlve dlagram of pullback

such that
((w,0,0) = (pi(w), mi(0), 1:(¢: (0)) (2.6)

Let f: X — Y be a morphism between (reducible) complex spaces, X =
U I X;, Y =, Y be the respective decompositions into irreducible compo-

nents. Let Ay =€ @Ay @ AL(-1), Ay =& @A @ AL(-1).
For a given j two cases can occur:

(a) f(X;) CF;

(b) f(X;) ¢ F, and there exists a unique Yj, with f(X;) C Y3 (because F
contains, by definition, the singularities of Y).

Definition 2.4 ((DP),, ). A morphism of complexes ¢: Ay, — Ay is called
a pullback corresponding to f if

e it satisfies Py and Py in definition (DPP),, ,, (definition 2.2);

e (P4) the composition Ay, — Ay — Ay (where the second morphism is
the projection onto the summand) is a pullback corresponding to the
composition foj: E — Y (inductively defined);

e for every component X; of X there exists:
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- in case (a) (f(X;) C F'): a commutative diagram

J

Ay Ay, (2.7)

N

-0
AXJ_

Ay, —— A%

where Ay — A')’S is a pullback corresponding to f|x,: X; — F' (induc-

tively defined), Ay — Ay and Ay, — A')’((j_ are natural pullback;

- in case (b) (f(X;)  F): a commutative diagram

Ay —— Ay

L]

Ay, Ay, (2.8)

N

-,0

A X,
where Ay — Ay, Ay — A'X] and A'X] — A')’g are natural pullback,
and Ay, — A')’((J)_ is a primary pullback corresponding to f|x,: X; — Y.

Explanation 2.3. In the above definition, we must assume that we already
know, by induction:

e for every morphism f: T — Z with dim7T < dim X, dimZ < dim X,
the notion of pullback A, — Ap;

e for every morphism f: T — Z with T irreducible, dim7 < dim X,
dim Z < dim X the notion of pullback A}, — A%;

e for every morphism f: T'— Z with T and Z irreducible, dim T < dim X,
dim Z < dim X the notion of primary pullback A, — A7..

Remark.

i. In the above definition we can take A'XJ = A')’((j_, because by the proposi-

tion 2.1 below the composition Ay — Ay — A')’((]) is a natural pullback;
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ii. when X and Y are irreducible, we obtain a definition of pullback which is
more general that the one in definition (DPP),, ,. Although we conjec-
ture that every pullback between irreducible spaces is primary, the reader
should keep in mind that a priori there are pullback between irreducible
spaces which are not primary.

2.2.5 Existence of primary pullback (the irreducible case)

Theorem 2.2 ((EPP),, ). Let f: X — Y be a morphism between irreducible
complex spaces, dim X = m,dimY = n and fix Ay, € R(Y); there exists a
Ay € R(X) and a primary pullback Ay, — A

Remark 2.1. In the particular case X =Y, f = id, m = n it will follow from
the proof that in order to obtain (EPP),, , (i.e. (EPP),, ) we do not need
the assumptions (F)pm, (EP)m.n—1, (U)mn-1 (€. (EP)m.m—1, (U)mm—1)-

As a consequence of the proof of the theorem we will obtain the following
more precise statement.

Theorem 2.3. Let f: X — Y be a morphism between irreducible complex

spaces, dAim X = m,dimY =n and fir Ay =, ® Ap & AL (—1) € R(Y); let
E be a nowhere dense subspace of X, such that

i. f7YF)CE;

1. there are two commutative diagrams

F
|
F
J b
E

*>X$

—_

~h

——
i)

—_

~

<

Then there exists a Ay = £, ® AR @ A
pullback Ay, — Ay

=(—1) € R(X) and a primary

Remark 2.2. In particular, if we already know that there is a pullback
Ay =8, DA @ AL(-1) > Ay =€ @A DAL(-1)

then for any Ay' of the form & @ A o A'I:Ll(—l) there exist a A} = Ex @
Ay @A (~1) and a pullback Ay' — Ay
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2.2.6 Uniqueness of primary pullback (the irreducible case)

Theorem 2.4 ((UP),, ). Let f: X — Y be a morphism between irreducible
complez spaces, dim X < m,dimY < n and let ¢;: Ay, — Ay, 7 =1,2 be two
primary pullback corresponding to f; then ¢1 = ¢o.

2.2.7 Existence of pullback: the general case

Theorem 2.5 ((EP),,,). Let f: X — Y be a morphism between complex
spaces, dim X < m,dimY < n and fix Ay € R(Y); then there exist a Ay €
R(X) and a pullback Ay — Ax.

Remark 2.3. In the particular case X = Y, f = id, m = n it follows from
the proof that in order to obtain (EP),, , (i.e. (EP), ) we do not need the
assumptions (EP)p n—1, (U)mn—1, (.. (EP)m.m—1, (U)m,m—1); moreover we
need (F),, only for the (irreducible) X;.

2.2.8 Uniqueness of pullback: the general case

Theorem 2.6 ((U)y,,). Let f: X — Y be a morphism between complex
spaces, dim X < m,dimY < n and let ¢p;: Ay, — A, j = 1,2 be two pullback
corresponding to f; them ¢1 = ¢o.

2.2.9 Composition of primary pullback (the irreducible case)

Theorem 2.7 ((CP)gm.n). Let Z, X, Y, be irreducible complex spaces,
dmZ < k, dmX < m, dmY <n,g:7Z — X, f: X = Y two mor-
phisms, ¥: Ny — Ay, ¢: Ay — A be two primary pullback corresponding
to g and f respectively. Then the composition ¥ o ¢: Ay, — A}, is a primary
pullback corresponding to fog.

2.2.10 Composition of pullback: the general case

Theorem 2.8 ((C)gmn). Let Z, X, Y, be complex spaces, dimZ < k,
dimX < m, dimY <n, g: Z — X, f: X — Y two morphisms, : Ay —
A, o Ay — A be two pullback corresponding to g and f respectively. Then
the composition o ¢: Ay — A5, is a pullback corresponding to f o g.

2.2.11 The filtration property

Theorem 2.9 ((F),,). Let X be a complex space, dim X < m. If A},
AY € R(X), there exists a third Ay € R(X) and two pullback A} — Ay,
A')’(2 — Ay

1 : 1 1 "2 . -2 "2
Remark 2.4. It Ay =& ® Ag @AEl(—l), Ay =& @A @AE2(—1),
then it is possible to choose A}® = £, ® AF o Aéi(—l).
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2.3 The induction procedure

Let s,t € Nx N, s = (m,n),t = (p,q). We define the following order on
N x N: s > ¢t if sup(m,n) > sup(p, q) or sup(m,n) = sup(p,q) and (m,n) >
(p, q) in the lexicographic order.

We write (EP)s, (U)s,.. . instead of (EP)m.n, (U)m,n-

Then we prove the following implications:

B), + (F)g + (EP); + (U for p <n, g <n, t < (0,n) = (),
E), + (F)g + (EP); + (U); forp<n, g<n,t < (n,0) = (F),

E), + (F)y + (EP); + (U) for (0,p) <, (¢,0) <s,t <s = (EPP), and
EP),

E), + (F)y + (EP); + (U), for (0,p) <s, (¢,0) <s,t<s = (UP); and
U)s

Also the definitions (D);, (DPP);, (DP);, are given by induction. Their
order is as follows: (U), for r < t, (D), (DPP);, (DP);, (E);.

Finally, (CP).,.n,k preceeds (C)m n i, and (CP)p n.i (resp. (C)m n, k) must
be pI‘OVQd after (DPP)(m’n)7 (DPP)(nJg), (DPP)(m’k) (resp. (DP)(m}n), (DP)(n,k);
(DP) (k). The induction scheme is
(C)k—l,m,n + (C)k,m—l,n + (C)k,m,n—l - (CP)k,m,n and (C)k,m,n-

In the course of each proof the corresponding induction assumptions will
be made more explicit.

(
(
(
(
(
(

2.4 The proofs

Proposition 2.1. We suppose that (EP)m—1,m-1, (F)m-1, (U)m=1,m-1, (E)m
are already proved. Let X be a complex space of dimension m, X; an irre-
ducible component of X.

i. Given Ny =& & A & A (—1) there exists a natural pullback C: Ay —
Ay

i

ii. Let (1: Ay — A'Xl, (ot A' — A'X2 two natuml pullback; then there exist
A and pullback By: Ay — A’ 3, Ba: A — A such that Byo G =
B2 0 (s and the composztwn Ay — AX,¢ s a natuml pullback.

Proof.

i. By (EP)mm—1,m-1 there exist pullback n;: Ay — Ay, a: Ay — AE2
and b: A' — AE‘S, by (F)m—1 there are pullback c: A — A ' and
e: A g A ! X if we apply (U);—1,m—1 to the pullback from Ag to A .
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we obtain coaon; =eobog; o¢. Putting ¢; =coa and yu; = eob we
obtain a commutative diagram like (2.5) and we define ¢ by the formula
(2.6).

ii. Let AXJ = EXJGBAEJ @Aé{(—l),j = 1,2; the two pullbgck ¢1 and ¢ differ
only by the morphisms Ay, — Agl and A (-1) — AEJ (—1). Arguing as
in i), we find AE‘3 and AE‘O’ and commutative diagrams

i

J 3
Ap —— Ag

|

J 3
AE,-, — AE,-,

( = 1,2) from which we easily construct the morphisms 5, and f2. O

Lemma 2.1. Let Ay, — A be a pullback corresponding to f: X — Y,
dim X = m,dimY = n. We suppose that (EP)m—1n-1, (U)m-1.n-1, (F)g;
(E)g g = sup{m,n} are already proved, as well as (EPP),, ,, and (UP)p n
(for morphisms between irreducible spaces). Then

(a) If f(X;) C F, for any natural pullback Ax — A, there exists a commu-
tative diagram (2.7).

(b) If f(X;) ¢ F and f(X;) C Yy, for every natural pullback Ay — Ay,
and every natural pullback Ay — Ay, there exists a commutative diagram
(2.8).

Proof. We check b), leaving to the reader the proof of a), which is similar. By
definition there exists a commutative diagram

Ay —— A

|

Ay, A%, (2.9)

N

.’2
AXj

where Ay — A'{/i, Ay — AXi and Ale — AXZJ are natural pullback, and
AYi — AXQJ is a pullback corresponding to f|x,; : X; — Y. By proposition
21, (ii), we find pullback Ay — Ay and Ay, — Ay’ such that their com-
positions Ay — A)’/i are identical, and are natural pullback. It is clear that
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for our purposes we can replace Ay, by AYS hence we can suppose from the
beginning that Ay- — Aj. decomposes through Ay — AY: — Ay, ; the same
argument shows that we can suppose that the morphism Ay — A'XJ decom-
poses through Ay — AX17 — A'Xj. We apply (EPP);., to flx;: X; — Y&
and we get a pullback A'Yk — A')’é; moreover by the remark 2.2 we can
suppose A')’é =&; @ AE4 ® A};(—l); by (F),, and remark 2.4 (for X;)
! -2 ‘ -0 -4 -0
there are natural pullback AXj — AXj and A X, —>'AXJ_; ﬁ.nally We' apply
(UP)smn to flx;: X; — Yi: the two compositions Agi — AX27 — A)’g and
AYi — Ay, — A')’é — A')’g coincide. This completes the proof. O

Corollary 2.1.

i. If Ay — Ay is a pullback, and Ay — A')(j 18 a natural pullback, the
composition Ay — A - is a pullback.

ii. Conversely let Ay, — Ay be a morphism of complexes satisfying (Po),
(P1), (Py) in definition 2.4, and suppose that for every irreducible com-
ponent X; of X there exists a natural pullback Ay — A'Xj such that the

composition Ay, — A is a pullback; then Ay, — A is a pullback.

2.4.1 Proof of theorem 2.7: composition of primary pullback
(the irreducible case)

The proof is by triple induction on (k,m,n) where dimZ < k,dim X <
m,dimY < n. More precisely we prove
(C)i=1,m,n and (C)g,m-1,n and (C)r,mn—1 = (CP)g m,n for primary pull-
back.

It is obvious that v o ¢ commutes to differentials and satisfies the property
(P1) in the definition 2.2. Let Ay =&, @ Az @ A5 (1), Ax =&, @A @
AL(-1), Ay =& @ Ap ®AL(=1), a: & — &L, o't E; — £, be induced
by ¢ and 1 respectively.

1) Case a # 0,a’ # 0. Then we find a commutative diagram

E:

l

N[
N

S

%

M
><)
D
fesi
D
=
SN
|
=

%

e

N e
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Since a@ # 0,0’ # 0, f and g extend respectively to f: X —> Y and
g: Z — X sothat fogextendsto fog: Z — Y, and o/ o« is the ordinary
De Rham pullback (f o §)*. Hence it remains to check that 1 o ¢ satisfies

(P3) (i) (iii) in definition 2.2.

We check (P3) (i). Since a # 0, &’ # 0, we see that ¢ and ¢ satisfy (P3)
(i); hence f~1(F) C E, g~Y(E) C G and finally (f o g) ' (F) C G.

The morphism Ay — Ay is the composition Ay, — Ay — Ag; by (Ps3)
(iii) applied to ¥, Ay — Ay is a pullback; since dim G < k — 1, it follows
by (C)k—1,m,n that Ay, — Ay is a pullback, which is (P3) (iii).

2) Case « = 0. In this case @’ o @ = 0 so we must check Py for ¢ o ¢.
a = 0 implies f(X) C F, hence (f o g)(Z) C F; the morphism A} — Ay
decomposes through Ay — Ar — A'y. The composition Ay — Ay — A},
is a pullback by (C)k,m,n—1, so that Ay, — A}, decomposes through A} —
Ap — Ay, which is exactly Ps.

3) Case @’ = 0,a # 0. In this case g(Z) C E and Ay — Aj decomposes
through Ay — AR — A}, where A — A}, is a pullback. The composite
mapping Ay — Ay — A} is a pullback by (P2) ; finally the composition
Ay — A — A5 is a pullback by (C)im—1,n-

2.4.2 Proof of theorem 2.8: composition of pullback (the
general case)

The proof is by triple induction on (k,m,n) where dimZ < k,dim X <
m,dimY < n. More precisely we prove
(C)k—l,m,n and (C)k,m—l,n and (C)k,m,n—l — (C)k,m,n-

We already know (CP)y m » is true for primary pullback between irreducible
spaces. It is obvious that 1 o ¢ commutes to differentials and satisfies the
property (P1) in the definition 2.4. Let Ay =&, @A ®A5(—1), Ay =€ @
Ap@®AL(—1), Ay = € @A @ AL (—1); the composition Ay — Ay — Agisa
pullback, hence the composite mapping Ay — A is a pullback by (C)g—1,m.n-

e Let Z; be an irreducible component of Z; if g(Z;) C E there exists a
commutative diagram

J

A Az,

N

.70
Ay

Ay —— A,



166 Differential forms on complex spaces

The composition Ay, — Ay — A} is a pullback because Ay — A is,
hence the composition Ay — Ay — A'Z’? is a pullback by (C)gm—1,n. If
9(f(Z1)) ¢ F, by lemma 2.1, b) (applied to the spaces Z; and Y') there
exists a commutative diagram

. -70
Ay —— Azl

|

Ay A'é}

N

-2
Ay

where Ay, — AZZ2 is a primary pullback. So we obtain a commutative
diagram
Ay —— Ay

L

. -2
Ay, — Ay
e if g(f(Z))) C F arguing in the same way we find a commutative diagram

Ay —— A}

|

. -3
Ap — AZ,,

These last two diagrams imply that Ay, — A}, is a pullback.

e if g(Z;) ¢ E there exists a unique irreducible component X; of X with
9(Z;) C Xj; for simplicity we suppose that there is a unique irreducible
component Y3 of Y with f(X;) C Y3 (we leave to the reader the case
f(X;) C F). According to the definition 2.4 there is a commutative
diagram

Ay, —— A

I
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and according to the lemma 2.1 another commutative diagram

Ay —— A

L

AY Ay,

N

-0
Ay,

The composite morphism Ay, — A')’g — A'Z’? is the composition of two
primary pullback between irreducible spaces, hence it is a pullback by
(CP)mn- If f(g(Z;)) ¢ F the proof is finished. If f(g(Z;)) C F, then
by definition 2.2 (primary pullback for irreducible spaces) the morphism
Ay, — Ay decomposes as Ay, — Ap — A'Z’? (F, = FNY}). Taking
into account the commutative diagram

Ay —— A'Yk

|

Ap —— Af,
we finally get by composition the diagram

Ay —— A}

|

Ay —— Aé’?

which concludes the proof.

2.4.3 Proof of theorem 2.1: construction-existence

We suppose that (EP)n—1.n-1, (U)n—1,n-1, (F)n—1, (E)n—1 are already

proved.

Let us establish first the following

Lemma 2.2. Let f: X — Y be a morphism of complex spaces, with' Y smooth,
dmX =r <n-1,dimY < n. We suppose that (C)gm.i, (EP)mi, (F)m,
(U)mis (E)m are already proved for k <n, m <n, I < n.

i. There ezists a Ay € R(X) and a pullback 1p: &, — Ay (corresponding

to f).
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it. Moreover if ¥1: &, — A is another pullback corresponding to f then

Y =11,

The proof of the lemma is by induction on r, the case r = 0 being trivial.
First we check (i). Let E = sing X. Since dim E' < r there is a A € R(E)
and a pullback p: & — Aj. Let us take a desingularization 7: X — X with
exceptional space E = 7~ (E).

By (E)n—1 we construct Ay = & & A & A(—1). Let us consider the
commutative diagram of pullback

X
where o = (f om)* is the ordinary De Rham pullback, and ¢, 6 are the inner
pullback of A'y; using (ii) in smaller dimension (replace X by E) we see that
pop=~0oa.

Then we define ¢: &, — A by ¢¥(w) = ((f om)*(w), p(w),0), which is a
pullback (left to the reader).

We check the uniqueness (ii); we remark that in our situation any pullback
P1: & — A is given by

g, D e @ A @ AL (-1)

where aq = (f om)* and f1: Ay — Aj is a pullback corresponding to the
composition foj: E — Y (inductively defined). Hence we immediately get
a1 = a, and (1 = p follows from (U),—1 pn_1.

Let us go back to the construction-existence theorem. First we recall the
proposition 1.1 of the chapter 1.

Proposition 2.2. Let U C X be an open neighborhood of a point x € E.

i. Letmny,no € H” (W’l(U), (C) be two cohomology classes whose restrictions
to H* (W*I(U)OE, (C) coincide. There exists an open neighborhood V-C U
of x such that the restrictions of ni,n2 to H* (7‘(71(‘/),@) coincide.

ii. Let § € H” <7T71(U) N E,(C), There exists an open neighborhood V- C U
of x and n € H* (7=1(V),C) inducing O -1 (v)nE-

By the above lemma there is a pullback p: £ — Aél; by (EP)p—1,n-1
there is a pullback Ay — A;; by (F)p—1 and (EP),_1,,—1 there exist A'E and
morphisms A'E’} — A% and A'ELQ — A’;; by composition we obtain ¢: Ay — A
(corresponding to ¢), and : & — A% (corresponding to ). Let us prove
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that the complex Ay = L ® A & A (—1) is a resolution of Cx. Let z € X,
U a neighbhorhood of z in X and (w,0,0) € AR (U), i.e. w € €Y (m=1(U)),
o€ AB(UNE), § € AL (fl(U) mE), with (dw,do,d6 + (—1)P(h(w) —
#(0))) = (0,0,0). Then do = 0 implies by induction on the dimension of X
that o = do’ (after possibly shrinking U). Then we have
do =0, d(f—(~16(s") = ~(~1)P(w)

which implies that w gives a cohomology class in H? (7r_1(U ), (C) whose re-
striction to HP (wil (U)NE, C) is zero; by proposition 2.2 we can write (after
possibly shrinking U) w = dw" where o’ € 8?{1 (W*I(U)); it follows

d[0 + (=1)"y(w') = (=1)P¢(0")] =0
thus 6 + (—=1)P(w’) — (—1)Pé(0”) gives a class in HP~1 (w*I(U) NE, (C). By

proposition 2.2 we can write (again after possibly shrinking U)
0+ (~1)Pp(w') = (~1)Pe(0') = (=1)""'p(w") + db'

where w” € 5;—1 (m=1(U)), dw” =0, and 0’ € A’;:;Q (W’l(U) N E) (here we
suppose of course p > 2: the case p < 1 needs minor modifications). As a
consequence

(w,0,0) =d(W +w", 0,0
Finally, for every p , AL = Eg e AL A%_l is a fine sheaf; in fact it is a
direct sum of direct images of fine sheaves (we use again induction on the
dimension).

2.4.4 Proof of theorem 2.2: existence of primary pullback
(the irreducible case)

We Suppose that (EP)mfl,nv (EP)m,nflv (EP)mfl,m; (U)mfl,nv (F)mv (E)qv
q = sup{m,n} are already proved.
Let AY = 8}’; &AL @ A%_l be defined by a desingularization

F——Y

| [

F—Y
with inner pullback given by ui: £ — A% and pr1: Ap — AL If f(X) C F,
by (EP)y, n—1 there exists a pullback A — A'y; hence we obtain the required
pullback as composition Ay — Ap — A, where Ay, — A} is the projection
onto the summand.

From now on we suppose f(X) ¢ F. Since X is irreducible, the subspace
E = f~(F) U sing X is nowhere dense in X.
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Lemma 2.3. We can construct two commutative diagrams

H$

S
~h

h

«——
<«
=

f

— X —

<
>
~

where h is a desingularization of X.

Proof of the lemma. By Hironaka Chow lemma (part I, chapter 7) the mod-
ification f: Y — Y is dominated by the composition g: ¥; — Y of a locally
finite sequence of blowing-up; following step by step the sequence of blowing-
up, and lifting them by lemma 7.1 of part I, chapter 7, we can extend g to
u: X1 — X: i.e. we obtain a commutative diagram

Xl L Yl
f
X—Y
and, by composition, a diagram

X1 SN 1%

f
X—Y

We take as X a desingularization of X;. This proves the lemma. O

Now, dim F < n,dim f~ YF ) < m, so that by (EP)m—1,m and (EP).—1,5—1

there exist two pullback ug: 5 — A F-1(F) and po: A — A L) (here we
need also (F),,—1 in order to insure the same target Af_l(F))
By (U)mfl,n

p2ouy =uzo f*
From the trivial proper modification id: (X, f~1(F)) — (X, f~'(F)) we build
the complex A; € R(X):

P _ ¢cp p p—1
N =ER AL, o N

S ; . op P P
with inner pullback given by ws: EX — A]L1(p) and id: A ) Afil(ﬁ).

Let us define the morphism
P A _EP@A”@AplaA’l_é‘p@A” ~EBA’ill~
b(w,0,0) = (f*w, (p2 0 p1)(0), p2(6 ))
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We check that ¢ is a primary pullback (see definition 2.2) corresponding to
the morphism foh: X — Y7 in fact it commutes with the differential because
of po ouy = usg o f*; the condition P; on the hypercoverings of X and Y

is clearly satisfied; the condition (f o h)i1 (F) C f~Y(F) is true because of

foh =pof; foh extends trivially to f: X — Y finally the composition

A — Ap — A _1(8) coincides with ps o py, therefore is a pullback.
Next we deﬁne

P _ AP _ gP P p—1
R VT T VI VU

which is also a pullback corresponding to the identity id: X - X (left
to the reader). Now we use induction: by (EP),,—1, there is a pullback
w: Ay — A} corresponding to the composite morphism £ — X — Y: again
by (EP)m—_1,m there is a pullback z: A'X — AE corresponding to the embed-

ding £ — X; by (EP)m—1,m—1 there is a a pullback ¢1: Ay — Aél corre-
sponding to the morphism FE — E. Using (F)m,,—1 we can suppose Aél = AE.
Because of (U),,—1,, the two pullback z o1, g1 ow: Ay — A’z coincide:
zov=qiow
We define
-1
A =E% @ AL @ AL

where the inner pullback are defined by z o t: 6}( — AE and g1: Ay — AE.
Finally we define

¢ AL =EL oA @A S AR = €2 @ AL @ AL
$(w,0,0) = (f*w,w(w,0,0),2(0,p2(6),0))
Here we notice that p2(0) € Ap ! () (0,p2(8),0) € A% so that (0, pa(6),0) €

A%ﬁl. In order to prove that ¢ is a primary pullback, the only non trivial
property is that it commutes with differentials. Let us check it.

d(w,0,0) = (dw,do,db + (—1)(u1 (w) — p1(0)))
$(d(w,0,0)) = (f*dw, w(d(w,0,6)),2(0,p2(df + (=1)"(ur(w) — p1(0)),0))
On the other hand
d(¢p(w,0,0)) = d(f*w, w(w,0,0),2(0,p2(0),0)) =
(af*w, d(w(w, 0,0)), d(=(0,p2(d6),0)) + (~1)?[(z 0 ) (') — a1 (w(w, ,6))] )
Since f*dw = df*w, w(d(w,0,0)) = d(w(w, g, 8), it remains to check the equal-

ity of the third components. We must be careful about signs: d(z(0, p2(df),0))
in the above formula(s) is a differential of a (p — 1)-form. Recalling that

Z/J(Wa g, 9) = (fN*wa (p2 Opl)(0)7p2(9))
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and
HF'w) = (Fw,ua(fw).0) = (Fo, (2 ow)(@).0)

we obtain
A(=(0,p2(d9),0) + (~1)7[(z 0 ) (f*w) = 1 (w(w, 0, 0)) | =
= 2(0,dps(0), (=1)"p2(0)) + (~1)|(z0 ) (Fw) = (z0¥)(w, ,0)| =
= 2{(0,dp2(0), (~1)7p2(6)) + (~1)" [['w — U(w,,0)] } =
= 2(0,dpa(6) + (~1)? [(p2 0 w1) (@) — (p2 0 p1)(@)], 0)

which gives the result.
It is clear that the above proof implies the more precise statement theorem
2.3 and remarks 2.1 and 2.2.

2.4.5 Proof of theorem 2.4: uniqueness of the primary pull-
back (the irreducible case)

We suppose that (EP)m—1.n, (EP)m.n—1, (EP)n—1.n-1, (U)m-1,n, (U)mn-1,
(U)n=1,n-1, (F)m, (E)q, ¢ =sup{m,n} are already proved.

Let Ay =& @ Ap ®@ AL(-1), Ay =& @A @ AR (-1).

We suppose first that f(X) C F, so that both ¢; and ¢ decompose through
the projection Ay, — Ap; the result follows if we apply (U)p,n—1 to the
induced morphism X — F.

So we assume f(X) ¢ F.

According to (P3) in definition 2.2

i. f7Y(F)C E;

1

ii. the morphism f extends to a morphism f: XY

iii. the morphism ¢; is given by

& @ Ay & AL(-1)
%‘l & Jw/ lfj (2.10)
£ @ Ay & AL(-1)

where p; = (8;,7;,0;): Ay — A is a pullback corresponding to the compo-
sition ¥ — X — Y, and o = f* is the ordinary De Rham pullback.

It follows a; = f* = ag; by (U)m—1,n p1 = plo.

The conclusion will follow from the next lemma.

Lemma 2.4. Let ¢;: Ay, — Ay, j = 1,2, two primary pullback given by
(2.10), and suppose aq = iz, B1 = P2,71 = ¥2,01 = d2. Then also €1 = €a.



Differential forms on complex spaces 173

In order to prove the lemma we need the following two propositions

Proposition 2.3. Let ¢: £ — A}, be a pullback corresponding to a mor-
phism f: Z — X, X being smooth, and let (Zs,gs)ses be the hypercovering
associated to A,. For every Zs of rank 0 in Z the pullback ¢ induces the De
Rham pullback f3:Ex — &5 .

The proof of proposition 2.3 is by induction on the dimension of Z. Let
Ay =&, @ AL @ A'G(—l). If Z, appears in the hypercovering of G, we
conclude by induction applied to the pullback £y — A. Otherwise, because
of its rank, Z, cannot appear in the hypercovering of G so it must be a
connected component of the desingularization Z, so the result is an immediate
consequence of the definition of pullback.

Proposition 2.4. Let Ay € R(X) and (X;, h)ier be the associated hyper-
covering. For every X; of positive rank r > 0 in X there exists X, of rank
r—1 and an inner differential inducing a De Rham pullback f}; Ef(m — Ef(l,

Proof of proposition 2.4. Here, an inner differential is one of the pullback ap-
pearing in the construction of the differential d: Ay — A'y; more precisely it
is one of the following;:

e the pullback 6}( — AE;
e the pullback Ay — A'E;
e an inner differential in Ay (inductively defined);
e an inner differential in A% (inductively defined).

The proof is by induction on m = dim X. Since r > 0, X; appears in the
hypercovering of E or in the hypercovering of E. If X; belongs to the hyper-
covering of F, we conclude by induction. If X; belongs to the hypercovering
of E, then the rank s of X; in Eisr—1;if r > 1, then s > 0 and we conclude
by induction (E in the place of X); if r = 1, then s = 0, and we apply the
proposition 2.3 to the inner pullback E;( — A'E. O

Proof of lemma 2.4. By the hypothesis we define @ = a3 = s, 8 = 1 = (o,
"}/:"}/1:’)/2,(5:61:62.

Let u, p be the inner pullback in A, and v, ¢ those in Aj..

Then ¢ od = do ¢ implies for € = €1 or € = €3:

e(v(w)) = u(f*(w)) —(po¢d)(w,0,0) (2.11)
(cod—doe)(y) = (=1)P(p°¢)(0,0,7) (2.12)
Let (X;) and (Y;) be the hypercoverings corresponding to Ay and Ay; for

every X; appearing in E there is at most a Y, appearing in F such that the
morphism € ;5: £ y, = Ef(l induced a by €; is a De Rham pullback; otherwise
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€1,1s = 0; the same for €3 5. Since €15 and ez ;5 completely determine e; and
€2, it will be enough to prove that €; ;s = 0 if and only if €3 ;5 = 0; more
precisely we check that (2.11) and (2.12) completely determine whether ¢, is
ZETO Or NONZETO.

Let s > 0 be the rank of X; in E, so that the rank of X; in X isr = s+1 > 0.
We proceed by induction on s.

Let first s be 0. We apply proposition 2.3 to the inner pullback v: E}l, — A'F;
hence for every s such that Y, appears in F with rank 0 there is w € E; such
that v(w) # 0 € 8;5. it follows that €, = 0 or # 0 according to the second
member of (2.11) , which is the same for ¢; and es.

We consider now the case s > 0. Let us fix [ and s; by proposition 2.4 there
exist Y of rank s —1 > 0 in F and an inner pullback inducing a De Rham
pullback asi: &, — & .

Let 6 € A% be defined as § = (0,...,0,...,0); then (df); = La,(0k).
Moreover €(0) = (et (0x)): where e: Y — Ep involves only components
Y, and X; of rank < s. hence by mductlon €1tk = €24 and deq () = dea(0).
From (2.12) it follows that eg(ask(0k) is the same for ¢; and e3. Taking any

O #0 € E;k we obtain ag,(f) # 0 € 8;5 so that €15 = 0 if and only if
62’15 = 0 l:l

2.4.6 Proof of theorem 2.5: existence of pullback (the gen-
eral case)

We suppose that (EP)mfl,n; (EP)mfl,mfla (U)mfl,n; (F)ma (E)qv q =
sup {m,n} are already proved. Moreover we suppose (EPP),, ,, true for mor-
phisms between irreducible spaces.

First we deal with the case X irreducible. There exists an irreducible com-
ponent Yy of Y such that f(X) C Yi; let Ay, — Ay, be a natural pullback;
by (EPP),, , there exists a pullback Ay, — A’. By composition we get the
required pullback.

Let us consider the case where X is reducible; let X = (J ; X; be the de-
composition of X into its irreducible components. By the above case for every
J there exists a pullback ¢;: Ay — Ay . Let Ay, = €'~ ®Ap, & A (— )
and denote by p;: A'E — A% and n;: 5 — A% thei 1nner pullback Then

sing(X;) C Ej; using (F)n, and (E)pm we can enlarge E; in order to obtain
sing(X) N X; C Ej, so that if we define E = J; E; we obtam sing(X) C E.

Let moreover X = L, X, E = L, E;.

By (EP)m-1,n and (EP),—1,m—1 there are pullback 3: Ay, — Ay and
it Ay — A'bzl; if we apply (F)m-1 to Ej; we find two pullback Ay —
Aé?,/\é — A}; by (E),, there exists A"0 =E&; @ A"O @ A"O(—l) and
a pullback 6;: AXJ, — A)’(J. Finally, after replacmg AE by A 1 A'Xj by
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A.)’((; and ¢; by 0; o ¢; we can assume that p;: Ap — A'Ej, Let ¢; be given by

AL = N =€ @Ay © Agl
w = (W), B(w), 05(w))
Recall that by the definition of pullback, 5;: Ay, — A}Ej is a pullback. By

(U)m—l,n
Bj =pjopB
We can now define
Ay = 5};, GAL® AE(—l)

with inner pullback given by

€Ay — Ay = @M%

o — @;p;(p;(0))
and
A€y = ®;€x — Ay = ®jA
(5) — @®;n;(75)

Finally we define the morphism

1 A — A% = ;8% @ Ap© oA
w (@) aj(w), Bw), ®;0;(w))

We check that ¢ commutes with differentials. Since ¢; commutes with differ-
entials, we get for w € A}

daj(w) = a;(dw)
dBj(w) = Bj(dw)
dfj(w) = 0;(dw) — (=1)" [nj(a;(w)) — p;(B;(w))]

Using the equality p; o 8; = p; o p; o § a simple computation shows that ¢
commutes to d. It is clear by construction that ¢ satisfies all the properties
in the definition 2.4 so it is the required pullback.

As to remark 2.3, it is clear from the proof that if X =Y, f =id, m =n
we do not need the assumptions (EP) m—1, (U)m,m—1, because for every j,
f(X;) ¢ E; moreover we need (F),, only for the (irreducible) X;.
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2.4.7 Proof of theorem 2.6: uniqueness of the pullback (the
general case)

We suppose that (U)m—1n, (F)m, (E)q, ¢ = sup{m,n} are already proved.
Moreover we suppose (UP),, ,, true for morphisms between irreducible spaces.

Let f: X — Y be a morphism between (reducible) complex spaces, X =
Uj X;, Y = U, Yr be the respective decompositions into irreducible com-
ponents. Let Ay = £ @ Ay @ A(—1), Ay = &, & Ap & AR(—1). Let
@i Ay — Ay, i =1,2 be two pullback. Let u,p be the inner pullback in Ay,
and v, g those in Aj.

For (w,0,0) € A}, we have

¢i(wa070) = (ai(w)vﬂi W),O

¢i(0,0,0) = (pi(0),7i(o
bi (Oa 0, 9) = (07 51,(9)7 € (9))

~—

In fact the morphism 6')’; — A’;:;l induced by ¢; is identically zero because the
components of ¥ have rank 0 in Y, while the components of the hypercovering
of Ay belonging to A'E have strictly positive rank in X; for an analogous
reason the morphism A2 " — &2 is zero.

By (P41) in the definition 2.4, and (U),—1,,, we obtain £ = B2 = 8,7 =
’}/22’)/,(51:(5225. B

Moreover it is clear that o; = 0 on X; in case f(X;) C F, while ; is an
ordinary De Rham pullback on Xj if f(X;) ¢ F; it follows oy = as = o

For any irreducible component X; of X we consider a commutative diagram
like (2.8) (or (2.7): left to the reader) for ¢;. Because of lemma 2.1 we have
for ¢ an analogous diagram, with the same A')’((j_ and Ay, , and same natural
pullback Ay — A')’((j_ and Ay — Ay, .

By (UP)pm,» applied to the morphism of irreducible spaces X; — Y}, we can
suppose that the diagrams (2.8) for ¢; and ¢2 coincide, so that the same is
true for the composite morphisms 7;: Ay, — Ay, — A')’((J),7 i.e. m = my. Since
by construction 7; and ¢; induce the same morphisms A’I; — 5;_ for every 7,
we conclude that also p; = pa. ’

Since ¢; commutes to the differentials we can deduce

ei(v(®)) = u(a(w)) - p(BWw)) (2.13)
(ei0d—doe)(0) = (—1)P(p(6()) (2.14)

Arguing as in the proof of lemma 2.4, by (2.13) and (2.14) we obtain €; = €3;
then using (2.15) (instead of (2.12)) again an argument similar to that in the
proof of the lemma 2.4 shows that 1, = 72 (the reader should note that 7,
and 7, do not involve Y).
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2.4.8 Proof of theorem 2.9: filtering

We suppose that (EP)pm—1.m-1, (U)m—1,m-1, (F)m—1, (E)m, are already
proved.

1 . 1 1 2 . 2 -2

Let A = € @ Ap @ A (1), AY = £ @ AF © A (-1).

First we consider the case X; = Xo = X,F = F,E = F. By (F)m-1
there are pullback Aél — Ag, AEQ — Ap, AE;1 — AE, AE;2 — AE. Using
(EP)m—1,m-1, (U)m—1,m—1 and again (F),,—; we find a pullback Ay — A'E
such that the following two diagrams for j = 1,2 are commutative

Ay —— Ay

L]

A'bi} — A

where the left vertical arrows come from the inner differentials in AXJ Finally
by (E)m we find Ay = £ @ Ap @ Az (—1) and obvious pullback Ay — A.

Lemma 2.5. Under the assumptions of the theorem, let Ay = 6}( SA P
AE(—l), and let G be a nowhere dense closed subspace of X with E C G. Then
there exists A3 = £ B A D A5(—1) € R(X) and a pullback Ay — AR
corresponding to the identity.

It is now clear how to prove (F),,: we take G = E U F. By the lemma we
find A')’(0 =E5 ®Ag ®Az(—1) and two pullback AY — A')’(O, j=1,2.

Sketch of the proof of the lemma. In the case where X is irreducible, the lemma
is a consequence of the remark 2.1. In the general case it follows from the
remark 2.3, because meanwhile (F),, has been already proved for each irre-
ducible component of X. O

2.5 Kahler hypercoverings

We recall that in part I, chapter 7 we have defined a (B)-Kéahler space as
a compact complex space X dominated by a compact Kahler manifold, or,
equivalently, there is a modification f: M — X. A (B)-K&hler manifold is
a smooth (B)-Kahler space (it is not necessarily a Kédhler manifold). For
a (B)-Kahler space X, we can deal with complexes A’y whose associated
hypercovering is formed by Ké&hler manifolds. More precisely:

Definition 2.5. The hypercovering (X;);cr associated to A’y is called a
Kahler hypercovering if each X; is a Kédhler manifold.
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Theorem 2.10.

i. Let X be a (B)-Kdhler space. Then there exists a Ay € R(X) with a
Kahler hypercovering.

it. Let f: X — Y be a morphism of (B)-Kdhler spaces, and fit Ay € R(Y)
with a Kdhler hypercovering. Then there exists a Ay € R(X) with a
Kdhler hypercovering and a pullback Ay — A'y.

iii. If X is a (B)-Kihler space and A3, A3 € R(X) admit a Kdhler hy-
percovering, there exists a third Ay € R(X) with a Kdhler hypercovering
and two pullback A3 — A, A')’(2 — Ny corresponding to the identity.

This is easily seen by induction on dim X. For example, let us check (i). If
X is (B)-Kéhler, there exist diagrams (2.1) where X is Kihler, and E C X,
E C X (as subspaces of a (B)-Kihler space) are (B)-Kéhler. Let Ay =
E; ® A ® A (—1) be obtained from such a diagram (2.1). By induction the
hypercoverings of Ay and AE can be taken Kéahler. Hence the hypercovering

of Ay, which is the union of the hypercoverings of A, AE, plus X, is Kahler.

2.6 Chains and homology

For any real analytic space M we denote by Sy, the sheaf of germs of
subanalytic k-chains on M (with coefficients in C), and 0: Spx — Smk—1
the boundary operator (see part I, chapter 7 , section 7.8)

For any complex space X and any Ay = &5 @Ay @AE(—l) (corresponding
to the diagram (2.1)) we introduce the co-complex of sheaves of chains
(Cx,.,0) dual to A, and for every morphism f: X — Y of complex spaces
and every pullback a: Ay, — Ay a pushdown «.: fi.Cx,. — Cy,. satisfying
the pullback-pushdown formula

(a(w),7) = (w, o) (2.16)
Inductively we define
Cxp = TS5 4, @ 5:Crk @ (0 9):Chp_y
which we simply write
Cxk =S5 ©Crr B Chp
and the boundary operator as
0:Cxk =83, ®Cer®Cpyy 7 Cxp-1=85 ;1 BCor-1DCpy_,
A, B,7) = (0a+ (=1)* 7,98 — (=1)"¢.v,07) (2.17)
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where 1, and ¢, are the pushdown dual to the inner pullback of Ay. It is
clear that 00 = 0, so that we obtain a co-complex (CX,.,(?).

For an open set U of X let Cy(U) = I‘C(U, Cx,k) be the C-module of the
chains with compact support in U. Then

Cp(U) = S)g’k(U) ®Cpr(UNE)® CE,kA(Um E)

where SX’,C(U), Cer(UNE), Chr (U N E) are the respective chains with
compact support (inductively defined for E and E).

Theorem 2.11. The homology of the complex of global sections (C. (X),a)

is the Borel-Moore homology with compact supports of X :

ker {0: Cx(X) — Cr—1(X) }
0C41(X)

H{(X,C) = (2.18)

Proof. The presheaf on X defined by U — hom¢ (Ck(U), (C) is a flabby sheaf,
which we denote by C%. The boundaries 0 give by transposition differentials
§: C% — CX™ such that § o § = 0, hence (Cx,d) is a complex. It is enough
to prove that (C}(7 5) is a resolution of Cx.

The sheaf C% decomposes as

Cx =Sk ecpacy! (2.19)

and by part I, chapter 7, theorem 7.22, S;( is a resolution of constant sheaf
on X, and by induction on the dimensions, Cj; and C are resolutions of the

constant sheaf on E and E respectively.
The augmentation Cx — C% is given by ¢ — (¢, c,0).
The duality between (w,o,0) € C% and (o, 3,7) € Cx x is given by

((w,0,0),(,8,7)) = (w,a) +(o,8) +(0,7) (2.20)
and ¢ is defined by
<5(w707 9)7 (Oé,ﬁ, 7)> = <(w707 9),8(0&,ﬁ,’y)> (2'21)

By (2.18), (2.20), (2.21) and using the pullback-pushdown formula (2.16)
(W), 7) ={w ver), (¢l0),7) = (0,0.7)

we easily obtain
§(w,0,0) = (6w, 60,60 + (—1)* (¥ (w) — ¢(0))) (2.22)

The above formula looks exactly like the formula for d in (2.3). Hence, mutatis
mutandis, the proof that (Cj(, 5) is a resolution of Cx follows almost word by
word that of theorem 2.1. O
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2.7 Integration of forms on chains

There is a duality between forms in A% and chains in Cx x, given by inte-
gration: for (o, 8,7) € Cx and (w,0,6) € AX we put

/(am)wae /W—l—/a—i—/ (2.23)

where the [ w is the usual integral of a form on a subanalytic chain on the

manifold X, and I 50 fWH are defined by induction on the dimensions of
complex spaces.

Lemma 2.6 (Stokes theorem). Let A € I'(X,A%) and n € T'(X,Cx ) such
that A, or n, has compact support. Then

/ndA— /anx (2.24)

Proof. Let A = (w,0,0), n = (a, 8,7); we must prove:

/ d(w,0,0) z/ (w,0,0) (2.25)
(2,8,7) 9(a,8,7)
In fact by (2.3)

dw,0,0)= [ dw + [ do + | (d0+ (-1)*(W(w) — ¢(0)))
(@.8.7) o g 5

We suppose by induction the Stokes theorem true for £ and E; using the
Stokes theorem for the manifold X, we obtain

/dwz/ w, /daz/ o, /d@z 0
o O B op Yy oy

on the other hand

/a<aﬂ,v>(w’g’9)_/aaw T 1)k/ ¢ +/ 7T /70+/dv
:/ /w / —(—1) /7¢(a)+/879

which implies (2.25). O

As a consequence we obtain the following analogous of one of the classical
theorems of De Rham.

Theorem 2.12. Let X be a complex space. Then the integration formula
(2.23) induces the natural duality between the cohomology H*(X,C) and the
homology H;(X,C).
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2.8 The complex of Grauert and Grothendieck

A complex of differential forms on any complex (or real analytic) space X,
which we denote by D, goes back to H. Grauert, and A. Grothendieck. The
definition of DY is local. Let U be an open set of X which embeds as a
subspace into an open set V' C CV. Let i: U* — V be the restriction of the
embedding to the set U* of the regular points of U. Let NP C & be the
subsheaf of the w € &£, such that i*w = 0. Then by definition

D’[’] = (55//\/”)IU

and a differential d is induced because of the inclusion d(N?) C NPT,

DY is a complex of fine sheaves, provided with an augmentation Cx — D;
for p > 2dim X, D% = 0. The restriction Dy |y to the open subset U of
smooth points of X is the ordinary De Rham complex &;. If f: X — Y
is a morphism of complex spaces, the pullback f*: Dy — DY is defined; it
commutes to differentials, and is functorial.

Unfortunately, the complex (DY, d) is not exact in general (see [GK] and
[BH]), hence it is not a resolution of Cx.

It is easy to see that the complex DY is in a natural way a subcomplex
of Ay. More precisely for any Ay € R(X) there is an injective morphism of
complexes

nx: Dy — Ay

such that for every pullback a: Ay, — A’ corresponding to a morphism
f: X — Y the following diagram

. ny .
Dy, —— Ay

fﬂ la (2.26)

Dy — Ay

commutes.

With the notations of definition 2.1: Ay = m.E @ julp & (j 0 ¢)«AL(—1)
we define

nx(w) = (7*(w),nE (")), 0)

where 7p has been defined by induction, and 7*(w) € Dy = £. In other
words, looking at the hypercovering (X, h)icr, we have nx(w); = h*(w) if
q(l) = 0 and nx(w); = 0 otherwise. Hence nx(w) lives on the 0-skeleton
of the hypercovering, i.e. on the spaces X; with ¢(I) = 0. Again by induc-
tion we prove ¢ (7*(w)) = ¢(ne(j*(w))) which implies that 7x commutes to
differentials in Dy and Ay. Since 7* is injective, nx is injective too.






Chapter 3

Mixed Hodge structures on compact
spaces

3.1 Introduction

Let X be a complex space, Ay = €L @ Ay & A(—1) an element of R(X)
as in chapter 2. In the present chapter we introduce three filtrations on A’y:
the weight filtration W, the Hodge filtration F' and its conjugate F'. They
are defined by induction on the dimensions of the spaces; they are supposed
to be already defined on A and A%, on the other hand they are known for
the De Rham complex é}(. So we define the filtrations on A’y as direct sums
(up a shift on A% in the case of the weight filtration). The above filtrations
induce corresponding filtrations on the complex of global sections F(X , AX)
and on the cohomology H*(X,C).

For the complex F(X , AX) and its filtration W, we construct the corre-
sponding spectral sequence denoted by E™*. Then, under the assumption
that the hypercovering associated to Ay is formed by compact Kéhler mani-
folds, we prove:

1. the spectral sequence degenerates at level 2: d, = 0 , hence E™* =
m,k
E5"", for r > 2.

2. the Ey" ok carry a pure Hodge structure, and are isomorphic to the graded

% of the cohomology H”*(X,C) with respect to the

weight filtrations.

quotients

The main consequence is that H*(X, C) acquires a mixed Hodge structure.

183
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3.2 Filtration by the degree: the weight filtration

Let M be a complex manifold. The weight filtration on the De Rham
complex &£, is the trivial increasing filtration

WiE¥ = E¥, form >0, W,,EX, =0 for m <0

Let X be a complex space, A’y an element of R(X). We define an increasing
weight filtration W,, on Ay with the following properties:

i. WAk =A% for m > 0.
ii. WAk =0 for m < —k.
iii. (A'X, d) is a filtered complex, namely
AW Ak) € WA
iv. If X is a complex manifold and £y is the usual De Rham complex,
Wi &% = EX for m > 0, W,,E% = 0 for m < 0.

v. If f: X — Y is a morphism of complex spaces any pullback ®: Aj, — A
in R(f) is a strict morphism of filtered complexes (see part I, chapter 1
for definitions).

vi. If A% = 5;9( ® Ak o A%‘l one has

WAy = Wik @ WA @& Wi, A (3.1)
Moreover, if (Xj,h)icr, is the hypercovering of X associated to A%, so
that
Ak — @ (hl)*gﬁ(l_q”)
leL
then
Wk = @@ ()& " (3.2)

{leL:—q())<m}

so that WmA’)“( contains only forms of degree < k + m on the various
spaces X; of the hypercovering associated to A% .

Proof of the statements on W,,,. We define W,,, A% by recursion on dim X us-
ing the equation (3.1) and the definition of W, on the standard De Rham
complex. It is then obvious that (i) and (ii) hold. Moreover the equation (3.2)
is also true: one has

Wiy = D Wit ax 0y (), 5, 0 (3.3)
leL
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In fact, one of the X, let say X, is X itself, with gx(a) = 0, so that for
l=a, Wmé';% = Wm+qx(a)(ha)*€§:q’((a) appears in (3.3) exactly as in (3.1).
If X, is in the hypercovering of Ay, we have gx(I) = gg(l) and (3.3) holds for
W Ag by recursion on the dimension.

Finally, if X; is in the hypercovering of E one has ¢x (1) = ¢z(1) +1 , so by
recursion on the dimension,

W1 A = D Woni14g, 0 (h), 2 et _ b Winax @ (), Ex, =0
leL leL

This proves (3.3).

But Wm+qx(l)(hl)*€§l_q’((l) is equal to (hl)*gévq—(m(l) for m > —qx(I) and
is 0 for m < —qx(I). This, together with (3.3) proves (3.2).

We prove now the assertion (v) concerning morphisms f: X — Y. Let
®: Ay — Ay in R(f), and (Xy, m)ier, (Ys,gs)ses be the hypercoverings
associated to Ay, Ay, i.e.

M- @e 1 - e
l s

We know by chapter 2 that for every X; there exist at most one Y;, having
the same rank ¢ as X;, and a commutative diagram

X -y,

h,l f l

such that the composition

P

k— k—
Ey, Ay A% £x,
is either identically zero for every k, or coincides with the De Rham pullback
fi5. But a standard De Rham pullback preserves the degree of a form or kills
the form. This implies that

im® (W, Ay = ®(Win(Ay))

so that ® is a strict morphism of filtered complexes.
Finally we prove that d respects the filtration. This is a consequence of the
formula for d:

d(w,0,0) = (dw, do, dO + (—1)*((w) — ¢(0)))

If (w,0,0) € W,,, A%, an induction on the dimension shows that do € WmA’f;l
because dim E < dim X, and analogously df € Wm+1A%, because dim E <

dim X; the inner pullback v and ¢ preserve the filtration. Finally we obtain
d(w,0,0) € W, A5G O
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From equation (3.3) we deduce immediately:

Lemma 3.1. If (X;) is the hypercovering associated to Ay, the graded com-
plex with respect the filtration W, is given by

m A\ :
ok gy ek -4
m—14x {leL:—q(l)=m}

In other words, the graded complex is exactly the subspace of forms of A%
whose nonzero components have degree k +m on each X;.

3.3 The weight filtration in cohomology

The filtration W, induces a filtration, still denoted W, on the complex of
global sections:
W, D(X,A%) =T(X, W,,A%) (3.5)

. WA . .
Since the sheaves —=—X— are fine, we have the natural isomorphism of com-

1Ay
I‘(X, WmA'X) < WAy >
— =T X, ——— 3.6
(X, Wi 1Ay Wo1Ay (3:6)
The filtration W induces a filtration on the cohomology:
ker { d: T'(X, WpA%) — D(X, W, A1) }
dl (X, A1) N (X, Wi, A%)

plexes

W, H*(X,C) =

Any pullback ®: Ay, — Ay corresponding to a morphism f: X — Y in-
duces the standard pullback f*: H*(Y,C) — H¥(X,C) on cohomology so
that f* becomes a morphism of filtered spaces for the weight filtrations W.

3.4 The action of d on the filtered complexes

Let (X7, hi)1er be the hypercovering of X associated to A'y, and let w = ®jw;
be an element of A% ; we denote

Phw = D{—q()=m}Wi (3.7)

k
WAk

Wi 1AL according to (3.4). We also

the projection of w on the quotient
denote

Qmw = S{—q)<m}wi



Mixed Hodge structures on compact spaces 187

the projection on W,,, A%, so that

Qm= > P (3.8)

js<m

The differential dw is given (see chapter 2) by:

where €

dw = @l(dw)l
(d)y = (o + 3, i ws) (3.9)

(k)

ls

can take the values 0, £1 and the hj, are the inner pullback of the

complex A'y; moreover ¢(s) = q(I) — 1.
For further references and to fix completely the notations, we prove the
following

Lemma 3.2.

1.

.

There exists a linear operator

W1 A% Wi A%
—
W A% W1 A%

‘I)sff) :

or

q(l) 5’f—<1(b)

k_
W) @ gy=mr1y (), Ex, " = Slpmgy=my (0).Ex,

such that for all m € A% one has
P, (dr) = d(Ppr) + W P, 7 (3.10)

where in d(P,,m) the differential is calculated component by component of
P, .

One has
Qu(dr) = d(Qmm) + > & (Piyam)

Jj<m
where again in d(Qmm) the differential is calculated component by com-
ponent of Q.

In particular, if T € Wy, A%
P, (dr) = d(Py,7) (3.11)

where again the differential in the second member is calculated component
by component.

If 7 € W A% and dr = 0 then all the components of Py are d-closed
for the usual De Rham complexes to which they belong.
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.
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One has
" ol =0 (3.12)
add + e =0 (3.13)
where, in (3.13), d is calculated component by component on mefi(k .
m—1 A%

Proof.

i

ii.

iii.

iv.

To calculate P, (dm) we need to calculate (dr); for [ such that —g(I) =m
(see (3.7) defining P,,,). This is done using the equation (3.9)

(dm); = (dm + Z el(f)hfsws)

where the sum is on the s such that —q(s) = ¢(I) + 1 = m + 1, so that
the 75 are components of P, 17 If w = @ € Wm“A’;( we define

ok = Zel(f)hl*sws (3.14)

so that (3.10) is a consequence of the definition.

Using (3.8), we have

Qum(dr) = Qum_1(dn) 4+ P (d7) = Qpu_1(dr) + d(Ppr) + %) (P, _17)
so we obtain (ii) by induction on m.

If 7 € Wy, A%, Ppyim =0 and (3.11) is a consequence of (3.10) .

is then evident from (iii).

We consider a form 7 € WmA’)“( so that m# = P,,m; then dr € WmA;rl;

from (3.10) and (3.11) we obtain

P, (dr) = d(Py,) (3.15)
Py (dr) =% VP =W (3.16)
Pi(dr)=0 (j<m-—2) (3.17)

From ddr = 0, using (3.15), (3.16), (3.17), we obtain:
0 = Py, (ddr) = d(Ppdr) = dd(P,, )
0 = P,,_1(ddr) = dP,,_(dr) + ®* TV P, (dr) =
=do) x4+ 0% Vap, 1 = (@™ | + et a)r
0 = P,,_y(ddr) = dPy,_1(dr) + @D P, 17 =0t DM o
Wi A%

Wm,_lA’;( )
@ﬁffé) ° @gfll =0 and d@ﬁfll + @ﬁfﬂ)d = 0 (in the last equation d is
calculated component by component). Hence (up to a shift m — 1 — m)
we have proved (3.12) and (3.13). O

the above formulas are correct for any form 7 = P, 7 in so that
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3.5 The first term of the spectral sequence

For the complex I'(X,A) and its filtration W, given by (3.5), we can
construct the corresponding spectral sequence denoted by E™* with first

term
WA F(X, WA’ )
Em;k _ Hk X mirx — Hk X
1 < ’Wm—lA'x> (r(X, WmlA}()>

where the second equality follows from (3.6).
Then EY" ok appears as the cohomology of degree k of the complex

N KL DX, Wi AK) EmkL — L(X, WnA3™) e (3.18)
O D(X, Wik 0 I'(X, W1 A%

whose differential is induced by d. By lemma 3.1 it is also the cohomology of
degree k of the complex

P rExe™) @ e ) g
{~a()=m} {=a®=m}

where the differentials are the direct sums of the differentials on each X;. We
can compute Ef" * and the differential

dy: ByVF — BT
as follows.
Lemma 3.3. Let (X, hy)ier be the hypercovering associated to Ay .
i. The first term of the spectral sequence is

e @m0
{—q(l)=m}

ii. The differential dy: E"* — E""V*1 s constructed as follows. Let
[7] = [m] be an element of EY*, withm; € I(X, ngq(l)),dm =0,—q(l) =
m. We define an element ' € I‘(X, WmA’}) by

m=m if —q(l)=m
H=0 i —qll)#£m

so that Py’ = (m). Then dn’ € I‘(X, A]?'l) defines an element of
ET VR which is di[n] and in fact

(3.20)

dy[r] = [@ﬁ,’j{l(m)} (3.21)
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iii. If f: X — Y is a morphism, a pullback Ay, — A in R(f) induces a
natural morphism
EfM(Y) — BEH(X)

(with an obvious meaning of the notations).

Proof. The proof is a specification of the general facts on spectral sequences
(see part I, chapter 1); computing the cohomology in (3.19) gives (i).
To prove (ii), we use lemma 3.2 (formula (3.11)), so that

P, (dr") = d(Py,7') =0 (3.22)

because P, 7’ is formed with the closed forms m;. Then

Py (dr’) = &%) (P, 7) (3.23)
Pij(dr')=0 forj<m-—1 (3.24)

So, in fact dr’ € T'(X, Wm,lAlj(“), and ' € Z/"* dr' € Z"VF and one
can define the class [dn']; in E" "' This class is exactly dy[r'] and in
view of (3.22) (3.23) (3.24) one has also

afr = oW (m)] e P HTTO(X,C)
{—a(b)=m—1}

the last space being E"~ 1A+ O

3.6 The second term of the spectral sequence

We know that
ker { di: Ein’k — EI”’_l’k"'l }

m,k
By . m+1,k—1 m,k
1m{d1:E1 k=1, g }

(3.25)

We can calculate the differential
dy: ByVF — By
in the following manner.

Lemma 3.4. Let [n]; = ®[m] € E™" be an element in kerdy, where m €
U(X;, €5 1Y), dm =0, and —q(1) = m.
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There exist forms wy € I‘(Xb, E;ZQ(I’)) with

(@ﬁll(w))b = dwy (3.26)
for —q(b) =m — 1.
Let w = Gwy; we define 7 € T (X, W, A% ) by

P, ==
Pm,17l'/, = w (327)
P =0 forj#m,m—1

Then dr” € T(X, W, _o A% and

{ Prs(dn”) = %) (w) (3.28)

Pi(dn") =0 forj#m—2

We have dr” € Z3">* and this induces an element [dn"']y € By~ 2F 1
which is the da of the class of [7] in EI”k

[dﬂ'”]g = d2 [7‘(]1 (329)

Moreover @g’i)_Q(w) € ker{d1: BBk pme S } and its class in

the quotient (3.25) for BT~ %1 s also da[n);.

Proof.

i.

ii.

We start with [x]; € EJ"* = ®{—q(l)=m} H*=4(X,;,C) and define 7’ as
in (3.20).
Now, we write that di[r]; is 0 in E7"""**! Using (3.21), this means

that foll(ﬂ)b is an exact differential on X for —g(b) = m — 1 so that
(3.26) holds.

The form 7 defines a form 7" € F(X , WmA’)“() by the prescription of
(3.27). The differential dy will be the differential d acting on #” which
can be calculated, using lemma 3.2, formula (3.10):

Py s(dr") = d(Pon o) + @) o (Pr17”) = B 5(w)

and
Py(dr") = d(Pym) + @ (Pian") =0 (j #m —2)

By definition, dn” € Z3"~***! and has a class [dn”]y € Ey*~>*"! which
is the dy of the class of [7];.



192 Differential forms on complex spaces

iii. ®*) (w) defines also an element in the kernel of dy : E7"~2F+1 _, pm—3k+2

whose image in EJ">* will be also dy[x];.
In fact, let @gi)_Q(w)c be a component with —g(c) = m — 2. This is a
closed form in X, , because by (3.13)

d()5(w)e) = = (P75 (dw)),

m—2
and by (3.26) this is a component of
k1) 7 (k
_(I)inJ—FQ)CI)in)—l(Tr)
which is 0 by (3.12), hence
@2)72(01) c @ HE+1-a(e) (X.,C) = E;n72,k+1
{—a(e)=m—2}

We now compute d; of the above element. We define w’ € F(X7 Wm_gA];(+1)
by

P, o' = @ng(w)

Pjw' =0 forj#m—2
Using lemma 3.2 again, we see that dw’ = 0, so that w’ induces an element
of EJ""?*! which is in the kernel of d; . O

3.7 Computation of d,

Here we construct explicitly the differential d,.: EM* — E™~"k+1 of the
spectral sequence associated to the filtration W,,, on the complex F(X , AX)
We consider an element [r], € E™F. This means that we start with a
certain element [x(M]; € EM™* with [#(M)]; € kerd; so that, by definition,
[(M]; induces an element [7(], € EF* (which is the cohomology of the
complex (E7"'dy)) and [7(®)]y is in kerda, ..., until we arrive at an element
[x("=D],_; € E™¥ which is in kerd,_; and induces the element [1], € E™F.
So, let [71'(1)]1 € kerd;. This means, according to lemma 3.4, the following
facts.

i. We have
[fW]y = &(_qy=mym], [m] € H*™(X,,C)

so that 7 is a d-closed form on Xj;
ii. there exist forms wlgl) € F(Xb,gf(tmfl) for b € L with —g(b) = m — 1

such that " W
(q)m_l(ﬂ(l)))b = dw,
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iii. we define 72 € I'(X, W,,A%) by the conditions of the formula (3.27)
Ppn® =1
Pon® = )
Pj7l'(2) =0 forj#m,m-—1
The form 7 is in Zy*"* and so it induces an element [7(?)], € Ey"* and
da[r @]y = [dr?],
In fact da[7(?]5 is induced by @5,]:)_2@1(1)) (see formulas (3.28) and (3.29)).

iv. if we assume that do [7r(2)]2 = 0, there exist w((;Q) € I‘(Xc, 5?:"172) for the
indices ¢ € L with —¢(c¢) =m — 2 and
(@)L a(wM))e = du®
and we construct 7 € I'(X, W,,,A% ) as follows:
Pm7r(3) =
P, 17® = oM
P on® = @
ij(3) =0 forj#mm—1,m—2
and 7@ € ZI"* and so induces an element [7®)]3 € E3"* which we
assume to be in kerds, . ..
v. we arrive at 7(") € I'(X, W,,,A% ) such that
P, =r
P, = ou®

P o™ = @

Po_rym® = w(D

ij(r) =0 forj<m-—rorj>m
7(") € Z™* and induces an element [r("], € EMF.
Let us consider dr("). By construction it will satisfy
Pi(dn™) =0 for j>m —r
Pppdr®™ = &%) (=D
Pj(dr™) =0 forj<m-—rj>m
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Then one defines
dr[ﬂ-(r)]r — [dﬂ(r)]r

because drr(") is in Z™ k1 and so induces an element in EM™~"k+1,

3.8 The filtrations F? and F¢?

In this section, we define the filtration by the types on the complexes A.

Let X be a complex space, A’y an element of R(X). We define a decreasing
filtration (the Hodge filtration, or the filtration by the types) F? on
A’x, by recursion on the dimension, by the formula

FPA% = FPEL @ FPAL @ FPAL! (3.30)
with the following properties.

i. If X is a complex manifold and £ is the usual De Rham complex, F? is
the standard Hodge filtration on £ (see part I, chapter 2)

ii. FP defines a decreasing filtration and a filtered complex for d

<o C FPHIAR c FPAR -
d(FPA%) c FPAKH

ili. If (X7, hi)ier is the hypercovering associated to Ay, one has

FPAk = @ (), Frey, " (3.31)
l

iv. If f: X — Y is a morphism of complex spaces any pullback ®: Ay, — Ay
in R(f) is a strict morphism of filtered complexes for FPAj- and FPA
respectively.

v. The conjugate filtration F7 is defined as
Fak — Fank

vi. FPA% and FPA% are zero for p > k, and are equal to A% for p < 0.

Proof. The definition (3.30) together with the requirement that F? be the
Hodge filtration on the standard De Rham complex proves that FPA' is
uniquely defined and proves also (3.31). The properties (i) and (vi) are trivial.
Moreover (iv) is evident because in the hypercovering language, ® is a family
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of standard De Rham pullback which are all strict morphisms for the standard
Hodge filtrations. Finally, the formula for the d

d(w,0,0) = (dw, do, d0 + (—1)*((w) — ¢(0)))

where 9, ¢ are the inner pullbacks of Ay, proves that d preserves F? , using
a recursion on the dimension. O

The filtration FP (as well as F'?) induces a filtration on the subspace W, A%
by

FPW,, A% = FPA% nw,, A% (3.32)
FP F4 induce filtrations on the complex F(X , AX) and also filtrations on the
cohomology H*(X,C):

ker { d: T(X, FPA%) — D(X, FPAK) )

FPH*(X,C) =
(%) dU(X, A1) N (X, FrAk)

(3.33)

3.9 Pure Hodge structures on the spectral sequence

In this section, we suppose that X is a (B)-Kéhler space. Let us recall from
part I, chapter 7 that this means that there exists a modification X’ — X
where X’ is a compact Kahler manifold. Let us recall from chapter 2, theorem
2.10, that we can work with complexes A’y whose associated hypercoverings
are Kabhler, i.e. are formed by compact Kéhler manifolds.

Let X be a (B)-Kéhler space, and let us consider Ay in R(X) with an
associated Kéhler hypercovering (X, hy).

Lemma 3.5. The filtrations FP, ['? induce on Ein’k a pure Hodge structure
of weight k +m
EMt = P (EPXO))P
{p+a=k+m}

where

(E{n’k(X))p’q _ @ HP(X))

{—a(®)=m}

and HP1(X;) are the Dolbeault groups of X (see part I, chapter 5). Moreover
the differential dy : Efl’k — E{nfl’kﬂ 18 a morphism of pure Hodge structures
of weight k +m

dy: EMF(X)Pa — EmoLRL (X )pa

and so is a strict morphism for the filtrations FP (or F9) on EI”k Finally if
f: X =Y is a morphism, a pullback Ay, — Ay in R(f) induces a morphism
of pure Hodge structures E"*(Y) — E7"*(X), hence it is strict.
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Proof. We know by lemma 3.3 that E{" *is the cohomology of the graded
complex of global sections of

A _
Wals _ @y g 530
W1 L
{leL:—q(l)=m}
so that
EM = P HO(X,C)

{1€L:i—q(1)=m}

Moreover, FP and FY induce filtrations on the sheaf (3.34) which are the
standard Hodge filtrations on the De Rham complex of each X;:

WA

— h)) ER4

Wn_1Ay @ (7). E%;
{p+g=k+m,—q(l)=m}

So, taking the cohomology of the quotient complex, we see that the filtrations
FP, F9 induce the Hodge filtration on the cohomology of each X;. Because X;
is a compact Kahler manifold, this induced filtration gives the usual Hodge
decomposition
H**™(X,,C)= € H(X) (3.35)
ptq=k+m

Then we can write

K Jkyp,
Et = @ (B
{p+q=k+m}

where

B @ H)
{teL:—q()=m}

The differential d; has been constructed in lemma 3.3, formulas (3.20) and
(3.21). Take an element [7] = ®[m] of EJ"*(X), with m, € I (X, Efgq(l)), dm =
0, —q(l) = m, hence [m;] € H**™(X;,C). We decompose this cohomology class
[m] in pure types according to (3.35):

[m] = Dfp+g=k+m} [Wfﬂ]

where 71" is a d-closed form of type (p,q). Then according to lemma 3.3,

formula (3.21):
k ;
dy (@[7”]) = |:(I)§n)—1 (@{erq:m,fq(l):m}ﬂ'l/(p q)ﬂ
where Wl'(p’Q) is defined as in (3.20):

,n_l/(;D,lZ) _ 7Tl(;D,lZ) if —q(l)=m
Wl/(p’q) =0 if —q(l)#m
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But by definition (3.14) @ﬁfll is a combination of standard De Rham pullback
and so it transforms a form of type (p, ¢) into a form of type (p, q) so that

di: (B{"h)Pe — (B e
which means that that d; is a morphism of pure Hodge structures. [l

Theorem 3.1. The term E;”’k of the spectral sequence associated to the fil-
tration W, on I‘(X, AX) carries a pure Hodge structure of weight k +m for

the natural filtrations induced by E7" s
Byt = P (B (3.36)
ptq=k+m

where
ker { dy: (Einf’“)pﬁq _ (Er*17k+1)p,q }
(BgHyp =

im { dys (BT e (B e )
Moreover the differential
d :Em,k _>E'm—7',k+1

1s identically zero for r > 2, that is, the spectral sequence degenerates at the
level 2, in particular
EmE = EMF forr > 2

If f: X =Y is a morphism, a pullback Ay, — Ay in R(f) induces a mor-
phism of pure Hodge structures

EPH(Y) — BN (X)
which s strict.

Proof. Ey"* is the cohomology of the complex (E{™’,di) so that Ey* is
bigraded by

ker { dy: (Eka)m N (Ein—l,kﬂ)p?q }
m,k\p,q _
(Ey )P =

im { dy: (Eierl’kil)pvq — (E;n’k);ﬂ,q }

and (3.36) holds by proposition 1.4 of part I, chapter 1.

Next we show that d. = 0 for » > 2. We proceed by induction on 7, the
case r = 2 being included in the proof. We assume that do =---=d,_1 =0
which implies that E™* = B ’k, and that the natural bigrading of E™*

ker { dpr—1: (E:E]f)p’q — (E;”__lr"'lvk"‘l)p,q }

im { dr_1: (E;n_tr_l’k_l)p’q — (Eﬁlf)p’q }
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coincides with (E;"’k)p’q.
We want to compute d,.(a?9) for an element a4 in (E™k)P4. In fact, we
i q 3 m,k , 1
start with (101 in (BP9, [r O] = @)zl

r VP e HPUX)) p+g=m,—q(l) =m

7% is a d-closed form on X; and dq[7(V]P? = 0. So we know that the (p, q)-

forms @gll(w(l))b are exact (see lemma 3.4). Applying theorem 5.11 of part

I, chapter 5 to the compact Kéhler manifolds X; we deduce that ‘bfﬁ)_l(w(l))bl
are the differentials of forms of type (p,q — 1):

k a—
By (1), = doy) Y (—g(br) = m— 1) (3.37)
Continuing the construction, finally we reach 7(") such that

P = (™) (=q() = m)
Pyan™ = (wpPY) (—g(b) =m—1)

Pir™ =0 l<m—(r—1)

P ey = (w0 (g, y) = m— (r - 1))

with the types as indicated. It follows d,(a?9) = dr(") € (Em*)P4=7+1 On
the other hand, we can repeat the above procedure taking in (3.37), instead

of a form w(l)(p’q 2 , a form wlgl)(p L9 such that
By (1), = duoy) T (g(br) = m— 1)

and then obtain /(") with

P ™ = (mP0) - (—q(1) = m)
melﬂ'/(r) = (wéi)(p—lﬂl)) (_q(bl) =m — 1)

Pm—(r—l)ﬂ—/( r) _ ( (r—=1)(p—(r—1), Q) (—q(by_1) =m—(r—1)

br—1

P’ =0 l<m—(r—1)

Again we find that d,(a??) = dr'(") € (Emk)p—r+la,

Since (EMk)pa-rtin(Emk)p=r+la = (0) for r > 2, we conclude d,.(a??) =
0 for r» > 2.

The assertion about the pullback is left to the reader. [l
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3.10 The Hodge filtrations on E™*

We recall that we are supposing that every X is a Kédhler manifold.
On each term E™* = E™F(X) of the spectral sequence of the filtration
W, there are two kinds of filtrations:

e The direct filtrations Fy, F1, induced by the filtrations F and F of
the complex F(X , A'X); precisely here E™* must be considered as a
quotient of the subspace Z™* C F(X, WmAlj()

e The recursive filtrations Fy, F3 induced recursively on E™* considered
as the cohomology of the complex (E" ]f, dr—1).

It is clear that on EJ"* and E"* the filtration Fy (resp. Fi) is identical
to the filtration Fy (resp. F). Moreover it is easy to prove that F} C Fy,
F1 C F2

It is clear also that the filtrations F; and Fi, as well as F» and Fq, are
conjugate.

Lemma 3.6. We suppose that X is a (B)-Kdhler space, and all the mani-
folds X; of the hypercovering of Ay are compact Kihler manifolds. Then the
morphisms

do: EyV* — By

are strict for the filtrations F and F.

In fact by (3.18) and (3.19) EJ"" = = @Dicr—g)=m} (Xl,é'k q(l)) and do

is the direct sum of the differentials d: I‘(X Ek Q(l)) — I‘(X 5;7_1 Q(l)) on
each X, so it is strict by part I, chapter 5.

Theorem 3.2. We suppose that X is a (B)-Kdhler space, and all the mani-
folds X, of the hypercovering of Ay are compact Kihler manifolds. On E™F
the filtration Iy (resp. F1) is identical to the filtration Fy (resp. Fa).

Proof. Because F; and F'1, F» and F,, are conjugate, it is sufficient to treat
the case of F7 and F». We already know F; C F3, so we need to show Fy C F}.
We shall denote by F' the filtrations Fy, F», when they coincide.

We proceed by induction on r. Let us suppose that the conclusions are true
for s < r and let us prove it for r» + 1.

For simplicity we write LF = F(X7 A’)“()

Let o € F“Eﬁ]f, there is a representative of a in FAE™* Nkerd,., i.e. an
element z € FeZ™* C F*W,, L* with d.[z], = 0; we have dz € W,,,_,.L**1 N
FeW,, LFt! so that

dx € F*W,,_,LF (3.38)
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d,[z], = 0 gives
de = day + 21, 1 € ZIVF, 5 e Zzm T bR (3.39)
Then we get successively by theorem 3.1: d,_1[z1],—1 = 0 so that

dxy = dey + 29, T2 € Z" 08, 2 € Z AT (3.40)

dr,_o = dx,_1 + 2,_1, Tr_1 € ZT7T+1’k, Zr—1 € Zlmf'ul’]“rl (3.41)
From the above equalities we find that
dr,_1 =dzr mod Zgn_r_l’k'|r1 = Wy LFH1 (3.42)

Since z,_1 € ZT7T+1’k, we can compute di[x,—1];. It follows from (3.42)

and (3.38) that d [z, 1]1 € F*E"""". But d; is a morphism of pure Hodge
structures (lemma 3.5), hence it is strict for F. Therefore there exists x]._; €
Foz" "R with dy [ 1)) = dafze_1]1, that is

de,_y =da!_ +dy+2, yez]" ", 2 ezl (3.43)
Note that
da!._, € FWy_p i LK W, . LMY ¢ oW, LF! (3.44)

We obtain an element [y]o € Ej*~ ", and from (3.42), (3.43), (3.44) we get
dolylo € F“Eg”fr’k. Since dy is strict by lemma 3.6, we find y' € FeW,,,_,.L*
with dolylo = do[y']o or

dy =dy' + 2", 2" € Wy_p_1 LF? (3.45)
From (3.38)...(3.45) we obtain

r—al_, —y € F'W,,L"

and

dx — 2. —y') € Wy LF!
so that @ — 2/ _; —y' € FoZ™ and its class in E/"’} is a. This proves the
theorem for r + 1. O

It follows from the theorem 3.1 that there are isomorphisms

W, H*(X,C)

gk _TmTt o )
2 Wmlek(Xa (C)

(3.46)

The cohomology space H*(X,C) carries a Hodge filtration (3.33), which we
name for the moment F, to avoid confusion. Precisely

FPH*(X,C) = FPH* (X, Ay) (3.47)
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Theorem 3.3. Under the same assumptions as in theorem 3.2, let Fy be the
direct (or the recursive) filtration on Ey" ’k, and F, be the filtration induced

on E;n’k, under the isomorphism (3.46), by the filtration F,. given by (3.47).
Then Fy = F.,.

Proof. As in the proof of the previous theorem, let LF = I‘(X, A’)“() The

isomorphism (3.46) means the following. Let z € ZJ" ’k; then there exists
2’ € W, L* with dz’ = 0 and

- - C1k—1 1
o =x4di4z gez VN sezh
or
¥=x+z

where the symbol = means cohomologous.

Let o € FPEY"F; there exists # € FPW,,L* with dz = 0, inducing « in
EPF ~ %. It is clear that z € ZJ"* so that z € FPW,, Lk N
ZyF = Frzy*. Hence a € F¥Ey*. This proves F, C Fy.

Conversely, if a € FgE;”’k there exists € FPZJ"* inducing a. By the
isomorphism (3.46) there exists 2/ € W,,, L* with dz’ = 0 and

t=x+z zez b (3.48)
Let [z]; € B ¥ be the class of z. By (3.48) we have
dz = —dx € FPW,, LF+!
and since dz € W,,,_s L*t! we obtain
dz € Wi o LM 0 FPW,, LMY C FPW,, o LFH!

Thus di[z]; € FPEI'L*Z’]CH. Since dy is a strict morphism for F', we find
T, € FpZIn_l’k with dy[z]1 = di[z]1, or di[z — x1]1 = 0, that is, z — x; gives a
class in E;"_l’k. By the isomorphism (3.46) for m — 1, there is 2" € W,,,_1 L*,
dr" =0, witha" =2—x21 — 21, 21 € Z{nfz’k, or

z=a" +a11+ 2

and by (3.48)
=+ +1+ 2

We remark that the cohomology class of 2 belongs to W,,,_1 H* (where H* =
H*(X,C)), so that it vanishes in the quotient (3.46); thus we write

¥ =(x+x)+2 mod W, H*



202 Differential forms on complex spaces

We note that z +x1 € FPW,,L¥. We proceed as above, finding that d;[z1]; €
FPE 3% and we obtain

¥ =(x+x1422)+2 mod W, 1HF, xz5¢€ F”ZYL_Q’k7 29 € ZI”’_&’“
Going on, because WL = 0 for s <« 0 we finally write
¥=r4+x1+z2+ - +x; mod W,,_1H*

with z; € F’)ZI"*]"]c so that 2’ € FPW,,LF and z’, through W,, H*, induces
«. This proves Fy C F,. O

3.11 The mixed Hodge structure on the cohomology

Theorem 3.4. We suppose that X is a (B)-Kdhler space, and all the mani-
folds X of the hypercovering of Ay are compact Kdhler manifolds. We pro-
vide the cohomology H*(X,C) with the weight filtration W shifted by —k, the
Hodge filtration F induced by the complex of global sections of A, and the

filtration F conjugate to F. Then H*(X,C) carries a mived Hodge structure.
W H"(X,0)

Won—1 HF(X,C)

and thus have a pure Hodge structure of weight m + k:

W H"(X,C)
Wm—lHk(Xv(C) @

More precisely, the graded quotients are isomorphic to E;n’k(X)

ARPa(X) (3.49)
{p+q=k+m}

The filtration induced by F on E;”’k(X) coincides with the direct and the
Wi H* (X,C)

recursive filtration. The Wi T HF(X.0)

are zero for m < —k and m > 0.

(The shift of W by —k is needed to normalize (3.49). In the shifted filtration
W/ = Wy,—_k the formula becomes

W HEX,C) o S
/ k
that is, the quotient % has weight m, as expected).
m—1 ?

The proof follows immediately from theorems 3.1, 3.2 and 3.3.

Theorem 3.5 (Functoriality of the mixed Hodge structures). Let X, Y be
(B)-Kdihler complex spaces, f: X —Y a morphism, and ®: Ay, — Ay a pull-
back in R(f). We suppose that the hypercoverings associated to Ay and Ay
are Kdhler. Then ® induces for r > 1 a morphism of pure Hodge structures

EPMY) — BME(X)
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Moreover ® induces on cohomology the natural pullback f*: H*(Y,C) —
H*(X,C) and f* is a morphism of mized Hodge structures on cohomology,
hence it is a strict morphism for the filtrations W, and FP.

Proof. 1t is clear by construction that the morphism
M (Y) = EJH(X)

respects the types, hence is a morphism of pure Hodge structures. We know
that ® induces on cohomology the natural pullback f*: H*(Y,C) — H*(X,C),
hence f* respects both the filtrations W,,, and FP?. O

Theorem 3.6 (Uniqueness of the mixed Hodge structures). Let X be a (B)-
Kdahler complex space, and let A')’(1 , A')’(2 € R(X), such that the associated
hypercoverings are Kdhler. Then A')’(1 and A')’(2 induce identical mized Hodge

structures on the cohomology of X .

Proof. By the property of filtering for (B)-Kéhler spaces (see chapter 2, the-
orem 2.10) there exists a third A’y € R(X), whose associated hypercovering
is Kéhler, and two pullback ®; : A')’(1 — Ay, @o: A')’(2 — A’y corresponding to
the identity. We conclude by the previous theorem and the fact that a mor-
phism of mixed Hodge structures which is an isomorphism of vector spaces
(in our case: the identity) is an isomorphism of mixed Hodge structures. O

Remark. Let X be a (B)-Kéhler manifold, which is not a Kéhler manifold
(for example: a Moishezon manifold, an algebraic manifold which are not
projective). Then the hypercovering associated to the De Rham complex £y
consists of the single manifold X, hence is not Kahler. Thus we cannot use
the De Rham complex to detect the mixed Hodge structure of X.

3.12 The Mayer-Vietoris sequence
We consider a (B)-Kéhler space X and a complex Ay = £ @A ®AL(-1)
in R(X), whose associated hypercovering is Kahler. Let (X, E) — (X, E) be
the modification corresponding to Ay. We define morphisms of complexes
U:0e A —(0,0,0) € A%
D: (w,0,0) € A — (w,0) € €L @ A}
0: (w,0) € EL @ A — (—1)*((w) — ¢(0)) € AL

where 1, ¢ are the inner pullback of A’y. The above morphisms induce mor-
phisms in cohomologies. Then
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Theorem 3.7. The morphisms ¥, ®, © induce in cohomology the Mayer
Vietoris sequence:

o HR(X,C) — HY(X,C) @ HN(B,C) —2
(3.50)
—— HY(B,C) —— HH(X,C) —— -+

The morphisms ® and © are morphisms of filtered spaces for the filtration
W and ® is a strict morphism for the shifted filtrations W,, H*(E,C) —
W1 HF (X, C).

The proof is almost evident. The fact that ®, © respect the filtration W
comes from the fact that they do so at level of complexes (as to ©, we recall
that the pullback respect the degrees of the forms). The fact that ® is a strict
morphism for the shifted filtrations is obvious by the definition.

Theorem 3.8. Let X be a (B)-Kdhler space, and Ay =& & Ay ® A (1)

a complex in R(X) whose associated hypercovering is Kdhler. Let (X,E) —
(X, E) be the modification corresponding to Ay. Let us consider the Mayer -
Vietoris sequence (3.50).

i. The morphisms ® and © are morphisms of mixed Hodge structures for
the filtrations Wy, and F? induced by the complezes Ay, 5;(, Ay, AE on
the corresponding cohomologies.

1. U is a morphism of mixed Hodge structures with a shift of the filtration
Wi by —1, d.e.

U: W,,H*(E,C) — W,,_1H*"1(X,C) (3.51)
and, up to this shift, ¥ induces a morphism of mized Hodge structures.

1. For any k,m < 0,p,q with p+q = k+m, ®, ¥, O induce an exact
sequence

s ARpa(X) =2 ARpa(X) @ ARPa(B) —2

—— ARPa(E) v, FLARID o u—_

the spaces Ak:pa being defined as in (3.49) for the various spaces X, X,
E, E using the mized Hodge structures induced by the complexes Ay, 5}2,
Ay, A'E. In particular,

HPY(X) ifm=0

AP (%) = { 0 ifm<0
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Proof.

i. ® and © are combinations of pullback and so they induce morphisms for
the filtration W,, and F? on cohomologies, and as a consequence, they
define morphisms of mixed Hodge structures.

ii. On the other hand, also V¥ is a linear combination of pullback, but a
manifold X, in the hypercovering of A% with —qp(c) = m, becomes a
manifold in the hypercovering of A’y with —¢x(¢) =m —1 (and the form
of cohomological degree k becomes a form of cohomological degree k+1,
although the actual degree of forms remains unchanged). This proves
(3.51) and then assertion (ii).

iii. is a consequence of the results of part I, chapter 1 for exact sequences of
morphisms of mixed Hodge structures. O

3.13 The differential 4 is a strict morphism for the fil-
tration F?

Theorem 3.9. Let X be a (B)-Kdhler space, and Ay = &, & A ® A (1)

a complex in R(X) whose associated hypercovering is Kdahler. The differen-

tial d: I‘(X, A’)“() — I‘(X, A])C(H) is a strict morphism for the filtration FP.

Equivalently, the spectral sequence associated to filtration FPT (X , AX) on the

complex I‘(X, AX) degenerates at F1.

Proof. As usual, the proof is by recursion on the dimension of X . Let

(0,0.0) € T(X, &%) @ T(B,Al) @ T(E, AL )

so that
d(w,0,0) = (dw,do,df + (=1)*((w) — ¢(0)) (3.52)
where 9 and ¢ are the inner pullback of the complex Ay. Let us assume that
d(w,0,0) € FPT (X, ARH) (3.53)

In particular dw € FPT (X, 8;“); since X is a compact Kéhler manifold, so

that d: F(X,E;%) — F(X,E;H) is strict (theorem 5.9 of part I, chapter 5),
we can write

w=w'+9Q, W eFT(X,EL), d2=0 (3.54)

Moreover, again by (3.52), (3.53) we see that do € FPT (E, A};™); by recursion
on the dimension, we can assume that d is strict for the complex F(E,A'E)
with its filtration FP, so that

c=0'+3%, o €FI(E,A}), d=0 (3.55)
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From (3.52),(3.54), (3.55) one has

df + (~1)" (¥ (w) — é(0))
= df + (=1)" (¥(«') = 6(0”)) + (=1)" (¥(Q) - &(2))

In the above equation by hypothesis (3.53) the first member is in FPT’ (E, A%)

and by construction also (¢(w') — ¢(0”)) € FPT (E, A%) because the pullback
are morphisms of the F? filtrations. As a consequence the form p defined by

p=df + (~1)*(¥(w) = 6(0)) = (=1)* (¢¥(&') = 6(0"))

has the property

(3.56)

n k
p e FPT(E,AL)

and using (3.56) we have also
p=do+ (~1)F(B(Q) — (%) (3.57)

so by (3.54) and (3.55) dp = 0. Hence, p defines an element of H*(E,C)
which, by (3.57), is cohomologous to (—1)F (1/(Q) — ¢(%)).

Now the morphism ©: H*(E,C) @ H*(X,C) — H*(E, C) satisfies by def-
inition

0(2,3) = (-1 () - 4(2))

Moreover, © is a linear combination of pullback and so, is a morphism of mixed
Hodge structures (see theorem 3.5). From the results of part I, chapter 1, ©
is strict for the filtration FP. This means that [p], which is in FPH*(E,C),
can be rewritten as

p=df + (=1)*((Q) — $(X))

! 3.58
€ FPI(X,&%), ¥ € FPT(E,AR), d9 =dY' =0 (3.58)

Then, p— (—1)*(4 () — (%)) is exact and is in FPT’ (E, A%) By induction
on the dimension, we can assume that d is strict for the complex F(E,A'E)
for the filtration FP, so there exists a 0 € FPT (E, A%‘l) with

p=d0" + (=1 (@(Q) - 4(2)
Finally, one can write
d(w,0,0) =d(w' + Q0" +5,6")

with
(W + @, 0" +5,0") € FPT (X, A% )

which proves that d is strict for FP. [l
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Under the assumptions of theorem 3.9 the differential d is strict also with
respect to the filtration W,,, up to a shift by +1:

Theorem 3.10. Let us suppose that all the manifolds X; of the hypercovering
associated to N’y are compact Kihler manifolds. Let w € T'(X, A% ) such that

dw € WmF(X, A?fl); there exists 0 € Wm+1F(X, A’§() with df = dw.

The proof will be given (in a more general context) in part III, chapter 4.
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Chapter 1

Residues and Hodge mixed
structures: Leray theory

1.1 Introduction

In this chapter we explain the classical Leray theory of residues and its main
applications. The context is the following. Let X be a compact complex
manifold, D C X a smooth divisor, i.e. a smooth complex hypersurface.
We are interested in the differential forms w on the open set X \ D having
logarithmic poles along D; they are called logarithmic forms. This means that
in local coordinates around any x € X we can write

dz
w=aAN—+p0
z
where z = 0 is the local equation of D. The Leray residue of w is the restriction

Resw = a|p

which is, in fact, a global form on D. The differential dw of a logarithmic
form is logarithmic: locally we can write dw = da; A % + dg, so that

Resdw = da|p = dResw

hence the residue commutes to the differential. The above definition has a
local nature: we can define a logarithmic form on Y \ D for any open subset
Y C X. It follows that the sheaf £% (log D) of the logarithmic k-forms is well
defined, and £y (log D) is a complex of fine sheaves on X (the reader should
take note: on X, not only on X \ D). The logarithmic forms are particular
differential forms on X \ D, hence we have an inclusion

Ex (log D) C puEi\p

where p: X \ D — X is the natural inclusion map. A theorem due to Leray
states that the above inclusion of complexes induces an isomorphism in coho-
mology. This means exactly the following local statements: let U be an open
neighborhood in X of a point # € D, isomorphic to a ball in CV; then

211
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e every closed differential form on U\ D is cohomologous to a logarithmic
form;

e every logarithmic differential form on U \ D which is exact, is the dif-
ferential of a logarithmic form.

(Actually, Leray himself did prove only the first of the above statements).
The main consequence of the above result is that the cohomology of X \ D
is the cohomology of the complex of global sections I‘(X, Ex (log D)):

H*(X,Ex(log D)) ~ H*(X \ D,C) (1.1)

On the other hand, since the residue commutes to d, it can be considered as
a morphism of complexes

Res": % (log D) — £571
which passes to the cohomology spaces:
Res": H*(X \ D,C) = H*(X,Ey(log D)) — H* (D, C)

Leray proves that the above morphism is surjective, and that its kernel is
exactly the image of H*(X,C) by the pullback p*; the induced map

, HY(X\D.C)

k—1
Res': — s~ H(D.0) (1.2)

is an isomorphism.

Let us suppose that X is compact and Kéhler. The isomorphism (1.2)
points out in particular that the quotient of H*(X \ D,C) by p*H*(X,C) is
isomorphic to the space H*~1(D,C), which lives on a compact and Kihler

manifold D, so that classical Hodge theory applies to it. Hence the quotient
H*(X\D,C)
p*H*(X,C)
to interpret the results of Leray in terms of mixed Hodge structures on the
cohomology of the (noncompact) K&hler manifold X \ D: we introduce a
weight filtration W on £ (log D), which induces by formula (1.1) a filtration

on H*¥(X \ D, C); we obtain that the nonzero quotients are

WoH*(X\D,C) _ H*X,C) WiH"(X\D,C)

Wlek(X\D,(C) o 1mfygj)2( ’ Won(X\D,(C)

inherits from H*~!(D,C) a pure Hodge structure. This leads us

~ ker 'ykDf)l(

The spectral sequence E21 ok corresponding to the filtration W induced on the
complex of global sections F(X ,Ex (log D)), degenerates at level 2 for trivial

degree reasons, so that Ey * and E} ** coincide with the above quotients. The
first term of the spectral sequence carries a natural pure Hodge structure,
induced by the Hodge filtration on the complex of forms, and d; is a morphism
of pure Hodge structures. It follows that also Ej" ** as the cohomology of
ET" * carries a pure Hodge structure; hence H ¥(X \ D,C) carries a mixed
Hodge structure.
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1.2 The standard logarithmic De Rham complex

In this section, X is a complex analytic manifold of dimension n and D is a
smooth divisor, i.e. a smooth hypersurface of X, so that at each point z € X,
one can find complex analytic coordinates (z = 21, ..., 2,) in a neighborhood
U of x, such that the local equation of DN U in U is z = 0.

1.2.1  Definition of & (log D)
If x is a point in X \ D, we define

Exp(logD) = Ex ,

i.e. the usual De Rham complex of differential forms on X at z. Let = be a
point in D and U a neighborhood of = in X, such that the local equation of
DNU in U is z = 0. We define

Exalog D) = 5, { T (1)

Le. the &y ,-module generated by the logarithmic differential % of the equa-
tion of D through z. The differential d is defined as usual. That is, the
complex (Ek’zﬂog D), d) induces a subcomplex of the De Rham complex of
X \ D, i.e. there is an injection:

(Ex.o{log D). d) = (p.Ex\ps ) (1.4)

where p: X \ D — X is the natural map.

Note that £%(log D) is a fine sheaf defined on all of X. A section of
E% (log D) on an open set U C X will be called a logarithmic differential
form of degree k on U.

1.2.2 Filtration by the order of poles

We shall now define an increasing filtration W on £ (log D), called the
weight filtration, in the following way

0 forl<0
WiEx(logD)y =4 Ey forl=0 (1.5)
Ex(logD) forl>1

It is clear that the filtration W is compatible with d:

d(W,E% (log D)) ¢ WiEXH (log D) (1.6)
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By (1.6) the above filtration induces a filtration W, H* (X, £ (log D)) in coho-
mology. The filtration (1.5) induces also a filtration on the complex of global
sections I'(X, £ (log D)) by

WiT'(X,Ex(log D)) = T'(X, W,Ex (log D))

and a spectral sequence denoted by EL* with first term

Lk I'(X, Wik (logD)) \ Wi (log D)
Byt =H” (F(X, Wz_183<<10gD>)> = f* (X, —W11§5(<1ogD>) (1.7)

W, E% (log D)

The second equality in the above formula holds because the Wi e (log D) AT€
- X
fine sheaves, so that we have isomorphisms
I(X, W% (logD)) r (X W,E% (log D) )
I'(X, W15 (log D)) " Wi-1E%(log D)
The spectral sequence converges to the graded cohomology
W H*(X,E (log D)) (1.8)
Wi_HF (X, Ey(log D>) '
e . W, €5 (log D)
By the definition (1.5) the quotients 7W1_1§;((10g Dy are
0 forl+#0,1
WiEx(logD) ) Ex forl=0 (1.9)
W1 (log D) & (log D)
== forl=1
Ex

The only nonzero Eik are Ellk = H* (X, %) and E(l)’k = H*(X, &),
so that the only relevant differential d; is "

(log D)

d: EVF = HF (X, Ex 5 > — EPFT = HMY(XEy) (1.10)
X

Using (1.7), Ei’k appears as the cohomology of the graded complex

T(X, Wi (logD)) 4, T(X, Wi (log D))
I(X, W;_1E% (log D)) I(X, W_1E5 (log D))

where dy is induced by d. We take an element [[x]] € E;**. Tt corresponds to
an element 7w € F(X7 Eé% (log D>) such that dm € F(X, 8;“(“). Moreover the
dp of the class of dr is obviously 0, so dr gives a cohomology class [dn] €
HFY(X,Ey) = EY*1 depending only on [[x]] and not on the other choices.
Hence d ([[7]]) = [dn].
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1.3 Residues (classical Leray theory)
Definition 1.1. We have introduced in part I, chapter 6 the (Leray) residue

Res® = Res: % (log D) — 571 (1.11)

in the following way. Let w be a section of £ (log D) and let (z = 21,..., z,)
be a coordinate system such that the local equation of DNU in an open subset
UcCXisz=0,sothat in U

d
w:oz/\?z+ﬁ (1.12)

« (resp. () being a regular differential form of degree k — 1 (resp. of degree
k) on U. We define
Res"w = a|p (1.13)

It is easy to see that Res"w is a well defined (k — 1)-form on D, which does
not depend on the choice of the local coordinates. In particular, for any open
set V C X, the morphism Res” induces a morphism of global sections on V

Res": T'(V,E% (log D)) = T(V N D, g5 (1.14)
Lemma 1.1. Res® commutes with the differentials d, 8, and 8, and
Res"(£5) =0 (1.15)
so that one has an induced map
Res": g;c(@%;m — Ept (1.16)
which can be rewritten as

k. W15 (log D)

Rest: X\ 082)
7 Wok (log D)

— gt (1.17)

The proof of the above lemma is a simple local computation on the formula
(1.12) (see part I, chapter 6, lemmas 6.1 and 6.2).

1.3.1 The residues in local cohomology

Lemma 1.2. Res® induces an isomorphism of the cohomology sheaves

Ex (log D)

Res”: H* (
gX

) — HFLE, (1.18)
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Proof. First we notice that H*1€;, = 0 except for k = 1, where it is Cp,
because £, is the De Rham resolution of the constant sheaf on D. Moreover
for k < 1, both sides of (1.18) are trivially 0. Finally, the statement of
lemma 1.2 is purely local. So we can consider the situation where X = U
is a polydisk in C" and D is defined by z = 0. We consider a k-form w of
&% (log D) with poles of order < 1; w is given by formula (1.12), where we can
suppose that 3 = 0, because we are working modulo £%. Let us suppose that
w defines a local cohomology class of the graded complex; this means that dw
is a (k 4 1)-form with no poles. Since

d
clw:clomjz (1.19)

it turns out that da is in the ideal generated by z and dz. Clearly in o we can
rule out all the components containing dz. Because we are working locally in
a small polydisk, we can consider a Taylor expansion of @ modulo the ideal
generated by z and dz:

a=ap+ (Zog +dzAaz) =g + o (1.20)

where ag contains only the coordinates za,- -, z, (here z = z1), and their
differentials, and o1, a2, do not contain z nor dz; but da is in the ideal
generated by z and dz so that from (1.20)

dag =0, da' =0 (1.21)

a) If k —1> 0, ag and o’ have positive degree, so that, by Poincaré lemma
in n — 1 and n variables respectively we can assume that

ag = db, o =do' (1.22)

where 6 is a differential containing only z; for j # 1. Then we see that

d
w:d((9+9’) /\—Z)
z
which proves that the cohomology sheaf of the graded complex is 0 if
k—1>0.

b) If k—1 = 0, equations (1.21) tell us that « is a constant and the cohomology
sheaf of the graded complex reduces to Cp, which is also H°&},. O

As an immediate consequence of lemma 1.2, we obtain

Theorem 1.1. For any open set V of X the morphisms Res” induce natural
isomorphisms:

Res": H* (M%) — H"Y (VN D,E&p) (1.23)
X
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Ex (log D
Ex(log D) o8 ) and
X

Ep(—1) (extended by 0 outside D). Each of the complexes induces a spectral
sequence of hypercohomology:

HP (V,Hq <753<<if?gD>>> . prta <V7 5}<<19gD>)

X gX
HP(V,HIEL(—1)) = HPHI(V,Ep(—1))

Proof. On X, we consider the two complexes of fine sheaves

By lemma 1.2 the cohomology sheaves H4 (%) and HIE,H(—1) are

X

isomorphic (by Res'). So in the limit we find that H* [V, % and
X

H* (V, E'D(—l)) are isomorphic. But this last cohomology is H*~! (VOD, E'D)
by De Rham theorem. [l

Remark. By lemma 1.2 the morphisms (1.11), (1.16) (or (1.17)) are surjective;
the morphism (1.16) is not injective.

For example the residue of the form w = 24 is zero, though w ¢ £%.

1.3.2 The residues in global cohomology

On any open set V C X, we have the morphism Res” of global sections
given by (1.14), which commutes with d. This morphism induces a morphism
of the filtered cohomology of the complexes, which we denote

RES*: H*(V, &k (log D)) — H**(V n D,C) (1.24)
Theorem 1.2. The kernel of RES* is WoH" (V, £y (log D)).

Proof. Note that WoH*(V, &y (log D)) is the image in H*(V, €y ) under the
map induced by the injection £y, — £ (log D). Obviously, because of (1.15),
the kernel of RES” contains Wy H* (V, Ex (log D)) Conversely, let w be a d-

closed logarithmic k-form whose cohomology class [w] goes to 0 through RES*.
Let
& (log D) ) B I (V, &% (log D))
& ) T(V.éEY)

be induced by w. Our hypothesis says that w has a residue 0 in cohomology
of D, so that the isomorphism (1.23) of theorem 1.1 shows that

weF<V,

(V.5 ' (log D))
r(v, 5t

w=d7, S

This means that
w=dy+0
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with
yeT(V,E5 Y log D)),  0eT(V,&%)
hence the cohomology class [w] is in WoH"(V, £y (log D)). O

1.3.3 The cohomology of X \ D

Let W be any open set of X , in particular X itself. Then (EX\D, d) can be
used to calculate the cohomology of W\ D, by standard De Rham theorem.

Theorem 1.3. One has a natural isomorphism induced by the morphism of
inclusion p: X\ D — X:

H*(W,Ex (log D)) ~ H*(W, p.Ey\ p) ~ H* (W \ D,C) (1.25)

or in other words the cohomology of W\ D can be calculated as the cohomology
of the complex of sections (I‘ (VV, Ex (log D)),d) of Ex(log D).

First we note that the second isomorphism in the above formula (1.25) is a
consequence of the theorem of De Rham for the standard De Rham complex.
Both complexes £ (log D) and p.& }(\ p induce spectral sequences on W:

HP (W, H1E (log D)) = HPT1(W,Ex (log D)) (1.26)
HP (W, Hp.Ex\p) == HPT(W, p.Ex\ p) (1.27)

It is sufficient to prove that the natural morphism of the cohomology sheaves
HIE (log D) — qu*é‘}(\D

is an isomorphism (so that the limits in the formulas (1.26) and (1.27) will be
isomorphic). This is a local statement. The conclusion will follow from the
following

Lemma 1.3. Let U be an open set isomorphic to a polidysk in C™ such that
the equation of DN U is z1 = 0. The morphism of complexes

I'(U,Ex(log D)) = T(U\ D, &)
induces an isomorphisms of their cohomologies.

Proof. Let A be the unit disk in C; then U\ D ~ (A (0)) x A", so that
H’“(U \ D,El']) is 0 for £ > 2 and is C for kK = 0,1. Hence it is enough to
prove that also H¥ (U, Ej(ﬂogD)) is 0 for £k > 2 and is C for £k = 0,1. The
case k = 0 is trivial.

Let us remark that if £ € F(U ,E §() is a closed smooth form, by the classical
De Rham theorem & = du, pu € I‘(U, 5;“{1).
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Let w € I‘(U, €§(<10gD)) with dw = 0. Let us suppose first &k > 2. If
w € WOF(U, 8§(<logD>) = F(U,Eé“(), then w = dn, n € F(U,Ef{l) by the
above remark. If w € W1T'(U, €% (log D)), Res” w is a closed (k — 1)-form on
U N D, which is exact because H’“_l(U N D,E'D) = 0; by lemma 1.2 there
exists € Wlf(U,Ef(_lﬂogD» such that w = dn+¢, £ € I'(U,€%). Now
dw = 0 implies d¢ = 0, so that, as above, £ = du, p € I‘(U, 5;“{1), and finally
w = d(n+ p), that is: H*(U, £y (log D)) = 0 for k > 2.

For k = 1 similar methods show that w is cohomologous, up to a multi-
plicative constant, to dz—zll, so that H! (U, Ex (log D)) = C (generated by the

class of 421). O
z1

1.4 Residues and mixed Hodge structures (the case of a
smooth divisor)

1.4.1 Hodge filtrations and residues

If M is a complex manifold, we recall that any differential form 7 of degree
k can be written using complex coordinates as

T = Z mrydz Adz? (1.28)
[I|+|J|=Fk

We say that 7 has type > p, if one has |I| > p in the sum (1.28) and we define
FPER, as the space of k-forms of type > p. This defines the decreasing Hodge
filtration

...FngI\C/I DFerlgI’\C/I SRR

and d respects this filtration. The conjugate filtration is defined by saying
that m € FI€X, if |J| > ¢ in the sum (1.28) or in other words

Figy, = Fagk,

In our case, we define on the De Rham complex of the manifold D, the
usual Hodge filtration
FPEL

and the conjugate filtration
Fagh = pagk (1.29)
so that we can define a shifted filtration on the complex shifted by —1, namely

CDpPek (1) = Froigh! (1.30)
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as well as a shifted conjugate filtration
CDpagh(—1) = Frtlert (1.31)

If X is a Kdhler compact manifold, D is also compact Kahler and the Hodge
filtration of the De Rham complex induces a pure Hodge structure on the
cohomology of D. Indeed, one has

H*(D,C)= €p F*F"H*(D,C) (1.32)
a+b=k

This means that the shifted filtrations of (1.30), (1.31) induce also a pure
Hodge structure, namely (1.32) can be rewritten as

Hk(D, (C) _ @ (71)Fa+1 (71)Fb+1Hk (D, (C)
a+b=k
Renaming the indices, we obtain
H"Y(D,C)= & CVF* CVF'H*(D,C) (1.33)
a+b=k+1
where we notice that the direct sum of (1.33) is taken over pairs (a,b) with
a+b=Fk+1 (instead of k — 1 as usual). That is, H*~!(D, C) equipped with

the (—1)-shifted filtrations, acquires a pure Hodge structure of weight k + 1.
We also define filtrations on £ (log D) by

Y pegy (log D) = FEy (log D)

_ _ 1.34
VR (log D) = FP~1E% (log D) (1:34)

As usual in the second members of (1.34), F%, F* denote the standard Hodge
filtrations.

Remark. The filtrations defined in (1.34) are not conjugate. Moreover the
role of ("D Fe (=D F® i5 not symmetric. This is obviously due to the non
symmetric role of d—; in the definition of logarithmic poles. Moreover the
presence of % explains why we need shifted complexes and filtrations in order
to obtain morphisms of filtered complexes, for example in the next lemma.

With the above notations, we deduce immediately

Lemma 1.4. The residues induce morphisms of filtered spaces for the shifted
filtrations

Res': CVFPE (log D) — CYFPEL(—1)
Ex(log D)

Res : D pp <
X

> — CVRPEL(—1)
and also for the F filtrations
Res': CVFIE (log D) — TV FIE, (1)

Res: (V9 <753(<10g D)

> — D Rag(—1)
X
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1.4.2 Pure Hodge structure on E'* = EVF(X)

Recall from part I, chapter 6, that if M is a complex manifold of dimension
n, and j: S — M is the embedding of a smooth complex hypersurface in M,
the Gysin map

')’g‘,M : Hk(sv (C) - Hk+2(M7 (C)

can be obtained via Poincaré duality from the pullback
j* . 1{27171672(]\47 (C) N H2nfk72(s, (C)

It follows that 'yg’ a is real, commutes to conjugation, and is a morphism of
pure Hodge structures of degree 1.

In the sequel, X is a compact K&hler manifold.

Let us consider the spectral sequence ELF = ELF(X) with first term (1.7),

1 Ex (log D ,
whose only nonzero elements are Ey* = HF (X, % and EYF =
X

H* (X € X) Then the only relevant differential d; is

Ex (log D)

d: EVF = HF (X, 5
X

) — EYM = HR(X EY) (1.35)

Proposition 1.1. Let X be a compact Kdahler manifold.

1) The term EY* = H* (X,€x) = H*(X,C) carries its natural pure Hodge
structure of weight k defined by the Kdhler compact manifold X. The term
Ell’k = gk (X, %) carries a pure Hodge structure of weight k + 1

X

induced by the shifted filtrations (Y F, (U defined by (1.34). Hence

EYF = < FPFIp)* (1.36)
ptg=k
Byt = P CYpr CURE” (1.37)
p+q=Fk+1

In particular, the filtrations induced by "D F, CDF on Ei’k are conjugate.
The residue
k
Res : BE;"" — H*"Y(D,C) (1.38)

induces an isomorphism of pure Hodge structures on Ellk and on H*=1(D, C)
for the shifted Hodge filtrations "V F, (ZDF.

2) The differential
dy: EVF — gOA (1.39)

18 a morphism of pure Hodge structures.



222 Mized Hodge structures on noncompact spaces

3) Let dy be the differential induced by dy at the level of residues, namely the
following diagram is commutative

E11k di E?,kJrl
@kl (1.40)
H*1(D,C) L HM1(X,C)
Then dy coincides with the Gysin map 'ykDT)l( of the embedding D — X,
and it commutes with the complex conjugation.

4) d1 is a morphism of pure Hodge structures for the shifted filtrations DF,
=DF on H*Y(D,C) and F, F on H**'(X,C).

In order to prove proposition 1.1, we need a more precise realization of the
inverse of the isomorphism Res” of (1.38) (or (1.23)), at a global level.

We consider the line bundle L on X associated to the divisor D and a
holomorphic section ¢ of L whose zero set is exactly D. We introduce a
hermitian metric | | on L and define

1 1 =
- 91 2 =0 =——0301 2 1.41
n=—g5—0loglol",  dn 5,00 loglo]| (1.41)
so that Q is a C*° form on X which represents the Chern class ¢ (L).

Lemma 1.5. Let « be a (k —1)-form on D.

i. If a has a well defined type, one can find a C*> extension & of a to X,
having the same type as «. Moreover w = & A n is in F(X, EX (log D))
and w has residue o on D.

. If a is a closed form on D, there exists a form & on X, closed in a
neighborhood of D, such that if w = & A n, dw is in F(X, 8@“) and

w defines an element [[W]], € BEI* = H* ( X, %). Moreover dw

X
L in BYFT = HMY(XEy) and the
on D is ezactly the class [o] € H*(D,Ep).

defines the element di[[w]], = [[dw]]
residue of dq[[w]]

1

Proof of Lemma 1.5. Let (W,)aea be an open covering of X such that in each
W, intersecting D, one has a system of complex coordinates z(®):

A0 = (50 @) ) 2 (0 )

such that the equation of DN W, in W, is zia) =0.
Let us consider a|paw,: it is a (k — 1)-form which can be written in terms
of the coordinates 2”(*) only:

04|D0Wa _ Z O‘EIaI)( (Z//(a)) (dz//(a))J A (di/l(a))K (1.42)
||+ K |=k—1
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We can extend a|pnw, from DN W, to W, simply using the second member
of (1.42), as a form o(®. If (8,)ac 4 is a partition of unity of X such that the
support of 3, is in W,, we can define an extension & of a by the formula

a=Y Bua (1.43)

a€A

If o has a well-defined type, a(®) and & have the same type. It is obvious that
the residue of & An on D is &|p = a. This proves part (i) of lemma 1.5.

Let W be an open neighborhood of D in X which is a deformation retract
of D. If « is closed, we can extend a to a closed form o’ on W, and then
(after possibly shrinking W) o’ to a form & on X.

It follows

dv=dannxandy (1.44)
and da A n is 0 on a neighborhood of D. Moreover, by the definition of 7
in (1.41), dn =Q € F(X7 é’f(“) so that dw € F(X7 é’f(“). Hence w gives an

clement [[w]], € E}* = H* (X7 % such that

X

dy[[w]], = [[dw]],
This proves lemma 1.5. |

Proof of proposition 1.1.

Proof of 1). The filtrations "D F, (=D F on the complex I' (X, %)

X
induce corresponding filtrations on its cohomology , which is exactly E11 4 By
lemma 1.4, Res’ is a morphism of filtered complexes for the shifted filtrations
(D fp, D F and it induces the isomorphism Res’ at the level of cohomology,
which is thus a morphism of filtered spaces

(_1)F”E11’k — EDRpPEY(D, C)
(*I)F‘quLk N (*l)lf‘qufl(D7 C)

By (1.33), H*=1(D, C) carries a pure Hodge structure of weight k + 1. Since
Res’ respects the types, Res” induces morphisms of subspaces

Res®: CVpr COpaplh GO pr (ZD pagh=1(p C) (1.45)

Since by theorem 1.1 Res® is an isomorphism of vector spaces between E11 ok
and H*=1(D,C), and H*=1(D,C) is a direct sum of the vector spaces in the
second member of (1.45), it follows that (1.45) is an isomorphism. This also
proves that the shifted filtrations (=Y F and (=Y F induce a pure Hodge struc-
ture on Ellk isomorphic by Res” to the pure Hodge structure on H*1(D,C)
of the shifted Hodge filtrations (1.33).
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Proof of 3). This is a consequence of lemma 1.5 and lemma 6.4 of part I,
chapter 6. Since the Gysin map commutes with the complex conjugation, the
same holds for dj.

Proof of 4). This is an immediate consequence of the fact that d; is a Gysin
map.

Proof of 2). It is an obvious consequence of the commutative diagram (1.40),
the fact that d; is a morphism of pure Hodge structures and that the residues
are isomorphisms of Hodge structures. O

1.4.3 Mixed Hodge structure on H*(X \ D,C)

The spectral sequence EL* degenerates at Ey and each term carries a pure
Hodge structure:

Theorem 1.4. Let X be a compact a Kdahler manifold.

1) The differentials d, of the spectral sequence of the filtration W; are O for
r> 2.

2) The nonzero second terms of the spectral sequence are E;’k = kerd; and

0.k EO,k
Ey" = —— where :
im dy

£ (log D)

dp: EVF = HF <X, 5
X

) _%-Eg$+1::}{k+1txﬂ€k)

Both these terms carry a pure Hodge structure. More precisely

Byt = P VR CUFE* (1.46)
a+b=k+1
Byt = @ FertEY" (1.47)
a+b=k

where CVFe (D EY - are the filtrations induced by Ell’k, E?’k respectively.

The proof is very easy. The spectral sequence degenerates at Fo for degree
reasons.

By proposition 1.1, the E; have pure Hodge structures defined by (1.36)
and (1.37) and the differential dy is a morphism of pure Hodge structures,
hence the cohomology of the complex (Ei’k7 dy ), which is Eé’k, carries a pure
Hodge structure of the same weight k+1. This implies part (2) of the theorem.

From theorem 1.4 and the convergence of the spectral sequence to the
graded cohomology, we deduce:

Theorem 1.5. Let X be a compact Kdhler manifold, D C X a smooth
divisor, ’yg}l(: H*1(D,C) — H*(X,C) the Gysin map corresponding to
the natural embedding D C X. The cohomology H*(X \ D,C) carries a
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mized Hodge structure for the filtration W induced by (1.5), and the filtra-

tions CUFe COEYinduced by (1.34). The only non zero graded spaces
k

% occur for 1 =0,1. They are isomorphic to Eg’k and Ezl’k thus

they have a pure Hodge structure of weight k and k + 1 respectively, as in

(1.46), (1.47). Precisely

WoHH(X\D.C) _ HNX.C) WiHMX\D.C) | =\,
W HNX\D,C)  imyh 2 WoHNX\D,C) DX

Proof. Because d, = 0 for » > 2 | the graded cohomology is the second term
of the spectral sequence:
W H"X\ D,C)
Wi H*(X\ D,C)

~ BLF (1.48)

k
i.e. the graded spaces % are isomorphic to E5*(X), which carry

a pure Hodge structure of weight k+[ for the filtration F induced by EL*(X)
(EX*(X) is the cohomology of (Ei’k(X), d1)). On the other hand, the filtra-

tion F on H*(X \ D,C) induces a filtration on the quotient %.
We should show that the the two filtrations, under the isomorphism (1.47),
coincide (and the same for F'). This will be made clear in the more general

case of chapter 2. O

Remark. A shift of W by —k is needed to normalize the weights in the quo-
tients. In the shifted filtration W/ = W;_;, we obtain

W/H*(X \ Q,C)

o pl—kk
W NN Q.o) S &)

. . W/ H*(X,C) .
that is, the quotient W has weight [, as expected.

1.4.4 Functoriality

Let X,Y be compact manifolds, D C X,F C Y smooth divisors. Let
f:(X,D) — (Y,F) a morphism of pairs, i.e. a map f: X — Y such that
f(D) C F. Then all the constructions and properties in the above paragraphs
are functorial with respect to f. In particular

Theorem 1.6. Let f: (X, D) — (Y, F) a morphism of pairs. Then

f & (log F') C Ex(log D) (1.49)
W& (log F) ¢ W€ (log D) (1.50)
[*FPE,(log F) C FPEY (log D) (1.51)
f*FI€, (log F) C Fi€y (log D) (1.52)
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Moreover the residue morphism commute with the pullback:

Res”f*w = (f|p)*Res*w  for w € & (log F). (1.53)

1.4.5 Other residues

In our situation (a manifold X and a smooth divisor D C X) the Leray
residue Res® defined in formulas (1.11), (1.13) is enough to handle the Hodge
mixed structure in the cohomology H*(X \ D, C). In the next chapter we are
going to face more complicated cases, and define a family of residues instead
of a single one. Hence for future purposes we define even in our situation for
every integer [ > 0 a residue Resé€ by

Resg = identity: WoEX (log D) = E% — E%  for =0
Res{’ = { Res": W, &% (log D) — Exl forl=1 (1.54)
0 forl>2
The above definition can be summarized as follows. Let us define
DO = x DM =D and DY =0 fori>2 (1.55)
then
Res) : W,EX (log D) — Sgﬂ]l (1.56)
and by lemma 1.1, formula (1.15), Resfc passes to the quotient

Res” - I/Vlg;c(ﬂ()g D) k—1

: 1.57
! I/Vl_lé‘éc((logD)—) bt ( )

(we keep the same notation for the quotient mapping).
Then lemmas 1.1, 1.2 and theorem 1.1 can be restated as follows, as a
preparation for the next chapter:

Theorem 1.7.
i. Resl: WiE% (log D) — Egﬂf commutes with the differentials d, 0, and 0.

1. Reséc induces an isomorphism of the cohomology sheaves

W€ (log D)

k. 24k
Res;: 1 (W115;(<1ogp>

) - Hk_lgbm

1. For any open set V' of X the morphism @f induce natural isomorphisms

i (log D

=) - B (VN Dl gy,
’W1155(<1ogp>) ( )

Proof. For | =0 the morphisms in (i), (ii),(iil) are the identity, for [ > 2 they
are zero. g



Chapter 2

Residues and mixed Hodge
structures on noncompact manifolds

2.1 Introduction

In this chapter we define and study differential forms on a complex manifold
which have logarithmic poles along a divisor with normal crossing.

Let X be a compact complex manifold of complex dimension n = dim¢ X
and D = D1U---UDy is a divisor with normal crossing; that means that each
D; is a smooth hypersurface of X, and at each point x € X, there are at most
n divisors D; passing through = and which are transversal. In particular, given
x, one can find complex analytic coordinates (z1,...,2,) in a neighborhood
U of z, such that the local equation of DNU in U is z1 - - - z5 = 0, s depending
on x.

We are in fact interested in the study of the open manifold W = X \ D,
so that the role of X is that of a smooth compactification of X \ D. Hence
our setting includes the assumption for such compactification. Any affine, or
quasi projective, algebraic manifold possesses a smooth compactification.

We define for any ordered multiindex I = (i1,...,4,) in (1,...,N)

D[:Dilm”'ﬂDiq

and
pld — H D;, DO =X
[I]=q

where the sign ][] denotes the disjoint union. Then the D9 are manifolds
(not connected in general).

A logarithmic differential k-form on X (with poles of order < 1) is a form
w on X \ D which, in a sufficiently small neighborhood of any z € D can be

Wrillen as
z ’

227
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The differential dw of a logarithmic form (with poles of order <) is log-
arithmic (with poles of order < [). The above definition has a local nature:
we can define a logarithmic form on Y\ D for any open subset Y C X, hence
the sheaf €% (log D) of the logarithmic k-forms is well defined, and £ (log D)
is a complex of fine sheaves on X.

If w e I'(X, &% (log D)) has poles of order < [ so that (2.1) locally holds,

we define the [-residue of w, Resfw € I‘(D[l],é'gﬂ]l):
Resfw|p, = ar|p, for |[I| =1 (2.2)

which is a global (k — I)—form on the compact manifold DI, The residue
commutes to the differentials d on X and DU,

The logarithmic forms on any open set Y C X are particular differential
forms on Y\ D, hence we have an inclusion

Ex (10 D) C puEi\p

where p: X \ D < X is the natural inclusion map. As in the case of Leray
theory (chapter 1: D is smooth), the following statements hold: let U be an
open neighborhood in X of a point € D, isomorphic to a polydisk in C;
then

e every closed differential form on U\ D is cohomologous to a logarithmic
form;

e every logarithmic differential form on U \ D which is exact, is the dif-
ferential of a logarithmic form.

The main consequence of the above result is that the cohomology of X \ D is
the cohomology of the complex of global sections I‘(X, Ex(log D)):

H"(X,Ex(log D)) ~ H*(X, p.Ex\p) ~ H*(X \ D, C)

We introduce a weight filtration W on €% (log D), just defining W,£% (log D)
as the subsheaf of £% (log D) of the forms having poles of order < [, so that in
fact the residue Res; is defined on W;E% (log D). Since the residues commute
to d, and

Res; (Wi-1€% (log D)) = 0

Res; can be considered as a morphism of complexes

Wi€i (log D)

Res;: —=~>=>—"_
U W& (log D)

= Epu(=1) (2.3)

which passes to the cohomology:

W€ (log D)

k k
CHY (X, —/—————
ml < ’ VVz_u%( <10g D>

) DY gy (24)
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It turns out that Res/ is an isomorphism (while (2.3) is surjective but not
injective).

On the other hand, the cohomology spaces H* (X7 %) in (2.4)
are the terms E1* (X) of the spectral sequence of the complex I' (X, Ex (log D))
with respect to the filtration W, which converges to H*(X \ D,C). The
isomorphism (2.4) identifies E-*(X) to the cohomology H’“’l(Dm,E'DM) =
H k’l(Dm,(C) of the manifold D/, which is compact and Kéhler, so that the
classical Hodge theory applies to it. Hence Ei’k (X) inherits from H*~! (D[l] , (C)
(suitably shifted), a pure Hodge structure of weight k& + [, and d; is a mor-
phism of pure Hodge structures. It follows that also Eé’k, as the cohomology
of (Ei’k, dl), carries a pure Hodge structure of weight k + [.

The fundamental result is that the spectral sequence corresponding to the
filtration W degenerates at level 2, so that Eé’k(X ) coincides with the graded
quotient %. It follows that H*(X \ D, C) carries a mixed Hodge
structure.

2.2 The standard logarithmic De Rham complex

In this section, X is a complex analytic manifold and D = D; U --- U
Dy is a divisor with normal crossing; that means that each D; is a smooth
hypersurface of X, and at each point € X, there are at most n = dim¢ X
divisors D; passing through = and which are transversal. In particular, given
x, one can find complex analytic coordinates (z1,...,2,) in a neighborhood
U of x, such that the local equation of DNU in U is 21 - - - 2z = 0, s depending
on .

2.2.1 Definition of & (log D)
If  is a point in X \ D, we define
Ex(logD) = Ex ,

i.e. the usual De Rham complex of differential forms on X at x. Let = be a
point in D and U a neighborhood of = in X, such that the local equation of
DNU inUis z1---2, = 0. We define

. ) d d
’ ’ Z1 Zs
Le. the &y -module generated by the logarithmic differentials d;ll . dzb of

the equatlons of the components of D through x. The differential d is deﬁned
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as usual. In particular, the complex (EX ,(log D), d) induces a subcomplex of
the De Rham complex of X \ D.

Note that £%(log D) is a fine sheaf defined on all of X. A section of
E% (log D) on an open set U C X will be called a logarithmic differential
form of degree k on U.

One has an injection:

(Ex(log D),d) — (p«Ex\p>d) (2.6)

where p: X \ D — X is the natural map.
We define the subsheaf £%%(log D) C £%"%(log D) of the logarithmic forms

of type (p,q) by
I'(U,%%(log D)) =T (U, % “(log D)) NT(U \ D, ER7) (2.7)
The operators 0 and 0 act as follows:
d: E29(log D) — EXT1(log D) (2.8)
d: E29(log D) — EXT (log D)

giving rise to complexes (£3%(log D), d) and (€% (log D), ).
We define also the subcomplex Qy (logD) C Ex(log D) of meromorphic
differential forms with logarithmic poles on D:

Qlj(’xﬂogD} = Qlj(x (re X\ D)
Ok (log D) = % {&,... &) (2eD) (2.10)

z1 ) Zg

(QX (log D), d) is a complex of sheaves of Ox- modules. Let us remark that
the sheaves Q2 (log D) are not fine.
The following immediate result will be important in the sequel.

Proposition 2.1. One has a natural isomorphisms
0% (log D) @0 £y %4 ~ EXlog D) (2.11)
compatible with 0, in the sense that

INa®pB)=a®dp (2.12)

2.2.2 Filtration by the order of poles

Let U be a small neighborhood of a point € D with coordinates (21, ..., 2,)
such that the local equation of D NU in U is z;---zs = 0. Such coordinate
system is called a system of adapted coordinates for (X, D) in U.

We shall denote .
d d i d 7
(_Z> _ (L A A ﬁ) (2.13)
z Ziq Zil
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where I = (i1,...,4;) is an ordered multiindex contained in (1,...,s). We

know that £ ,(log D) is generated by the (%)I over the module £y , for
|[7| < s (s depends on z).

We shall now define an increasing filtration on £ (log D), called the weight
filtration, in the following way

WiEx{logD) =0 (I<0) (2.14)
WoEx(log D) = & (2.15)

while for [ > 0
. . dz\"!
(Wix (log D)) = Ex, —) | 11| <1 (1>0) (2.16)

is the £y ,-submodule generated by the (7) for [I| <1I. One has ! < xx,p,
where xx,p is defined as follows. If we denote by s(x) the number s so that
D c U(z) is given by z1 - - - 2z, = 0, we define

xx.p = mae {s(2)} (27)

hence
xx,p < dim X

It is clear that

d(WiEx (log D)) C W,Ex(log D) (2.18)
Thus the above filtration induces a filtration W;H*(V, £ (log D)) in coho-
mology.
Remark. WiEx(logD) = 0 for I < 0, and W;Ex(log D) = Ex(log D) for
I > xx.p-

We remark also that W;& §( (log D) is a fine sheaf, so that for any open subset
V C X the following equality holds:

r (v Wigk(ogD) \ _ T(V, W€k (log D))
‘Wi (log D) ) T(V,Wi-1E% (log D))

(2.19)

2.2.3 The filtration W on Q% (log D)

The filtration W on £% (log D) induces filtrations on the subsheaves Q% (log D)
and E2%7?(log D). Then

Theorem 2.1. There are natural isomorphisms:

Wi (log D) @0y £x7 =~ Wik (log D) (2.20)
W, Q% (log D) 0, W, E%(log D)
Wz,_llﬂ’)’((logD ox EX" = m (2.21)
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Proof. The isomorphism (2.20) is clear by proposition 2.1.
Next we consider the exact sequence

Wi (log D)

D P —_—
0 — W1 Q2 (log D) — WiS¥x (log D) — Wi_19% (log D)

—0 (2:22)

We use the following result of Malgrange [Ma]: the sheaf 5;0 = 5; of differ-
entiable functions on X is flat over the sheaf Ox (that is, for every x € X the
Ox ,-module 5;)(0;8 is flat). The sheaf E;Q is locally free over the sheaf 5;)(’0;
It follows that Eggq is also flat over the sheaf Ox. Thus the exact sequence
(2.22) remains exact after tensorization with ®o E?gq:

0 —— Wi, Q% (log D) ®0, €27 —— W% (log D) @0, £27 ——

Wi (log D)

0,q9
Wi log D)~ 0% & !

or, taking into account (2.20):

0—— W18 (log D) —— WiER Y (log D) ——

W% (log D) o (2.23)
5 sq
Wit @ Qlog Dy~ Ox X 0

Comparing (2.23) with the quotient sequence

Wigy?(log D)

0 —— W15 (log D) —— WiEX(log D) Wi_1E%(log D)
—1&~X

we obtain (2.21). O

2.2.4 The De Rham complex of a divisor

We consider again a manifold X, D = D1 U---U Dy a divisor with normal

crossing and we define for any ordered multiindex I = (i1,...,44) in (1,...,N)
D;=D;,N---ND;, (2.24)
and
p = 1] p;, DUI=X (2.25)
[I1=q

where the sign J] denotes the disjoint union. Then the Dl are manifolds
(not connected in general).
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We define a double complex

, 0
5g(,qD = ‘C%ma 5§,D = 5§< (2.26)
with two differentials:
d: ERT, — EXT N1 (2.27)
which is the De Rham differential on £, or £%, and
§: ERY, — ERI (2.28)
such that if ¢ € £%%, , so that ¢ = (qbf)mzq and ¢; is a p—form on Dy, then
q
D) ians = D (15 iesiars D) (2:29)

=1

and if ¢ =0, ¢ is a p-form on X and §(¢); = ¢|D;.
Clearly:

Lemma 2.1. § commutes with d.
We define then the diagonal complex
M= @ & (2.30)
pt+q=k+1, ¢>0

with the differential dp = d + (—1)*0.

2.3 Residues (smooth case)

Definition 2.1. We introduce for [ > 0 the residue (or /-residue) map
Res) : W,E% (log D) — Egﬂ]l (2.31)

in the following way. Let w be a section of W,E% (log D) and let (21,...,2,)
be an adapted coordinate system for (X, D) so that in this coordinate system

w=YarA (%)I (2.32)

(remember (2.16)). We define the I-residue of w, Resfw € Egﬂ]lz
Res;w|p, = ar|p, for [I|=1 (if I >0) (2.33)
For | = 0, Wo&% (log D) = £% and Resfw = w € &%



234 Mized Hodge structures on noncompact spaces

In other words,

dz\’ ar|lp, for J=1
Res; <a1 A (;) )] Ip, = {0 for 7 £ 1 (2.34)

It is easy to see that Resfw is a well defined (k — )-form on DI which does
not depend on the choice of the local adapted coordinates. In particular,
for any open set V' C X, the morphism Resé€ induces a morphism of global
sections on V'

Resf: I'(V, W5 (log D)) — T'(V n DI gkl (2.35)
From the definition we find immediately:
Lemma 2.2. Resf€ commutes with the differentials d, 0 and 0, and
Res/ (Wi-1E% (log D)) =0 (2.36)
so that one has an induced map

Wlé'f( (log D)

Resf: —— X1 o7/ _, ghol 2.37
eSl W171€§(<10gD> - Dl ( )
which is a morphism of complezes
v{log D
Res;: ViEx(losD) Ep(=1) (2.38)

" Wis1Ex (log D)

Remark. As it will be proved later (lemma 2.8, i)), the residue morphisms
(2.31) and (2.37) are surjective. Note that (2.37) is not injective. For example,

the first residue of the form w = Zldz—zll is zero, though w ¢ W.

If w is a logarithmic form of type (p,q), w € W;EX%(log D), its residue
Restrqw is a form of type (p —I,q) on DU if moreover w is a holomorphic
logarithmic form € W;Q% (log D), its residue is a holomorphic p — [ form
on DI, Hence, by lemma 2.2 the Res; induce the following morphisms of
complexes:

+q . W, €% (log D) g [
Resl ' (Wllf;(’q(log D) ’ a) - (EDU] ( l)v a) (239)
pte. [ _WiEY (logD) 5 =1 5
Res; ™ : <Wl_1£§?.<logD>,8> — (Epw ) (2.40)
.. W, Q% (log D) . o
Res; : (7Wl_lg,)(<logm,8> — (Qpu(=1),0) (2.41)

Proposition 2.2. The residue Res; induces an isomorphism of the 0-complexes
(2.41).
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It is clear that (2.41) is surjective. In order to prove the injectivity, we must
show that, given an adapted system of coordinates (z1,...,2,) for D in X, a
holomorphic form w = EI 1)<t Q1 A (%)I with zero [-residue has poles of order
at most { — 1. The assumption on w means az|p, = 0 for all I with |I| = I.
Since a is a holomorphic form, and z;, - - - z;, = 0 is the local equation of Dy
in X, we obtain that

ap = ziy -2, 01

where (7 is also holomorphic. Then w = E|I|<171 ar A\ (%)I +E|I|:l Br ANdz!
has poles of order at most [ — 1. B

2.3.1 The residues in local cohomology

Lemma 2.3. Resf€ induces an isomorphism of the cohomology sheaves

W€ (log D)

k. 24k
Res: 1 (Wllé'j((logD)

) — HME (2.42)

Proof. First we notice that 'H’“’lé"Dm = 0 except for £k = [ , where it is
Cpu, because £,y is the De Rham resolution of the constant sheaf on D,
Moreover for k < [, both sides of (2.42) are trivially 0. Finally, the statement
of lemma 2.3 is purely local. So we can consider the situation where X = U
is a polydisk in C™ and D is defined by 271 ---2z; = 0. We consider a k-form
w of &% (log D) with poles of order < [ and [ < s; w is given by the formula
(2.32) where the multiindices I C (1,...,s) and as has degree k—|I|. Because
we are working mod Wj_;, we can assume that the sum in (2.32) is on the
multiindices I with |I| = . If w defines a local cohomology class of the graded
complex, dw is a (k + 1)-form with poles of order <[ — 1. But now

do =Y dor A (%)I (2.43)

1<

which implies that daj is in the ideal generated by the z; and dz; for ¢ € I.
Clearly, in a; we can forget all the components containing at least one dz; for
1 € I. Because we are working in a small polydisk, we can consider a Taylor
expansion of a; modulo the ideal generated by the z; and dz; for i € I:

ar = aO,I"'Z(ZiﬂI"‘dzi/\'YI) = Oé()’]-f—O/I ( mod zi,dzi) (244)
el

where o, ; contains only the coordinates z;, j ¢ I and their differentials, and
01, 71, do not contain the z; and dz; for i € I; but daj is in the ideal generated
by the z; and dz; for ¢ € I so that from (2.44):

d(a()’[) = 0, dOé,I =0 (245)
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a) If k —1 >0, ao,r and o have positive degree, so that by Poincaré lemma
for k — |I| and k variables respectively we get

oo, = dor, oy = do} (2.46)

where 65 is a differential form containing only the z; for j ¢ I. Then we

see that
w=d | Y (0r+067)A (Q)I
[I]=! ! o

which proves that the cohomology sheaf of the graded complex is 0 if
k—1>0.

b) If k — 1 = 0, the equations in (2.45) tell us that «; is locally constant on
D; and the cohomology sheaf of the graded complex reduces to Cpy =
HOE -

We notice that for [ = 0, one has
WoEx (log D) = Ex
W_1Ex(log D) =0
Epo = Ex
and the mapping in (2.42) is the identity. O
As a consequence of lemma 2.3, we obtain

Theorem 2.2. For any open set V' of X the morphism @f induces a natural
isomorphism

i (log D

Wty )~ HT v Dl g 2.4
7V[/l1£}(<10gD>> (VD Epp) (2.47)

s W, Ex (log D)
Proof. On X, we consider the two complexes of fine sheaves Wi i& (log D)
and &;

i (—1) (extended by 0 outside D). Each complex induces a spectral
sequence:

W€ (log D) )) ( W€ (log D) )

HP (V,HI [ —=X S/ — HPta V,X,—

( (V[/}15X<logD> Wi—1€x (log D)
HP(V,HIE R (—1) = Hp+q(Vagb[11(—l))

By lemma 2.3 the cohomology sheaves H? (%) and HIE,, (1)

are isomorphic (by Res;). So in the limit of spectral sequences we find that
the cohomologies H* (V, %) and H*(V, €., (—1)) are isomorphic.
But this last cohomology is H*~/(V N D[l],S'Dm). O
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2.3.2 The residues in global cohomology

On any open set V' C X, we have the morphisms Resé€ of global sections
given by (2.35), which commute with d. These morphisms induce morphisms
of the filtered cohomology of the complexes, which we denote

RES}: W,H*(V, &} (log D)) — H*='(v n DI, C) (2.48)
Lemma 2.4. The kernel of RES} is Wi_1 H*(V, € (log D).

Proof. Because of (2.36), the kernel of RES} contains W;_1 H*(V, £ (log D)).
Conversely, let w be a d-closed logarirhmic k-form with poles of order < [
whose cohomology class [w] goes to 0 through RESf. So w induces an element
in the quotient

_ W€ (log D) L(V, W,E% (log D))
wel |V, T = -
W&k (log Dy ) — T(V, W1k (log D))

(the above equality holds by (2.19)). Our hypothesis says that w has a residue
0 in cohomology of DI, so that the isomorphism (2.47) of theorem 2.2 shows
that

D(V,Wi€x '(log D))

L(V, W1 €Y ' (log D))

w=ay,

This means that

w=dy+10
with
v € T(V,W,EY (log D)), 6 € T(V,W;_1E% (log D))
so that the cohomology class [w] is in W;_1 H*(V, £ (log D)). O

As an immediate consequence, using the above lemma and a descending
recursion, we have

Theorem 2.3. Let [w] be a class in W, H*(V,E (log D)), and | < m. Then
[w] € W H*(V, &y (log D)) if and only if

RES! [w] = RESF,_;[w] =+ = RES},[w] =0

2.3.3 The cohomology of X \ D

Let W be any open set of X, in particular X itself. Then (£ (log D),d)
can be used to calculate the cohomology of W\ D, by the following theorem.

Theorem 2.4. One has a natural isomorphism induced by the morphism of
inclusion p: X\ D — X:

HY(W, € (log D)) = H*(W, p.Ex\ p) = H (W \ D,C) (2.49)

or in other words the cohomology of W\ D can be calculated as the cohomology
of the complex of sections (I'(W, £y (log D)), d) of Ex(log D).
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First we note that the second isomorphism in the above formula (2.49) is a
consequence of the theorem of De Rham for the standard De Rham complex.
Each of the complexes £y (log D) and p*é’}(\ p induces a spectral sequence of
hypercohomology on W:

HP (W, 13 (log D)) —> HP¥ (W, Ex (log D)) (2:50)

HY (W, HIp.Ex, ) = H (W, p.Ei p) (2.51)

It is sufficient to prove that the natural morphism of the cohomology sheaves
HIEX(log D) — Hip.Ex\p

is an isomorphism (so that the limits in the formulas (2.50) and (2.51) will be
isomorphic). This is a local statement. Then the conclusion follows from the
following

Lemma 2.5. Let U be an open set isomorphic to a polidysk in C™ such that
the equation of DNU is z1---zs = 0. The morphism of complexes

(U, &x(log D)) — T(U\ D, &y)
induces isomorphisms on their cohomologies.

Proof. Let C{dzl %} =C {{d’zj }} be the free differential algebra

72.5

over C generated by < dzl oy dzzb and having differential d = 0. The algebra
=

C {{dﬁ}} coincides Wlth its cohomology, and it carries an obvious filtra-
tion by the order of poles W;C {{dz’ }} There is a commutative diagram of
J

complexes

I'(U, & (log D)) T(U\D,&)

dzj
Zj
and v, is an isomorphism in cohomology by the usual De Rham theorem.

Thus it will suffice to show that p. is an isomorphism in cohomology.
Passing to the graded spaces we obtain for every [ a commutative diagram

lP(U, EX <10g D>) Res,
Wi_1T(U, Ex (log D)) (UﬂD Epm(=1)

x /

we ()
e {{2))
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where res; is the classical Cauchy residue, which induces an isomorphism in
cohomology. Since Res; too is an isomorphism in cohomology (theorem 2.2),
we deduce that also p, induces an isomorphism on cohomology. By an easy
induction argument on [ it follows that

s wie {{ 2 - wir(w. xtiog D)

Zj

is an isomorphism on cohomology. For [ = s we obtain the lemma. O

2.4 Residues and mixed Hodge structures (the smooth
case)

2.4.1 Hodge filtrations and residues

The morphisms of residues defined as in (2.31) and (2.37) become mor-
phisms of complexes
Wigj (log D)

Resi : VVI(C:X <10g D> — g.D["] (—l), Resl : m
—1i¥X

— Epm (—1) (2.52)

and preserve the degrees of the complexes.
Let (A", d) be a filtered complex with a certain filtration ®. We define the
shifted filtration ™) ® on the shifted complex C"(n) by

(M @rCk(p) = prtnok+n (2.53)

In our case, we define on the De Rham complexes of the manifolds D[], the
usual Hodge filtration
FPEL L

which induces a shifted filtration on the shifted complex :

CIFPER (—1) = FPrERT (2.54)
and we define the conjugate filtration

CIFIEY (—r) = FImER T (2.55)

If X is a compact Kéhler manifold, each D"l is also compact Kihler and the
Hodge filtration of the De Rham complex induces a pure Hodge structure on
the cohomology of D). Indeed, one has

H*DM,Cc)= @ FF*HF(D!,C) (2.56)
a+b=k
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This means that the shifted filtrations of (2.54), (2.55) induce also a pure
Hodge structure, namely (2.56) can be rewritten as

Hk (D[r] ’ (C) _ @ (77’)Fa+r (77")wa+er (D[r] ’ (C)
a+b=k

Renaming the indices, we obtain

gr(plc)= g re CIF'ET(DM, C) (2.57)
a+b=k+r

where we notice that the direct sum of (2.57) is taken over pairs (a,b) with

a+b = k47 (instead of k —7 as usual). That is, H*~"(D["], C) equipped with

the (—r)-shifted filtrations, acquires a pure Hodge structure of weight k + r.
We also define filtrations on £ (log D) by

(=rpagy (log D) = FEy (log D) (2.58)
(e (log D) = F*~ &y (log D) (2.59)

As usual in the second members of (2.58), (2.59) F¢, F® denote the standard
Hodge filtrations.

Remark. The filtrations defined in (2.58), (2.59) are not conjugate. Moreover

the role of (=" Fe (=" Fb is not symmetric; in particular (=" F¢ does not

depend on 7, so it is a true filtration on the complex £y (log D), while (=7 F®

depends on r and is adapted to the subcomplex W,E (log D) and to the
W, (log D)

Wr_1E (log D) ’

With the above notations, we deduce immediately

quotient complex

Lemma 2.6. For any l, the residues induce morphisms of filtered spaces for
the shifted filtrations

Res;: Y FPW,Ey (log D) — (J)Fpgbm(_l)

W€ (log D) ) — CDpres (-

(D pp [ EXNVTe
Res (Wl_lsxﬂog D)

and also for the F filtrations
Res;: COFW,E (log D) — CVFIE; 4 (1)

WiE (log D) (~1) g o
_lexNEe T jad .y
Wi1Ex(logD)) Epu(=1)

Res;: "V R4 (

The following easy result will be useful in the sequel.
Lemma 2.7. There is a natural isomorphism

Frek (log D)

P,k—p
_— = log D
Frt1&k(log D) &x" "llog D)
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2.4.2 Pure Hodge structure on E/"(X)

Recall that if M is a complex manifold of dimension n, and j: S — M is
the embedding of a smooth complex hypersurface in M, the Gysin map

v H¥(S,C) — H*T2(M,C)
can be obtained via Poincaré duality from the pullback
j* . ]-7[27171672(‘]\47 (C) N H2nfk72(5’ (C)

It follows that 7g,as is real, commutes to conjugation, and it is a morphism
of pure Hodge structures of degree 1.

In the sequel, X is a compact K&hler manifold.

Let us consider the spectral sequence E4* (X)) of the complex I'(X, £ (log D))
with respect to the filtration W, whose first term is

: _ DX, WiEx(log D)) \ _ W,E (log D)
B(X) = HY <F(X, Wz_ll)é‘; <1ogD))> =1 <X’ W/l_llé((log D)>

The second equality in the above formula holds because of the isomorphisms
(2.19).
The spectral sequence converges to the graded cohomology

WiH"(X, € (log D))

2.60
Wi BH(X, £ (log D)) (2:60)

One can calculate the differential d;
di: EYF(X) — EIFVRHL(X) (2.61)

First, we consider the differential dy of the graded complex

k+1

" T(X, Wi 1% (log D)) T(X, Wi, €Y (log D))

Ei’k(X ) is exactly the cohomology of this complex. We take an element
[[7]] € EL¥(X). Tt corresponds to an element © € T'(X, W;EX (log D)) such
that dm € Wl,1€§(+1<log D). Moreover the dy of the class of dr is obviously
0, so it gives a cohomology class which is an element of Ei_l’kH(X ), which
depends only on [[7]] and not on any other choices.

Proposition 2.3. Let X be a Kdhler compact manifold.

1) The first term Eik(X) of the spectral sequence has a pure Hodge structure
of weight k + 1 induced by the shifted filtrations "V F, (ZOF

Ei’k(X): @ (=0 pr (*l)pquvk(X) (2.62)
pt+q=Fk+l
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2)

3)

4)

5)

In particular, the filtrations induced by YV F, D F on Ei’k(X) are con-
Jugate.
Moreover the residue

Res;: EY' (X)) — H~Y(DWY, C) (2.63)

induces an isomorphism of pure Hodge structures of weight k+1 on Eik(X)
and on H*=Y (DU, C) for the shifted Hodge filtrations "V F, (=DF on DU,

The differential
dy: BYF(X) — EFVRLY (X (2.64)

is a morphism of pure Hodge structures.
Let us define dy as the differential induced by dy at the level of residues,
namely such that the following diagram is commutative
BV (X) ——— BT (X)
| = (2:65)
kal(D[l] , (C) L Hk+2fl(D[l71] , (C)
Let {[ag]; |I| =1} be cohomology classes on {Dy;|I| =1}, ar being a closed

form of degree k—1 on Dy. Then dy({{az]} is given as follows. For any J
such that |J| =1—1, D; # (), we have

di({[od]}, = Z er, v, slor) (2.66)
I5J1|=1
where
vr,0: H*{(D,C) — H**71(D,,C) (2.67)

is the Gysin map for Dy considered as a hypersurface in Dy and er j is
the signature of the permutation reordering (j,J) as I where I = JU{j},

so that z; = 0 is the equation of Dy in Dy; di commutes with the complex
conjugation.

dy is a morphism of pure Hodge structures of weight k +1 for the shifted
Hodge filtrations O F, CDF on the cohomology H*='(DWU,C) and D F,
(=D E on the cohomology H*1=(=1 (D=1 ().

If we consider H*"~*={(DI C) as the Poincaré dual of H*~'(DY,C), the
adjoint of dy

d\f . HQn_k_l(D[l_l],(C) _ H2n_k_l(D[l],(C)
s exactly the morphism which is induced in cohomology by the morphism
§: Ak — AR

defined by (2.29) for the diagonal complex (2.30) of the divisor D.
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In order to prove proposition 2.3, we need a more precise realization of the
inverse of the isomorphism Res} of (2.63) (or (2.47)), at a global level.

We consider the line bundle L; on X associated to the divisor D; and a
section o; of L; whose zero set is exactly D;. We introduce a hermitian
metric | | on L; and define

1 1 -
ni = —%(‘Nog oil*, Qi = —%8(‘)log 03] = dn, (2.68)

so that Q; is a C*° form which represents the Chern class ¢;(L;). Finally, if
I is a multiindex such that D; # () we define

77[ = /\ i
iel
Note that because dr); is a smooth form, we have
dn' € W,_1Ex (log D), 1 = |1| (2.69)

Lemma 2.8. Let I be a multiindex with |I| = 1, Dy # 0 and let a be a
(k —1)-form on Dy.

1) If a has a well defined type, one can find a C™ extension & of o to X,
having the same type as o. Moreover w = aAn! is in T'(X, W,E% (log D))
and w has residue o on Dy and 0 on Dy for J # 1.

it) If a is a closed form on Dy, there exists a form & on X, closed in a neigh-
borhood of Dy, such that if w = & An', dw is in T'(X, VVl,lé'f(H(log D)),
so that w defines an element [[w]], € EY*(X). Moreover dw defines the
element di[[w]], = [[dw]], in E"MTNX). If J is o multiindex with
|J| =1—1, J C I, the residue of di[[w]], on Dy is exactly er jvr s([])
where €1,y is the signature of the permutation which reorders (j,J) as I
where I = JU{j}, so that z; = 0 is the equation of Dy in D;.

Proof of Lemma 2.8. Let (W,)aca be an open covering of X such that in each
W, intersecting D; one has an adapted system of complex coordinates z(%).
We denote

H@) (Zl(a)7zll(a)> e = (Zia)’ o ’Zl(a)> i) = (21(1)17 3 .727(1@)

and the equations for Dy N W, are

@ .. @ g

Let us consider a|p,~w,: it is a (k — {)-form which can be written in terms
of the coordinates 2”(*) only:

J K
alp,nw, = Z af,al)((z"(“)) (dz"(“)) A (di"(“)) (2.70)
| 7|+ K|=k—1
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We can extend «o|p,nw, from DyNW, to W, simply using the second member
of (2.70), as a form (). If (8,)aca is a partition of unity of X such that the
support of 3, is in W,, we can define an extension & of a by the formula

a=Y B (2.71)

If o has a well-defined type, o(®) and & have the same type. It is obvious that
the residue of @ An! on Dy is @|p, = « and that the residue of & A ! an
another Dy with J # I is 0. This proves part (i) of lemma 2.8.

Let W be an open neighborhood of D; in X which is a deformation retract
of D;. If « is closed, we can extend « to a closed form o’ on W, and then
(after shrinking W) o’ to a form & on X.

It follows

dw=daAnnl +£aAdyt (2.72)

and daAn! is 0 on a neighborhood of D;. By (2.69) we obtain that dw belongs
to T(X, W;_1E% (log D)). By the definition of EY¥(X), w gives an clement
[[w]]1 € EY¥(X) such that

di[[w]]s = [[dw]]x

Moreover if |J| =1 —1, J C I, one can define the residue on D; of dw by
taking in (2.72) the terms in (%)J Using the fact that dn; = Q; is C*°, this
residue is the coefficient of 5”7 in

erg(dann Ann? £anQ;An?) (2.73)

where z; = 0 is the local equation of Dy in the manifold D; and thus I =
{4, J}. In other words the residue is

ergd((@An;)lp,) = ersvra(a)

This proves lemma 2.8. O

Proof of proposition 2.3.

i Op (OHE Wi € (log D)
Proof of 1). The filtrations F, F on the complex I' <X, Wis e (log D))

induce corresponding filtrations on its cohomology, which is exactly Ei’k(X ).
By lemma 2.6, Res; is a morphism of filtered complexes for the shifted filtra-
tions (O F, (=D F and induces the isomorphism Res; at the level of cohomol-
ogy, which is thus a morphism of filtered spaces

OprEYR (X)) — COpr =YD C)
O pephk(xy — GO pagk-l(pld C)
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By (2.57), H*=Y(DW,C) carries a pure Hodge structure. Since Res; respects
the types, Res; induces morphisms of subspaces

Resf: COpp COpaphbh(xy — (GO pe (5D paprk=t(pll C) (2.74)

Since, by theorem 2.2, @f is an isomorphism of vector spaces between
EY%(X) and H*{(DW,C), and H*'(DU,C) is a direct sum of the vector
spaces in the second member of (2.74), it follows that (2.74) is an isomor-
phism. This also proves that the shifted filtrations (") F and (=Y F induce
a pure Hodge structure on Ei’k(X ) isomorphic by Resy to the pure Hodge
structure on H*~!(DW, C) of the shifted Hodge filtrations (2.57).

Proof of 3). By lemma 2.7 and lemma 6.4 of part I, chapter 6, dy is a sum of
Gysin maps with coefficients +1. The Gysin maps commute with the complex
conjugation, hence the same holds for dr.

Proof of 4). This is an immediate consequence of the fact that d; is a sum of
Gysin maps with coefficients +1.

Proof 2). Tt is an obvious consequence of the commutative diagram (2.65),
the fact that d; is a morphism of pure Hodge structures and that the residues
are isomorphisms of Hodge structures.

Proof of 5). We have seen that dy is an alternate sum of Gysin maps. So, the

adjoint of d; given by (2.66) is exactly the morphism 6 of (2.29)
§({[ws)); =Y eralw]l[Ds
JCI

where [w;]|p, is the pullback in cohomology
H*(D;,C) — H*(Dy,C)
and [I| =1, |J|=1-1 O

2.4.3 Degeneration of the spectral sequence

We recall that we are supposing that X is a compact Kéhler manifold.
Then, all the manifolds D; and DI are compact Kéhler.
In this section, we prove that the spectral sequence EL*(X) degenerates at

the term E5 and that each term Eé’k(X) carries a pure Hodge structure.
Theorem 2.5. Let X be a compact Kdahler manifold.

1) The differentials d, of the spectral sequence of the filtration W; are O for
r> 2.

2) The second term of the spectral sequence Eé’k(X), considered as the co-
homology of the complex (Ei’k(X),dl), carries a pure Hodge structure of
weight k + 1

EF(X)= @ Ve CUPPEY(X) (2.75)
a+b=k+1
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where CYFe (D EY gre induced by the corresponding filtrations on Eik(X)
Proof.

Proof. First we prove 2). By proposition 2.3, 1), 2) each Ei’k (X) carries a pure
Hodge structure of weight £+, and d; is a morphism of pure Hodge structures,
hence the cohomology of the complex (EY¥(X), dy), (which is EL* (X)), carries
a pure Hodge structure of weight k£ + [ for the induced filtrations. O

In order to prove 1) we need two lemmas.
Lemma 2.9.

1) Using the residue isomorphisms, the diagram (2.65) induces a commutative

diagram
d
EgH(X) —— By 2FTH(X)
Res! lp&s;ﬁ; (2.76)
. d .
Eyh(X) —— By 2FTH(X)
where

. ker { Jl: H’C*l(D[l],@) N Hk+2fz(D[zf1]7(C) }
By (X) = - (2.77)
di Hk=2=-1(DI+1 C)

and ds is induced by do via the residue isomorphisms.

2) EAék(X) has a pure Hodge structure of weight k + I, as the cohomology
space defined by (2.77):
BN = @ VR CUREN ) (2.78)
pta=k+l
Proof of lemma 2.9.

1) From the diagram (2.65) and the fact that Res are isomorphisms, one
sees immediately that they induce isomorphisms between the cohomologies
EL¥(X) of the complexes (EY¥(X),d;) and the cohomologies EL*(X) of
the complexes (EY%(X), dy), where EL¥(X) = HE-1(DIU, C).

2) Because dy is a morphism of pure Hodge structures (see proposition 2.3),
the cohomologies EL*(X) of the complexes (EY*(X),d;) carry a pure
Hodge structure as in (2.78). O

Lemma 2.10. Let EYF(X)* = HFY(DUW, C)* ~ H2*1(DU C) be the
Poincaré dual and let di be the corresponding adjoint of dy:

d\T . H2’n7kfl(D[l+1] , (C) N H2n7k7l(D[l] , (C)
which is di = § (see proposition 2.3, 5)). Then
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1) the dual Eék(X)* can be identified with the homology of the cocomplex
(EYR(X)*,d}y) and thus

. Ker {8 HPRRU(DI, ©) — RO ) )

ELF(x) SHE (DI C) (2.79)
and it carries a pure Hodge structure of weight 2n — k — [.
2) the adjoint d5 of da
dy: BS*(X)" — B+ () (2.80)

is identically 0.
Proof.

1) We consider the complex

e B0 = BN T B 0 ——

The dual of the cohomology of this complex is the homology of the dual
cocomplex

. H2n—k—l(D[l+1] , (C) y H2n_k—l(D[l],(C) ¢ HQ"_k_l(D[l_l],(C) ...

which is exactly (2.79). Obviously H?*~*~!{(DW C) carries the standard
Hodge structure induced by the standard Hodge filtrations F?, F49, of DI,
and ¢ is a morphism of filtered spaces and thus

o: FPReE**(DW,C) — FPRIH* (DI, )

so that Eé’k(X )*, as the cohomology given by (2.79), carries an induced
pure Hodge structure of weight 2n — k —[.

2) Let us consider the dual dj of dy. Using the diagram (2.65), and coming
back to the level of residues, we see that dj can be constructed as follows.
Let [[w]]2 € ES¥(X)*. Using (2.79) we sce that we start with a collection
{wr} of closed (2n — k — I)-forms on Dy for |I| =1 such that 6({w;}) (in
the sense of (2.29)) is 0 in cohomology on the Dy for |J| = [ + 1. This
means that for all J with [J| =1+1

(5({&)]})] = d(i)J (281)

where ¢ is a (2n —k —1—1)-form on D ;. Then, §({¢s}) is a collection of
(2n — k — 1 —1)-forms on the Dy with |K| =14 2. By (2.29) d commutes
with J, hence

d((0({¢s}))k = (0(d{¢s}) k= (6{6(wr)})x =0
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because 62 = 0, so that §({¢s}) induces an element of H?>"~#~!=1(DI+2] C)
and thus an element of E">% 1 (X)* which is

d3 ([[1)2) = [[6({¢.s})])2 (2.82)

We are going to prove that this element is 0. Let [[w]]s € FPFIELY(X)*
with p + ¢ = 2n — k — [, so that all the wy are (p, ¢)-forms. By theorem
5.11 of part I, chapter 5, we can find a solution ¢ of type (p,q— 1) of the
equation (2.81), and thus §({¢s}) has type (p,q — 1) and

d3([[]]2) € FPE By (X)) (2.83)

But by the same theorem 5.11 we can also find a solution ¢, of type
(p—1,q) of the equation (2.81) so that

d3([[W]]2) € FP~ FIE, ™71 (X)” (2.84)

Since the dual space E?Zk_l (X)* carries a pure Hodge structure of weight
2n—k—l—1landp+q—1=2n—k —1— 1 we have

FPR BTN ) NPT BTN (X) =00 (2.85)
hence d3([[w]]2) = 0. -

End of proof of theorem 2.5. We assume that dy = -+ = d,—1 = 0. This
implies that EL*(X) = EXF(X). We construct

dr: VR (X)* — EUmk=l(x)r

and prove that it is 0. Let us point out that EL*(X)* = EL¥(X)* so that it
has a pure Hodge structure of weight 2n — k — [ . The construction of CZ: is a
generalization of that CZSA of in lemma 2.10.

An element [[w]], € ELF(X)* is a collection of closed (2n — k — [)-forms
{wr},|I| =1 on Dy, which define successively elements [[w]], € EV*(X)* with
di[[w]], = 0, then [[w]]s € ELF(X)* with d*[[w]]s = 0 for 2 < s <r — 1. This
means that we have

S({wr})s, = do'Y on Dy, with || =1+ 1 (2.86)
5({¢\) 1), = do) on Dy, with [ Jo| =1 +2 (2.87)

U N =de ™Y on Dy, with |Jo_i| =147 —1(2.88)
then we consider 5({¢f]rj)}) as an element of F2"~*=l=r+1(plHrl C) so that

dz ([l = (65— Dl € Brmi=(x)”
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If we start with {w;} of type (p,q),p + ¢ = 2n — k — | we can solve the
equations (2.86), (2.87),..., (2.88) with forms of type (p,q—1), (p,q—2), - - -,
(p,q—r+1) and obtain d*([[w]],) of type (p,q —r +1); but we can also solve

the above equations with forms of type (p—1,q), (p —2,q), -+, (p—r+1,q)
and obtain dX([[w]],) of type (p —r + 1,q). Because r > 1, this implies that
d([[w]]r) = 0, exactly as in the equation (2.86). O

From theorem 2.5, and the convergence of the spectral sequence to the
graded cohomology, we deduce:

Theorem 2.6. Let X be a compact Kdhler manifold, and D C X a divisor
with normal crossings. The cohomology H*(X\D, C), provided with the weight
filtration W shifted by —k, carries a mized Hodge structure. More precisely,

% are isomorphic to EY*(X) and thus have a

pure Hodge structure as in (2.75).

the graded spaces

W/ H*(X\D,C)
W, HF(X\D,C) —

EL k(X)) has weight I, as needed in the definition of mixed Hodge struc-
ture).

(In the shifted filtration W) = W,,_; the quotient

Proof. Because d,. = 0 for » > 2 | the graded cohomology is the second term
of the spectral sequence:

WX\ D, C)
Wi H*¥(X\ D,C)
i.e. the graded space % is isomorphic to Eé’k(X ), which car-
ries a pure Hodge structure of weight k + [ for the filtration F' induced by
EY*(X), using that EL*(X) is the cohomology of (E-*(X),d;). On the other
hand the filtration F on H*(X \ D,C) induces a filtration on the quotient
W, H"*(X\D,C)
Wi H*(X\D,C)
isomorphism (2.89), coincide (and the same for F'). This will be made clear
later (see theorem 2.11 below). O

~ ELF (2.89)

It remains to show that the the two filtrations, under the

2.5 The strictness of d, and d with respect to the Hodge
filtration

2.5.1 The conjugate complex

It is clear that the complex £ (log D) is not closed under conjugation. We
can define the conjugate complex 5 (log D) by

DU, &% (log D)) = {w € T(U\ D, %) | € T(U,Ex(log D))} (2.90)
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so that a form w € &% (log D) writes locally as

w=Y arA (%)I (2.91)
I

where (z1,...,2,) is an adapted coordinate system for (X, D).
Note that

dw = dw (2.92)
On the conjugate complex we can also define:

e The conjugate weight filtration W:

we W, (logD) <= © € W,E% (log D)

e The conjugate residues Resf:

Res: W,EX (log D) — E}’;”l

If w is locally written as in (2.91), with || <, then by definition
Resfw|p, = ar|p, for |[I| =1 (2.93)

Using (2.91), (2.92), (2.93), it is easy to express the results in lemma
2.2, lemma 2.3, theorem 2.2 replacing W;E% (log D) with W,E% (log D).
In particular let us note the following immediate consequence.

Proposition 2.4. The spectral sequence with respect to the filtration W,
of the conjugate complex T'(X,Ex(log D)) coincides, for r > 1, with the
spectral sequence EL*(X) with respect to the filtration W, of the complex
I'X,Ex(log D)). The map w — w from I'(X, Ex(log D)) to T'(X, Ex (log DY)
induces a conjugation on each term EL(X), r > 1; moreover the differentials
d, commute to conjugations.

The Hodge filtrations on £ (log D) are defined, following (2.58), (2.59):

(=m pbey (log D) = F~"Ey (log D)

oz (2.94)
MFegy log D) = Fe&y(log D)

As usual in the second members of (2.94) F?, F'* denote the standard Hodge
filtrations. Then it is clear that

Proposition 2.5. The conjugation w — @ transforms (= pagy (log D) to
(=ragy (log D) and "IF*Ey (log D) to "M FEy (log D)
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2.5.2 Strictness of dj

In this section we want to prove that the differential in the W-graded com-
plex of global sections

. WiT(X, €% (log D)) WL (X, £ (log D))
O WilD(X,Ex(log D)) Wi_4T(X, €K (log D))

is strict for the filtration induced by F, defined by formula (2.58).

Let us denote
WiEx (log D)

Wi1&x (log D)

By formula (2.19) and the equality W,I'(X, £ (log D)) = I'(X, Wi€ (log D))
we obtain

Cr}Y Ex (log D) = (2.95)

(X, GtV €k (log DY) = V[‘/Al/_lféj((xgggzi 3)1) (2.96)

so that et
do: T(X,Gr}VEX (log D)) — I'(X,Gr[ €y (log D)) (2.97)

By theorem 1.1 of part I, chapter 1 we must show that the spectral sequence
of the complex T'(X, Gr;" £ (log D)) with respect to the filtration induced by
F degenerates at level 1. Let us denote L* = €% (log D) and

EY (G L F) (2.98)

the spectral sequence. Then E(l)’k(Gr}/VL', F') is the graded space, with respect
to F, of I'(X, GrYVL'); precisely, taking into account that the involved sheaves
are fine, and that F' must be turned to an increasing filtration:

F~mGr)V €% (log D)
" F-m+1GnY € (log D)

ElF GV L F)=T <X ) =T(X,CrEGrV LF)

(2.99)
(clearly the only interesting cases occur for m < 0).
The following very easy result, is known as Zassenhaus lemma:

Proposition 2.6. Let L' be a complex of C-vector spaces provided with two
filtrations F' and W . Then there is a natural isomorphism of the double graded
complezes

Grren)V'L =GV arE L

An easy computation shows:
Lemma 2.11. One has by lemma 2.7

F~m&k (log D)

= &M (oe D 2.100
F_m+1g§(<10g D> X < 0g > ( )

Grl ek (log D) =
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and the differential Grh €% (log D) — Grk €5+ (log D) coincides with
d: EX™ ™ log DY — €™M log D)

The differential
Gr}Y Gel LF — GrV Gl LR

is induced by O:

5. WiEx™" M log D) - Wigx™ M ™ (log D)
Wi EX™ ™ log DY Wi E™ T (log D)
Theorem 2.7. The complex (CGr}Y Grk £5 (log D), ) is a resolution of the
sheaf Gr}¥ Q3™ (log D).

Proof. Let us consider the Dolbeault resolution of Ox (theorem 3.4 of part I,
chapter 3):

6] 0,1 4] 1é]
8X

0 Ox 88(’0

By Malgrange [Ma] each sheaf Eggq is flat over Ox, so that by proposition 1.6
of part I, chapter 1 the above exact sequence remains exact after tensorization
with G} Q5™ (log D@0 :

0— Gr}Y Q" (log D) - - -~ Gr}V Q™ (log D) @0 €% 2.0 (2.101)
By theorem 2.1, formula (2.21), and (2.100), we have
GrY Q3™ (log D) @0 EX9 ~ G}V GrE €47 (log D)

so that (2.101) gives the exact sequence

0— GrlV Q3" (log D) — Grl¥ GeFe™ log D) 2 -+
(2.102)

- Gr GrE g (log DY 25 - -2 GrlV GrE ™ (log DY — 0
which is the expected resolution. O

Let us come back to the spectral sequence (2.98). By (2.99), and lemma
2.11, the term Efl’k(Gr}/VL',F), which is the cohomology of the complex
E) ’k(GIZWL'7 F), coincides with the cohomology of the complex of the global
sections (I'(X, Gr}Y GrE £ (log D)), d). Hence by theorem 2.7 it is the coho-
mology on X of the sheaf Gr;" Q™ (log D). In other terms:

EPRGr)Y L7, F) = HF (X, Gr}Y Q™ (log D)) (2.103)
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moreover d is induced by 0:
9: H*(X,Gr}" Q3™ (log D)) — H*(X,Gr)V Q™ (log D)) (2.104)
Proposition 2.2 gives the isomorphism of complexes (2.41), that is
Res; : (Gr;" Qy (log D), 9) = (2 (~1),0)

Finally we find that the first term Efl’k(GrYVL',F) of the spectral sequence
is isomorphic (up to a shift), through the residues, to the first term

EIﬂJrl,k _ Hk:(D[l]’QBm,—l)

of the classical Hodge spectral sequence for the compact Kéahler manifold
DU, Moreover the isomorphism extends to the corresponding dy, hence to
the terms Es, ..., E,.

By theorem 5.10 of part I, chapter 5 the Hodge spectral sequence on DI
degenerates at F7, so the same will be true for E,f”’k(Gr}/VL',F).

We can conclude:

Theorem 2.8. The differential

. DX, €5 (log D)) WiT (X, Ext (log D))
0 —

. 2.105
WiiT(X, E(log D)) Wi T(X, EX (log D)) (2105)

is strict for the filtration induced by F, defined by the formula (2.58).

Remark. The proof of theorem 2.8 does not depend on theorem 2.5 (the de-
generation of the spectral sequence with respect to the filtration W). In fact,
as we shall see in the most general case (chapter 4), theorem 2.5 can be proved
also using the theorem 2.8.

2.5.3 The recursive and the direct filtrations on E."(X)

We recall that we are supposing that X is a Kahler manifold.
On each term EY*(X) of the spectral sequence of the complex I'(X, £ (log D))
with respect to the filtration W, there are two kind of Hodge filtrations:

e The direct filtrations (“OF;, (=D F|, induced by the filtrations (- F
and (“DF of the complex & (log D) (see (2.58), (2.59)); precisely here
EL*(X) must be considered as a quotient of the subspace of approximate
cocycles ZLkE C T(X, W,E% (log D)).

e The recursive filtrations (=9 F,, (=0 F, induced recursively on EL*(X)
considered as the cohomology of the complex (EY* (X)), d,_,).
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It is clear that on EY*(X) the filtration "D Fy (resp. ("D F) is identical to
the filtration (=9 F (resp. (’l)Fg). Moreover it is easy to prove that Fy C Fs,
Fl C FQ.

The filtrations which appear in the Hodge structure of EY*(X) (2.62) and
ELY¥(X) (2.75) are O Fy and D F,.

Next we want to prove that in fact Fy = Fy, F} = Fb.

Lemma 2.12. The filtrations DFy and (_Z)Fl, as well as Y F, and (_l)Fg,
are conjugate.

The statement for =D py, D Ey follows from propositions 2.4 and 2.5. For
(-0 Fy and (“'F, it is enough to prove it in the case of EV*(X), where it is
obvious because F} = Fy, F} = Fy in Ei’k(X).

Theorem 2.9. On EL*(X) the filtration EOEy (resp. “UE)) is identical to
the filtration "YU Fy (resp. U E,).

By lemma 2.12 it is sufficient to prove F} = Fj; since we already know
that Fy C Fb, we must show Fy C F;. We shall denote by (=D F the fil-
trations ("OF;, (D E, when they coincide. For simplicity we write LF =
I(X. €4 {log D).

We proceed by induction on 7: for 7 = 1 we know that F; = Fy on EYF(X).
Thus we suppose F} = F» = F on Ef:k(X).

Let a € F;Ei’fl; there is a representative in F*EY* Nkerd,., i.e. an element
xr € FOZLF ¢ FOW,L* with d,.[z], = 0; we have dov € W;_,. L**1 N FeW, LF+!
so that

de € FOW,_, LF+! (2.106)

dy[z], = 0 gives
der=dri+2z1, x1 € A= Zi:’i_l’k"’l (2.107)

r—1 »

Then successively we get by theorem 2.5 , 1): d,._1[z1],—1 = 0 so that

dry = dxg + 20, x9€ Z 35, 2 e ZLp7AH (2.108)
dx,_o = dr,_1 + Zr—1, Xr—1 € Zi_r—i_l’k, Zr—1 € Zi_T_l’k—H(Q.lOQ)

From the above equalities we find that
de,_y =dz  mod z MM =W, LY (2.110)

Since x,_1 € Zi_rﬂ’k, we can compute di[z,_1]1. It follows from (2.110)

and (2.106) that d;[z,—1]1 € F“Ei_r’k. But dy is a morphism of pure Hodge
structures, hence it is strict. Therefore there exists «]_; € F “Zf”l’k with
d1 [l‘;ﬂfl]l = d1 [l'rfl]l, that is

de,_y =de! | +dy+7, yezi ™k ezl (2.111)
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Note that
dz!._, € FW,_, .  LFT nw,_ . L* ¢ Few,_, LA (2.112)

We obtain an element [y]o € By "F, and from (2.110), (2.111), (2.112) we get
dolylo € F“E(lfr’k. Since dy is strict by theorem 2.8, we find 3’ € FeW,_, L*
with do [y]o = do [yl]o or

dy=dy +7", 2" eW,_,_LF! (2.113)
From (2.106) --- (2.113) we obtain
r—al_—y € F*W,L*

and
d(z —z)_y —y') € Wip 1 LM

sothat x —a_; —y € F“Zi’fl and its class in Eifl is . This proves that
Fy = Fy on EXY,.
By theorem 2.4 the cohomology space H*(X \ D, C) is isomorphic to the
cohomology H*(X,E% (log D). Let us denote by F. the Hodge filtration on
H®(X \ D,C) given by (2.58).
Precisely
FPH*(X \ D,C) = FPH*(X,Ex < logD >) (2.114)

Theorem 2.10. Let us suppose that X is a Kdhler manifold. Let Fy be the
direct (or the recursive) filtration on Eé’k, and F,. be the filtration induced
on Eé’k, under the isomorphism (2.89), by the filtration F,. given by (2.114).

Then Fy = F.,.

Proof. As in the proof of the previous theorem, let LF = T'(X, % (log D)).

The isomorphism (2.89) means the following. Let z € Zé’k; then there exists
2’ € W, LF with d2’ = 0 and

o =x+ditz FezZl VTl Lezitbh

or
¥=x+z2

where the symbol = means cohomologous.

Let a € FcpEé’k; there exists € FPW,L*, with dz = 0, which induces « in

k

Eé’k o~ %. It is clear that x € Zé’k, so that z € FPW,L* N Zé’k =
FPZL*. Hence o € FPEYF. This proves F, C Fy.
Conversely, if a € FgEé’k there exists z € FpZé’k inducing a. By the isomor-
phism (2.89) there exists 2’ € W, L* with dz’ = 0 and

t=x42z zezl™MP (2.115)
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let [2]; € B be the class of z. By (2.115) we have

dz = —dx € FPW,L"!
and since dz € Wi_oL**1 we obtain

dz € Wi_o LF1 0 FPW, LAY ¢ FPW,_, LFH!
Thus di[z]; € FpEi72’k+1. Since d; is a strict morphism for F', we find
T € F”Zi_l’k with dy[z]1 = di[z]1, or di[z — x1]1 = 0, that is, z — 21 gives
a class in Eéfl’k. By the isomorphism (2.89) for [ — 1, there is 2 € W;_; L*,
dr” =0, with2”" =2—21 — 21, 21 € ZifQ’k, or
z=2"+11+ 2

and by (2.115)

=+ +11+ 2
Let us write H* = H*(X \ D,C). We remark that the cohomology class of
z” belongs to W;_1 H*; thus we have

¥=@+m)+an mod W,_ H*

We note that = + 1 € FPW,L*. We proceed as above, finding that dy[z1]; €
FPE3F1 and we obtain

¥ = (v + 21+ 72) + 22 mod Wy H*, x5 € FPZI72F 25 e ZI7%F
Going on, because WL = 0 for s << 0 we finally write
¥=x4ri+x0+ -+ 24 mod W,_, H*

with z; € F’)Zifj’]c so that x’ € FPW,LF and 2, through W, H*, induces a.
This proves Fy C F,. O

Therefore we can state a more precise version of the theorem 2.6:

Theorem 2.11. Let us suppose that X is a compact Kdihler manifold. We
provide the cohomology H*(X \ D,C) with the weight filtration W shifted
by —k, the Hodge filtration F induced by the complex of global sections of

Ex(log D), and the filtration F conjugate to F. Then H*¥(X \ D,C) carries
W, H*(X\D,C)
W, H*(X\D,C)

are isomorphic to Eék(X) and thus have a pure Hodge structure of weight
k+1. The filtration induced by F on ES*(X) coincides with the direct and
the recursive filtration.

Remark. The shift of W by —k is needed to normalize the weights in the
quotients. In the shifted filtration W/ = W;_; we obtain
W/HMNX\ Q,C)
W/ HF(X\Q,C)

W/ H"(X,C)
W/ | H*(X,C)

a mized Hodge structure. More precisely, the graded spaces

~ By R (X)

that is, the quotient has weight [, as expected.
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2.5.4 Strictness of d

We quote here the following theorems, which will be proved in full generality
in chapter 4:

Theorem 2.12. Let X be a compact Kdahler manifold, D C X a divisor with
normal crossings. The differential d: T(X, &% (log D)) — D(X, £ (log D))
is strict for the Hodge filtration F defined by (2.58).

By theorem 1.1 of part I, chapter 1, the above theorem is equivalent to

Theorem 2.13. Let L' = T'(X,E% (log D)). The spectral sequence E™*(L", F)
associated to the filtration F on L* degenerates at E;.

Theorem 2.14. Let X be a compact Kdihler manifold, D C X a divisor with
normal crossings. Letw € T'(X, E% (log D)) such that dw € W,,,T' (X, EX (log D));
there exists 0 € Wy, 11'(X, EX (log D)), with df = dw.

As a consequence of theorem 2.13 we can prove that global meromorphic
logarithmic forms are closed:

Theorem 2.15. Let X be a compact Kdahler manifold, D C X a divisor with
normal crossings. A formw € T'(X, % (log D)) which is holomorphic on X \ D
1s closed.

Proof. Let L' = T'(X, % (log D)). The form w belongs to F* L*; since F**1 Lk =
0, it is also an element of E(;k’k(L',F) = FFLF and dyw = Ow = 0 be-
cause w is holomorphic on X \ D. As a consequence, w detects a class
[w]1 € E'l_k’k(L'7 F). By theorem 2.13 there is an isomorphism

FFH*(X \ D,C)

_ kgk ~ Kk -
FkJrlHk(X\D’(C)_FH (X\D,(C)_El (LvF)

This means that there exists a closed form § € FFT(X, £% (log D)) such that
w — 0 is exact. It follows dw = df = 0. g






Chapter 3

Mixed Hodge structures on
noncompact spaces: the basic
example

3.1 Introduction

In this chapter, X is a quasi-smooth complex space. This means that there
exists a resolution of singularities of X, i.e. a commutative diagram:

;

E*>X

— (3.1)

<;Djx

where F C X is a nowhere dense closed subspace, containing the singularities
of X, j: E — X is the natural inclusion, X is a smooth manifold and 7 is
a proper modification inducing an isomorphism X \ E~X \ E, with the
additional assumption that £ and E are smooth manifolds.

Let @ C X be a codimension 1 subspace, with the following property: the
subspaces

Q=rm"YQ)c X, M=ENQCE, M=ENQCE

are smooth divisors in X, E and E respectively.

In pratice the above property is almost never fulfilled. Nevertheless it seems
useful to deal first with the above case, which can be followed step by step,
in order to better understand the general case (chapter 4). This will be the
basic example in introducing complexes of differential forms on X, which are
logarithmic along @; in some sense, we can say that it is the singular case of
the Leray situation treated in chapter 1.

We easily understand how to construct a complex A’y (log Q) of logarithmic
differential forms on X; a k-form is a triple of forms: a logarithmic k-form
onon X\ Q (as deﬁned in chapter 1), a logarithmic k-form on E'\ M and

a (k —1)-form on E\ M. On the manifolds X, F and E everything is well
known by chapter 1. Then the diagram (3.1) allows us to give definitions for

259
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X. The weight filtration on the complex of logarithmic forms on X with poles
along @ is defined also as a direct sum, combining the order of poles together
with the rank of the space in the hypercovering of the complex; X and E have
rank 0, while F has rank 1.

Let us consider the the spectral sequence E™* attached to the weight fil-
tration (the main ingredient for the mixed Hodge theory). Then (under the
right assumption on X \ @, in particular if X \ @ is quasi-projective):

1) EMF dy: lzgn’k — Eg”’kﬂ, E7" are direct sums of the corresponding
objects on X, F and F;

2) the spectral sequence degenerates at the level 2: d, = 0, hence E™F =
m,k
E5"", for r > 2;

3) the £ ok carry a pure Hodge structure, and they are isomorphic to the

graded quotients % of the cohomology H*(X \ Q,C) with

respect to the weight filtrations.

So we must add, to the separate knowledge of the properties of X, E and E,
only the computation of d : E{nk — Eflil’k. We find an explicit formula for
dy (see formula (3.59)).

3.2 The standard logarithmic De Rham complex

Let X, @ be as in the introduction. Then, the sheaves (of logarithmic forms
on a manifold along a smooth divisor) &% (log @), Ex(log M) and £ (log M)
are well defined by chapter 1. Moreover, since i~1(Q) = M and ¢~ (M) = M,
the pullback of forms

i*: £ (log Q) — & (log M)
q": Epllog M) — £ (log M)

are defined, and commute to differentials.
We define the complex Ay (log Q) of logarithmic differential forms on X

along Q by

Ay (log Q) = m.E5 (log Q) ® juEp(log M) @ (j 0 q).E ;(log M)(—1)
More precisely, let U be an open set of X, U = 7~ *(U) C X; then
Ak (log Q)(U7) = £4 (log O)(DT) @ £}y (log M)(U N E)) & £ {log IT) (17 N F)

that is, a k-logarithmic differential form on U is a triple of logarithmic forms
(w,0,8)onU C X, UNE C E,UNE C FE respectively along the corresponding
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divisors, with the usual rule that w and o have the same degree k, while 8 has
degree k — 1.
The differential is defined by

d: A% (log Q) = E% (log Q) @ Ef(log M) & EX ' (log M) —
— A (log Q) = £5M (log Q) @ £ (log M) @ £ (log M)
d(w,0,0) = (dw,do,df + (—1)k(i*w — ¢*0) (3.2)

where *: E;i((log(:}} — £g<1ogM> and ¢*: EE(log M) — £§<1ogM> are the
pullback of forms.
A trivial computation shows that d* = 0 so that A’ (log Q) is a complex.
Note that A% (log@) is a fine sheaf defined on all of X. A section of
A% (log Q) on an open set U C X will be called a logarithmic differential
form of degree k on U.

Notation. From now on we will write for simplicity
Ax(log Q) = £ (log Q) @ Ex(log M) @ E(log M) (1) (3.3)
instead of A’y (log Q) = 7.E5 (log Q) ® jEx{log M) @ (j o q)+E(log M)(-1).

3.2.1 The cohomology of X\ Q
Let us consider the space X\ Q. It is a quasi-smooth space, whose associated
diagram, induced from diagram (3.1), is
E\M——X\Q
ql J” (3.4)
E\M—15Xx\0Q
so that by part II, chapter 2, we can introduce the sheaf of differential forms

which is a resolution of Cx\¢ by theorem 2.1 of part II, chapter 2.
One has an obvious injective morphism of complexes:

(Ax (log @), d) = (p«Ax\q:d) (3.5)

where p: X \ Q — X is the natural map.
Let W be any open set of X, in particular X itself.

Theorem 3.1. The morphism of inclusion p: X \ Q — X induces an iso-
morphism

H*(W, Ay (log Q) ~ H¥(W, j.Ay\ o) ~ H¥(W\ Q,C) (3.6)

or in other words the cohomology of W\ @ can be calculated as the cohomology
of the complex of sections (I'(W, Ay (log @)),d) of Ay (log Q).
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Proof. Each of the complexes Ay (log @) and p*A'X\Q induce a spectral se-
quence of hypercohomology on W:

HP(W.H1A (log Q) — HPH (W, A (log Q) (37)
HY (W, Hip. Ay ) — HP (W, ) (38)

It is sufficient to prove that the natural morphism of the cohomology sheaves
HIAy (log Q) — Hp. Ay (3.9)

is an isomorphism (so that the limits in the formulas (3.7) and (3.8) will be
isomorphic). This is a local statement.

Proof of the surjectivity in (3.9). Let x € Q and p = (w,0,0) € A% (U\ Q) be
a d-closed section of p*Ag(\Q in an open neighborhood U of x. In particular
do = 0; by lemma 1.3 of chapter 1 the morphism of the cohomology sheaves

HIER(log M) — H(pip)«Ep\m

is an isomorphism, so there exist sections ¢’ € £L(log M)(U N E) and o” €
E}ifl((UﬁE) \ M) with 0 —do” = ¢’ (after possibly shrinking U); replacing u
by 11— d(0,0”,0) we can suppose that o € £%(log M)(UNE). A similar argu-
ment, starting with dw = 0, shows that we can also suppose w € Sq (log Q)(1).
Since (—1)?(i*w — ¢*o) = —df, using the injectivity in theorem 1.3, for-
mula (1.25), of chapter 1, on E, we find ¢’ € Eq "log M)(¢~*(U N E)) such
that (=1)¥(i*w — g*o) = —d#'. Again by the same theorem (surjectivity
), (9 — 6#') = 0 implies that we can write § — ¢ = df + 6", where
L

9" "log M)(¢~'(UNE)) and 0 € £L7%(¢" (U N E) \ Q). Finally

(wv g, 9) - d(Ov Oa é) = (wv g, 9/ + 0,/)

which ends the proof of the surjectivity in (3.9).

Proof of the injectivity in (3.9). Let U be an open neighborhood of z € @ and
1= (w,0,0) € A% (log Q)(U) such that there exists («',0”,0') € A% (U \ Q)
with (w,0,0) = d(w’,0’,60"). Then in particular ¢ = do’ so that (by the
injectivity in formula (1.25) of chapter 1 on E) thereisac” € 5;13_1 (log M)(UN
E) with o = do” (after possibly shrinking U); we can replace p with p —
d(0,0”,0), so that we can suppose that 0 = 0. A similar argument on X
(starting with dw = 0) leads us to suppose also w = 0. Then we have 6 = df’
and the surjectivity on E gives a 8" € 52_2 (log M) (¢~ (UNE)) with § = d#".
The conclusion follows. O
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3.2.2 Filtration W by the order of poles

Let us recall from chapter 1 that if Y is a smooth manifold and D is a
smooth divisor on Y we have defined a filtration W on &;-(log D)

0 ifl<0
W€y (logD) =14 & ifl=0 (3.10)
Ey(logDy ifl>1

Let us consider the complex (3.3).
We define the increasing filtration called the weight filtration:

Wiy (log Q) =

R i (3.11)
= Wi (log Q) ® Wi (log M) & WW,Ex (log M)(—1)
where DTV, is the filtration shifted by + 1, namely
WW,EE (log M)(—1) = W1 EL ' (log M) (3.12)
In (3.11) Wi€% (log Q), W,E(log M) and W€z (log M) are the weight filtra-

tions as in (3. 10) The above filtration has the property that (A% (log @), d)
is a filtered complex:

d(WiA% (log Q) < WiA%  (log Q)

because of the formula (3.2) for d, and the fact that the pullback i* and ¢*
preserve the filtrations W on the corresponding complexes (see chapter 1).
From definition (3.11) we deduce:

Lemma 3.1. We have
WiNk (log Q) =
0 ifl<—-1
0@ ee" ifl=-
T\ ek ook g okl N (3.13)
Esoepofy (logM) ifl=0
5§~(<log6:2) @® EX(log M) @ nglﬂogM) ifl>1
Hence the graded complex with respect to the filtration W; is given by
(0) ifi<—-1
0@ o ifl=-1

EX~log M)
Widk(log@) ) Ex @& © Fmg— if1=0 (3.14)
Wi—1 A% (log Q) . - E
gk (1 k
+ (log Q) 5E<logM>@(0) 11

£x £l
(0) ifl>2
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We remark that W;A% (log Q) is a fine sheaf, so that for any open subset
V C X the following equality holds:

WA (log Q) \  T(V,WiA% (logQ))
r (V’ WAk (log Q>) (3.15)

- DV, Wi_1A% (log Q)
The filtration W induces a filtration in cohomology: W, H*(X, A’y (log Q))
and, using the natural isomorphism of theorem 3.1, formula (3.6), it induces
also a filtration W; H*(X\Q, C). As usual, there is a spectral sequence denoted
by EL* with first term

Eik — gk <X WZA}(<10gQ> >

WA (log Q)

which is the cohomology of the graded complex, and the spectral sequence
converges to the graded cohomology

WiH*(X, Ax (log Q)

(3.16)

3.17
Wit (X, A {log Q) (347
One can calculate the differential dy
dy: EVF — iU (3.18)
First, we consider the differential dy of the graded complex
L(X, W A% (1 [(X, WAk
b DLWk (0gQ) DX WiAK (10g Q) 5.19)

T WAk (log Q) T(X, Wi AR (log Q)

Using (3.15) and (3.16), Ei’k appears as the cohomology of this complex. Let

[[x]] € EL*. It corresponds to an element m € T'(X, WiA% (log Q)) such that
dr € W1 A% (log Q). Moreover the dy of the class of dr is obviously 0, so
it gives an element of Ei~"*!
other choices.

Taking into account the formula (3.14), there are only two relevants dy,

namely for [ =0, 1.

which depends only on [[r]] and not on the

3.3 Residues (quasi-smooth case)

In this section we define residues for Ay (log@). The residues are defined
on subspaces WA (log Q) and live on the smooth manifolds Q, M and M.
Let us recall from chapter 1 that if Y is a smooth manifold and D is a smooth
divisor on Y we have defined

Res": £¢ (log D) — E571
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and Res® has the property that for w € Ex, Resk(w) = 0. Hence by the
definition of the filtration W (formula (3.10)) Res” can be written as a map

Res": W1 &L (log D) — EF71
and induces a morphism

k. W15 (log D)

Resh: 2 A4Sy 108 2)
“ Wok (log D)

— Eg_l

We have defined Resf€ for any integer [ > 0 by
Resf = identity: Wo&E (log D) = E& — €& for 1 =0
Resf = ¢ Res": W1&E (log D) — £ for 1 =1 (3.20)
0 forl>2
The above definition can be summarized as follows. Let us define
DO —y DM =D and DU =0 fori>2 (3.21)

then
Res} : W,E (log D) — Egﬂf (3.22)

Let us go back to a quasi-smooth complex space X, a subspace @ as in
section 3.2 and the corresponding sheaf A’y (log Q).

Definition 3.1. We introduce for any integer [ > 0 the residue map

Resf': Wid (log Q) — €5,/ @ €51 @ er }H”“) (3.23)
in the following way. Let (w, 0, 0) be a section of WA’y (log @) = Wi (log Q)@
W€ (log M) & Wiy1E 5 (log M)(—1). Then we define
Res] (w, 0,0) = (Res) (w), Resf (o), Resfﬂlf))) (3.24)

More precisely from the definition (3.21) we obtain (forgetting the trivial
zero components)

Resg (w,0,0) = (w,0,Res*71(8)) € 8;?( DEL D 8;\“7;2
Rest (w,0,0) = (Res”"(w), Res®(0)) € 5571 oErt (3.25)
Resfw=0 1>2

Lemma 3.2. The restriction of Reséc to W;_1A% (log Q) is identically zero,
hence Resy induces a morphism (still denoted Resy )

ResF Wié <1ogQ>

:— gk l@gk Lpeh 1o (+1) 3.26
: I/Vl—lic/‘)(<1OgQ> M ( )

M+1]

This follows from the definition (3.24) and the analogous result in the
smooth case (theorem 1.7 of chapter 1).
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3.4 The residue complex

In the above definition of residue mappings it is not yet clear where Resé€
takes its values. To make it precise, taking into account the second member
of (3.23) we define for a fixed [ the residue complex Res;Ax(log @) of

Ax (log Q):
Res[Ax (log Q) = Ek l@gk l@gk 1- () (3.27)

[14+1]

whose differential d: Res['Ax (log Q) — Res; T Ax (log Q) is the direct sum of
the differentials on each term of the sum.

Lemma 3.3. The residue Res; is a morphism of complexes
Res;: WiAx (log Q) — Res;Ax (log Q) (3.28)

Proof. By the deﬁnition of the filtration W (formula (3.10)) we conclude that
Res; sends WAy (log Q) to Res;Ax(log@). Let us prove that it commutes
with d. Using formulas (3.2) and (3.24) we compute

Res] (d(w,0,6)) = (Res} (dw), Resf (do), Resf_ﬂ1 (d6 + (—1)*(i*w — ¢*0)))

Now w € Wlé'k (log Q), so that by chapter 1 i*w € Wlé'k (log M); by lemma

3.2 it follows Resfﬂl (i*w) = 0. In the same way we find Reler1 (¢*o) = 0.
Hence

Res} (d(w,0,0)) = (dResF (w), dRes! (do), dResle (9))
because we know that in the smooth case the residue commutes with d (lemma
1.1 of chapter 1). This proves the lemma. [l

By lemma 3.2, and the definition (3.27) we obtain

Proposition 3.1. Res; induces a morphism:

Wi\ (log Q)

Res;; ——=2+* =2 27
o Wi—1A % (log Q)

— Res;Ax (log Q) (3.29)

or

. WiEx(log @)
- Wim1Ex (log Q)

(we keep the same notation for the quotient mapping).

Res, = Eu (=) ® Epym (=) © Eguiy (=1 +2))  (3.30)

Hence we obtain a morphism of cohomology sheaves. Then
Lemma 3.4. ResfC induces an isomorphism of the cohomology sheaves

R S N . A — k eS. o .
Wz_lAXﬂogQ)) H* (Res;Ax (log Q)) (3.31)
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Proof. We have
_Widk{logQ) _
Wi—1A% (log Q)
Wik (log Q) WiEk(log M)  Wip1 5 (log M)
m*1£§~(<10g Q) Wii€p(log M) V[/’lcfgﬂ(logM}

(3.32)

and from the proof of lemma 3.3 the differential of an element (w], [0], [6]) of

W;,A.X (log Q) - e . .
WAy (og Q) the term-by-term differential (d[w], d[o],d[d]). On the other

hand by (3.23), (3.24) and (3.26) the differential of the residue complex in
(3.31) is also a direct sum of differentials. The lemma follows from the corre-
sponding result in the smooth case (theorem 1.7 of chapter 1). O

As an immediate consequence of the above lemma we obtain

Theorem 3.2. For fixed [, the morphism Mf induces natural isomorphisms

WiAx (log Q) . . -
7W> — H (X, ReSZAx<10gQ>) —

= H* QY E5) @ HY M (MW, €, 0) @ HF = FD (M, Ep)

Bey: (X (3.33)

Proof. Taking the cohomology of the sheaves in both members of (3.31) we
obtain isomorphisms

Wik (108Q) \\ _ pacx 7 (ResiAx (lo
VVl_1AX<10gQ>>) HY(X, H? (ResjAx (log Q)  (3.34)

HY(X, HP (
By part I, chapter 3 the first member (resp. the second member) of (3.34)
is the term Fs of a spectral sequence converging to the first member (resp.
the second member) of (3.33), and the isomorphisms in (3.34) are compatible
with the maps in the spectral sequences. Then in the limit (3.33) we get an
isomorphism. O

3.5 Residues and mixed Hodge structures (quasi-smooth
case)

3.5.1 Hodge filtrations and residues

Let D be one of the smooth manifolds Q, M or M. We recall the meaning
of DI, as in (3.21).
We define on the De Rham complexes of the manifolds DU, the usual Hodge

filtration
FPE
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which induces a shifted filtration on the shifted complex:

COFPeR (=) = FPiel,! (3.35)
and we define the conjugate filtration

“OPaER (—1) = Friek] (3.36)

If X, E, E are compact Kahler manifolds, each D is also compact Kéhler and
the Hodge filtration of the De Rham complex induces a pure Hodge structure
on the cohomology of D!, Indeed, one has

g ol,c)= @ rr*H*(D,C) (3.37)
a+b=k
This means that the shifted filtrations of (3.35), (3.36) induce also a pure
Hodge structure, namely (3.37) can be rewritten as
Hk(D[l] ,C) = @ (=0 patl (—l)F'b-‘rlHk(D[l] , (C) (3.38)
a+b=k
Renaming the indices, we obtain
gl cy= @ “Hre Chptaioll o) (3.39)
atb=k+l

where the direct sum of (3.39) is taken over pairs (a,b) with a +b = k + 1
(instead of k — I as usual). That is, H*~/(D C) equipped with the (—1)-
shifted filtrations, acquires a pure Hodge structure of weight k + [.

We come now to the definition of Hodge filtrations F” and F9 on the loga-
rithmic complex A’y (log @) and on the residue complex Res; A x (log @) defined
n (3.26). We define

DAk (log Q) = FA€% (log Q)
OF X log M) @ F“Eg_l (log M)
CUFP A% (log Q) = F*' €k (log Q)&
OF R (log M) @ Fb*l*152_1 (log M)

(3.40)

(3.41)

In the second members of (3.40), (3.41) F¢, F® denote the Hodge filtrations
defined in chapter 1. On the other hand taking into account (3.27) we put

(D FResl Ax (log Q) = F“ilé"f*l@

(3.42)
! 1 z+1
QFe— lgp @Fa - 1510 l+1( )
= l)FbReszXﬂogQ) F*~ lé'gml
(3.43)

mb—1 op—l1 b—1—1 cp—1—(I+1)
OF ng ®F 8MU+1
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Remark. The filtrations defined in (3.40), (3.41) are not conjugate.

With the above notations, we deduce immediately

Lemma 3.5. For any [, the residues induce morphisms of filtered spaces for
the shifted filtrations

Res;: U FPIW A (log Q) — "V FPRes; A x (log Q)

.o Wi A <log Q) _ )
. (=D pp ! , (=D pp
Res;: F < A (o Q) FPRes;Ax (log Q)

and also for the F filtrations
Res;: TUFIW Ay (log Q) — TV FIRes; A x (log Q)

(0 mq [ Wil (log Q) 1) AR
Res;: (D4 (— — (D F9Res; Ax (lo
! Wi—1Ax (log Q) Ax(log Q)
Lemma 3.6. 1) The filtrations defined in (3.40), (3.41), (3.42), (3.43), are
preserved by the corresponding differentials.

2) Let us suppose that the manifolds X, E and E in the diagram (3.1) are
compact Kdihler manifolds. Then the differential do is a strict morphism
for the filtrations F' and F.

Proof. The property 1) is clear.
By (3.19)
Egh(X) = EgN(X) @ Ey*(B) @ B¢tV TH(E) (3.44)

where for example Eék(X ) is the spectral sequence on X corresponding to
the complex £ (log M), equipped with its filtration W, as in chapter 1. The
differential dy is the direct sum of differentials on each term, which are strict
by chapter 2, theorem 2.8; property 2) follows. |

3.5.2 Pure Hodge structure on E/*(X)

In the sequel we suppose that the manifolds X, E and E in the diagram
(3.1) are compact Kdhler manifolds.
Let us consider the spectral sequence EL*(X) with first term

WAy (log Q) >

Lk _ rrk
B (X T
(see (3.16)).

Proposition 3.2. The first term Ei’k(X) of the spectral sequence has a pure
Hodge structure of weight k + 1 induced by the shifted filtrations “DF, (=D F

X)) = P IR TR (X) (3.45)
p+q=k+l
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Moreover the residue
Resf: EY%(X) — H*(X, Res;Ax (log Q)) (3.46)

induces an isomorphism of pure Hodge structures on Eik(X) and on
H*(X,Res;Ax (log Q)) for the shifted Hodge filtrations "D F, (“ODF where

H*(X,Res;Ax (log Q) =

kal(Q[l] 7 (C) ® kal(M[l] 7 (C) ® kalf(lJrl) (M[lJrl] 7 (C) (347)
Proof. By (3.32) and (3.16) we have
By (X) = ByN(X) @ BYN(B) @ BTTH(E) (3.48)

The filtrations (=D F? and (=1 F'4 on E-*(X) induce in each summand of (3.48)
their own shifted filtrations (=Y F? and (=Y F4_ so that by proposition 1.1 of
chapter 1 EV*(X), EYF(E) and EYTY" 1 (E) carry pure Hodge structures of
the same weight k41 = k— 141+ 1. Then (3.48) implies that EY*(X) carries
a pure Hodge structure of weight & + [. The equality (3.47) follows from the
formula (3.26). Since by (3.24) the residue on X is the direct sum of residues

on X, E and E, the proposition follows from proposition 1.1 of chapter 1. O

3.5.3 The differential d;

The relevant differentials
dy: EYM(X) — BV (X)) (3.49)

occur for | = —1,0,1. Let [[z]]; be an element of E-*(X), which means that
one has a triple

™= (w,0,0) € WiEL (log Q) ® Wi (log M) & Wi, £ (log M)
such that
d(w,0,0) € W15 (log Q) & Wi 1 £ (log M) & W, (log M)

Then:
di ([[7]h) = [[d(w, 0, 0)])1 € B (X))

Lemma 3.7.

1) The differential di is a morphism of pure Hodge structures defined by
(3.45).
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2) We define dy as the differential dy at the level of residues, namely, such
that the following diagram is commutative

di

Ey*(X) By

Res{c J/ J/Resf‘*’ll

H* (X, Res;Ax (log Q)) L H*! (X, Res;_; Ax (log Q))

Then, dy is a morphism of pure Hodge structures for the shifted filtra-
tions COF, CUF (3.42), (3.43) on H* (X,Res;Ax(log@Q)) and "V,
CHDF on H*1 (X, Res;_1Ax(log Q) and is given by the formula (3.57)
below.

Proof. Proof of 2). We consider the only relevant [ = —1,0,1. Let [a] =
([oa], [az], [a3]) € HF (X, ResiAX<1ogQ)), where by (3.47) a1, ao, as are
d-closed forms on QWU, MW, MU+ of degrees k — I, k —1 and k — 1 — 2
respectively. We apply lemma 1.5 of chapter 1 separately to oy, asg, ag: there
exists (7,7, m3) € VVlé}(ﬂogC» ® Wi (log M) & Wii1 € (log M) such that
the residue of m; is «;.

Hence, w1, 12, 3 induce elements

i)l € EY(X), [[ma]h € EY*(B), ([ms]l € BT H(E) (3.50)
and thus by (3.48) an element
(7]l € Y5 (X) = By*(X) @ BYM(B) @ BTV H(E) (3.51)
Note in particular that
dm € Wi_1€5 (log Q), dmy € Wi_1Ep(log M), dms € WiE;(log M)  (3.52)

Then, by definition,

di[o] = Res;™" | di[[n]) (3.53)
Now
du[x]]x = [[dn]h
and from (3.2)
d(my, 7o, m3) = (dmy, dra, drz + (—1)F(i*7) — ¢*ma) (3.54)

From chapter 1, i*m — q*me € V[/lé‘gﬂog M), hence by (3.52) the second
member of (3.54) is in the space W;_1 A’y (log Q). Moreover, [[dm1]]1, [[dm2]]1,
[[dms]]1, define elements in ELVFPH(X), EXVEYY(E) and EYF(E) respec-
tively, and

di([m;]lh = [ldmjlh, 7 =1,2,3
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So using the results of proposition 1.1 of chapter 1 we have:
Resy " du[[mjllh = dufay] = 6}v;lay], 5 =1.2 (3.55)

where we have denoted by 71 (resp. 72) the Gysin map for the pair (X,Q)
(resp.(E, M)), 6} being the Kronecker symbol, and

Res; du[[m3])1 = di[as] = 6 ys[as] (3.56)

~3 being the Gysin map for the pair (E, M). In (3.53), the residue morphism
is the direct sum of the residues in each component of di[[r]]1, so that finally
using formula (3.24) for Res] "] we obtain

difo] = (0}1lon], 6t valaa], 5P sfas] + [Resf(i'm — g'm2)] )  (3.57)
It is clear from (3.57) that d; is a morphism
H" (X,Res;Ax (log Q) — H" (X, Res;_; Ax (log Q)) (3.58)

which is a morphism of filtered spaces for the filtrations ("D F, (=D F and
(D p (Z+D P respectively. This is a consequence of (3.42), (3.43) defining
these filtrations, from the fact that v;, 7 = 1,2,3 is a morphism of filtered
spaces, and the fact that if the o; have given types, one can choose the ;
with a well defined type (as in lemma 1.5 of chapter 1), that the pull-back ¢*
and ¢* respect types, and the residue also.

Proof of 1). dy is a morphism of filtered spaces for the Hodge filtration and
the residues are isomorphisms of filtered spaces. So also dj is a morphism of
filtered spaces and thus it is a morphism of pure Hodge structures. Taking
into account that @k(i*m) = i*@km = 7"« and the analogous formula
for @k(q*m), the formula (3.57) becomes more explicitly

A (0,0,v3[as] + [(i*m — ¢*m2)]) for =0
difa] =< (mloa], yelaszl, [i*ar — ¢*ag)]) forl=1 (3.59)
0 forl+#0,1

where ~
E Y = HYE,C)

EY* = HYX,C) @ H*(E,C) ® H**(M, C) (3.60)
Ep* = H1(Q,C) @ HY (M, C)

3.5.4 The conjugate complex

The complex Ay (log Q) is not closed under conjugation. We can define the
conjugate complex A’y (log Q) by

Ax (log Q) = £ (log Q) ® Ex{log M) © € (log M)(—1)
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where £ (log Q), £, (log M) and Ex(log M) have been defined in chapter 1.
There is a conjugation for logarithmic forms, such that w € A% (log Q) if
and only if @ € A% (log Q).
Moreover
dw = dw (3.61)
On the conjugate complex we can also define:

e The conjugate weight filtration W;:
w e WA logQ) <= ©e WA (log Q)

e The conjugate residues Resf:

Res; : WA% (log Q) — ReslAx (log Q) (3.62)

i.e. the conjugate residues have the same target ReszXﬂog Q) as the
residues Res.

Using (3.61), (3.62) it is easy to express the results in lemma 3.3, proposition
3.1, theorem 3.2, lemma 3.6 replacing W;A% (log Q) with W ;A% (log Q). In
particular let us note the following immediate consequence.

Proposition 3.3. The spectral sequence with respect to the filtration W, of
the complex T'(X, A% (log Q) coincides, for r > 1, with the spectral sequence
ELF(X) with respect to the filtration W, of the complex T'(X, A% (log Q)). The
conjugation w — @ from T'(X, A% (log Q)) to T'(X, A% (log Q)) induces a con-
jugation on each term EL*(X), r > 1; moreover the differentials d, commute
to conjugations.

The Hodge filtrations on A% (log @) are defined, following (3.40), (3.41):

CUFP A% (log Q) = F*~' A% (log Q) (363)
CDFeAk (log Q) = F* A% (log Q) '

In the second members of (3.63) F°, F'* denote the Hodge filtrations. Then
it is clear that

Proposition 3.4. The conjugation w — W transforms (’l)FaA'X (log @) to
EDFaAy (log Q) and TV EPA (log Q) to TV FPA' (log Q)

3.5.5 Degeneration of the spectral sequence

In this section, we suppose that X, E and E are compact Kéhler manifolds.
We prove that the spectral sequence ELF(X) degenerates at the term Eo. We
study carefully the term EY¥(X). In fact by (3.60) the only nonzero terms
occur for [ = —1,0, 1, and the only nontrivial dy occurs for [ = 1.

On each term Eék(X ) of the spectral sequence of the filtration W; there
are two kinds of filtrations:
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e The direct filtrations (“DFy, “DF|, induced by the filtrations (-OF
and ("D F of the complex A’y (log Q) (see (3.40) and (3.41)); here EL*(X)
must be considered as a quotient of the subspace Zé’k C VVlA’;( (log Q);
precisely a € ("D F*EL¥(X) means: there exists z € DR A (log Q),
with dx € V[/},QA’}H(logQ), so that =z € Zé’k, and the class of z in
EL¥(X) is a (and analogously for CDF )

e The recursive filtrations DF,, “DF, induced on EL¥(X) consid-
ered as the cohomology of the complex (Ei’k(X ),d1); precisely a €
(D Fg EL¥(X) means: there exists y € CDFeEM (X)), with dy(y) = 0
and the cohomology class of y in E5*(X) (as the dy-cohomology of
EY"(X)) is a (and the same for ("D F.)

Moreover it is easy to prove that Fy; C Fy, Fy,Cc Fyifx e (_l)F{‘Zé’k as above,
then z € CVFeZb% and dy[z]; = 0; hence y = [z], € CVFCEYY(X) Nkerd,
and its class in E5"(X) is a.

Lemma 3.8. The filtrations DF and (’l)Fl, as well as CYUFy and (’l)Fg,
are conjugate.

The statement for =Dy, GO Fy follows from the propositions 3.3 and 3.4.
For ("0 F, and (=D F, it is enough to prove it in the case of Ei’k(X), where it
is obvious because Fy = F», F} = I, in Ei’k(X).

Theorem 3.3.

1) The differentials d,. of the spectral sequence are 0 for r > 2.

2) dy is a morphism of the filtrations ("D Fy and U Fy:
dy: COFEELYR(X) — CHN papy M (x) (3.64)
dy: COFPELF (X)) — CHA R EL2R () (3.65)

3) The filtrations =Y Fy, ("D Fy induce pure Hodge structures on Eé’k(X)

By (X)= @ VR CORIER(X) (3.66)
a+b=k+lI

4) On ELY¥(X) the filtration COF (resp. (“DF)) s identical to the filtra-
tion “UFy (resp. "V E,). We shall denote simply by “OF, CUE | these
filtrations.

Proof. Property 2) is clear, since the differential d preserves the filtrations
(=DF and "Y' F of the complex Ay (log @) (lemma 3.6, 1).
Property 3): dy preserves ("YF and (=) F on Ei’k(X) so that its cohomology
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EL¥(X) carries a pure Hodge structure as in (3.66).
Property 1) for r > 3 is obvious for degree reasons. Then we note that 2), 3),
4) imply 1) for r = 2. In fact if we know that the direct and the recursive filtra-
tions on EL*(X) coincide, by (3.64) and (3.65) dy: ES¥(X) — EL-2k+1(X)
becomes a morphism of pure Hodge structures of respective weights k + [,
k + 1 — 1, which are different, so that do = 0 by proposition 1.4 of part I,
chapter 1.
Finally, let us show 4). By lemma 3.8 it is sufficient to treat the case of (=) Fy
and "Dy,

We already know DR ¢ (*l)FQ, so we need to show “OE, ¢ CDEy . For
simplicity we write L* = A% (log Q).

Let o € FQ“Eék, there is a representative in F“Ei’k NKerd;, i.e. an element
z e FozbF ¢ FeW,LF with dy[z]; = 0; we have dz € W;_y LF1 0 FoW, L1
so that

dx € FOW,_LF1 (3.67)

dy[z]1 = 0 gives
de=dy+z, yezi'""=wiLF, ez P =wi L (3.68)

We obtain an element [y]o € E(lfl’k, and from (3.68) we get do[yo € FaE(l)fl,k.
Since dy is strict by lemma 3.6, we find 3’ € FeW,_, LF with dj [ylo = do[y')o
or

dy=dy + 7, 2 € W_oLk! (3.69)
From (3.67), (3.68), (3.69) we obtain

x—y € FYW,L*

and
d(z —y') € Wi_oLFH!

so that z —y' € F*Zy" and its class in EY* is .. This proves 4). O

Therefore we have given a proof of the following result:

Theorem 3.4. Let us suppose that X, E, E are compact Kdhler manifolds.
Then the cohomology H*(X \ Q,C), provided with the weight filtration W
shifted by —k, carries a mized Hodge structure. More precisely, the graded
spaces % are isomorphic to Eék(X) and thus have a pure Hodge

structure as in (3.66).

(The shift of W by —k is needed to normalize the weight in (3.66); in the
117k
shifted filtration W} = W;_j the quotient Wﬂﬂ% has weight [, as
expected).
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Remark. We point out that the statement of theorem 3.4 is not yet complete.

k
More precisely, the graded spaces m‘;ﬁ;,&—m are isomorphic to Eé’k(X ),

which carry a pure Hodge structure of weight k-1 for the filtration F' induced

by EYF(X) (ELY*(X) is a quotient of a subspace of EY¥(X)). On the other

hand, the filtration F on H*(X \ @Q,C) induces a filtration on the quotient
k

%. We have not shown that the two filtrations, under the iso-

morphism EL¥(X) ~ &?Ei—m coincide (and the same for F'). This will

be made clear later in the general case (chapter 4).



Chapter 4

Mixed Hodge structures on
noncompact singular spaces

4.1 Introduction

In this chapter, we introduce logarithmic differential forms in the most
general case of a singular open analytic space X \ @ which is the complement
of a subspace @ of a compact analytic space X.

We take a desingularization of X:

%

—

oSl
B

=)
%
%
3

j
—

&
4

where E C X is a nowhere dense closed subspace with sing(X) C E, and X
is a smooth manifold.
Let
Q=7"YQ), M=EnNQ, M =ENQ.

Then we define the relevant objects on X (logarithmic differential forms,
weight and Hodge filtrations, residues...) as triples of objects on X, E,
E. The results about X are known by the theory of the manifold case (chap-
ter 2); the definitions and results about E and E are known by induction on
the dimension (dim F, dim E < dim X ). The weight filtration on the complex
of logarithmic forms on X with poles along @ is also defined combining the
order of poles together with the rank of the space in the hypercovering of the
complex. Though one should not expect that the theory on X is a “direct
sum” of the theories on X, E, E, it turns out (as in the compact case of Part
IT chapter 3) that this is not far from being true. In fact let us consider the
spectral sequence E™F attached to the weight filtration (the main ingredient
for the mixed Hodge theory). Then (under the right assumption on X \ @, in
particular if X \ @ is quasi-projective):

1) EPF dy: Egl’k — Eg”:k, E7™" are direct sums sums of the corresponding
objects on X, E and E;

277
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2) the spectral sequence degenerates at the level 2: d, = 0, hence E™F =
E;n’k, for r > 2.

3) the E3" ok carry a pure Hodge structure, and they are isomorphic to the

graded quotients w of the cohomology H*(X ,C) with
W1 HF(X\Q,C)

respect to the weight filtration.

So we must add, to the separate knowledge of the properties of X, E and
E, only the computation of dj: Ein’k — E{n_l’k. Moreover, one can find an
explicit formula for dy (formula (4.57).)

We can also define the notion of residue in the above general context. As
in the smooth case, the residues live on certain smooth compact manifolds, so
that they allow us to transport classical Hodge theory on compact manifolds
and induce mixed Hodge theory on open singular spaces. The first term E{" ok
of the spectral sequence appears to be the cohomology of another complex,
the residue complex.

4.2 Logarithmic complexes on singular spaces

In this section we show how to define complexes of forms with logarithmic
poles at infinity on any complex space.

4.2.1 Logarithmic forms

By a pair (of complex spaces) (X, Q) we mean the data of a complex space
X and of a closed, nowhere dense complex subspace Q). Let g: Q — X and
p: X\ Q — X be the natural embeddings. A morphism of pairs f: (X, Q) —
(Y, R) isamorphism f: X — Y such that f(Q) C Rand f(X\Q) C Y\Q. For
a pair (X, Q) we define a family of complexes of fine sheaves R(X (log Q))) =
{Ax(log @)} and for every morphism f: (X,Q) — (Y, R) a family R(f) of
morphisms of complexes between the Ay (logR) € R(Y (logR)) and some
of the Ax(log@) € R(X(logQ)), more precisely morphisms Ay (log R) —
[« 'y (log Q) which we simply denote Ay (log R) — Ay (log @) and call (ad-
missible) pullback with the following properties.

(I) The restriction A (log@)|x\q = A'X\Q of Ay (log @) to X \ @ belongs
to R(X\Q) (as defined in Part II, chapter 2), and the natural morphism
of complexes on X

Ax(log Q) — p«lx\q

induces isomorphisms in cohomology:

H¥ (A (log Q) — HEp. Ay g (4.1)
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in particular for every open set W C X one has
HMW, Ax (log Q) = H*(W, p.Ax\q) = H* (W \ Q,C)

(IT) For k > 2dimX, A% (log Q) = 0.

(IIT) If X is smooth and @ is a divisor with normal crossing, the logarithmic
De Rham complex £ (log @) belongs to R(X (log@)); for every mor-
phism f: (X, Q) — (Y, R) with Y smooth and R a divisor with normal
crossing the ordinary De Rham pullback f*: &, (log R) — f.€ (log @)
is an admissible pullback.

The family of pullback will satisfy the following properties.
(C) (Composition). The composition of two pullback is a pullback.

(EP) (Existence of pullback). Let f: (X, Q) — (Y, R) be a morphism of pairs,
and let us fix Ay (log R) € R(Y (log R)); then there exists a Ay (log Q) €
R(X (log@)) and a pullback Ay (log R) — A’y (log Q).

(U) (Uniqueness of pullback). Let f: (X,Q) — (Y, R) be a morphism of
pairs, and a: Ay (log R) — A (log @), B: Ay (log R) — A (log @) two
pullback corresponding to f; then a = .

(F) (Filtering). If A (log Q) , A (log Q> € R(X(log @)), there exist two
pullback Ay, <log Q) — Ay <1og Q), A (log Q) — A (log Q) correspond-
ing to the 1dent1ty, with the same target Ay (log Q) € R(X(log @)).

It is useful to define A% (log@) = 0 at points z € X where Q@ = X (in a
neighborhood of z).

We sketch now the construction of the family R(X (log@)) for any pair
(X, Q). We omit the proofs, because they follow almost word by word (mutatis
mutandis) the proofs in part II, chapter 2.

Step 1). Let X be smooth, and @ any subspace. Let

— X
l (4.2)
— X

be a proper modification,where X is smooth, @) is a divisor with normal
crossing and 7 is an isomorphism outside Q); we define

Ex(log Q) = (€3 (log Q)

The above complex, which depends on the choice of the diagram (4.2),will be
called a logarithmic De Rham complex of the pair (X, Q) associated to the

%@x
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diagram (4.2); the reader should keep in mind that this gives new complexes
even when () is a divisor with normal crossing.

Step 2). Let (X, Q) be any pair, E C X a nowhere dense closed subspace,
with sing(X) C FE, and consider a diagram

%

—

oSl
~

(4.3)

=)
%
%
3

|

Let ~ R L

Q=n"Q), M=ENQ, M=ENQ.
Let Aj(log M) € R(E(log M)) (which exists by induction on dim(X)). Then
we can find Az(log M) € R(E(logM)), a logarithmic De Rham complex
& (log Q> as in step 1), a pullback ¢ € R(q)

¢: Ap(log M) — A (log M) (4.4)

a pullback ¢ € R(4) ~ -
Y: E4(log Q) — A (log M)

so that we define the complex
A (log Q) = m.% (log Q) @ ju A (log M) & (j 0 q). Al ' (log M) (4.5)
whose differential is by definition
d(w,0,8) = (dw,do,df + (—1)* ((w) — ¢(0)). (4.6)

The above complex induces the isomorphism of cohomology sheaves (4.1).

Proof of the surjectivity in (4.1). Let x € Q and p = (w,0,0) € A% (U \ Q)
be a d-closed section of p*A’%\Q on an open neighborhood U of z. Since
do = 0, by induction on dimensions there are o’/ € A% (log M)(U N E) and
o" € AN (U N E)\ M) with ¢ — do” = o' (after possibly shrinking U);
replacing p by p — d(0,0”,0) we can suppose that o € A% (log M)(U N E).
A similar argument (using theorem 2.4 of chapter 2) shows that we can also
suppose w € E;i( (log Q)(U). Since (—1)*((w) — ¢(0)) = —db, by induction
(we use the injectivity on E) there is ' € A%‘l (log M)(q~"(UNE)) such that
(—1)*(¥(w) — ¢(0)) = —df’. Again by induction , d(f — ¢') = 0 implies that
we can write § — 0" = df + 0", where " € A%*1<1ogM>(q_1(U N E)) and
6 e A:2(¢"'(UNE)\ M)). Finally

(w,0,0) — d(0,0,0) = (w,0,0 +6")

which ends the proof of the surjectivity in (4.1).
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Proof of the injectivity in (4.1). Let U be an open neighborhood of x € @
and 1 = (w, 0,0) € A% (log Q) (U) such that there exists (', ’,0") € A5 (U\
Q) with (w,0,0) = d(w',0’,0"). Then in particular o = do’ so that (by the
injectivity on E) there is a o” € A% (log M)(U N E) with o = do” (after
possibly shrinking U); we can replace p with g — d(0,0”,0), so that we can
suppose that o = 0. A similar argument on X (starting with dw = 0) leads us
to suppose also w = 0. Then we have § = df’ and the surjectivity on E gives
af”e A’gQ(log M) (g~ (U N E)) with § = df”. The conclusion follows. [

Note that A% (log@) is a fine sheaf defined on all of X. A section of
A% (log Q) on an open set U C X will be called a logarithmic differential
form of degree k on U.

Notation. From now on we will write for simplicity
Ax(log Q) = € (log Q) ® Ay (log M) & A (log M)(—1) (4.7)
instead of
Ax (log Q) = 7.5 (log Q) & juAg (log M) © (j 0 q)« A (log M) (1)

Theorem 4.1. One has a natural isomorphism induced by the morphism of
inclusion

HP(W, Ax (log Q) = HP (W, p.Ax\ o) = HY(W\ Q,C) (4.8)

or in other words the cohomology of W\ D can be calculated as the cohomology
of the complex of sections (I'(W, A (log Q)),d) of Ax(log Q).

Proof. First we note that the second isomorphism in the above formula (4.8),
is a consequence of theorem 2.1 of part II, chapter 2 for the complex A'X\Q.

Each of the complexes A’y (log Q) and p*A'X\Q induces a spectral sequence of
hypercohomology on W:

HP(W, HAy (log Q) = HPM(WW, A (log Q)
HP (W, Hp Ny o) = HPF (W, puhiy o)

By the isomorphism (4.1) the cohomology sheaves HA 'y (log Q) and Hp, A'X\Q

are isomorphic. So in the limit we find that the cohomologies HP (W, A’y (log Q))
and HP(W, p*A'X\Q) are isomorphic. O

From the construction of Ay (log @) it follows that there is a uniquely deter-
mined family (X4, Qa), ha)aca of pairs (X4, Q,) (X, smooth and @, a divisor
with normal crossing in X,) and proper maps of pairs hq: (X4, Qs) — (X, Q)
such that

A (log Q) = P (ha)-Ex, " (log Qu) (4.9)

a€A
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where g(a) = gx(a) is a nonnegative integer, which depends only on a € A
and not on k; moreover, there exist mappings hap: (Xa, Qa) — (Xp, @p), com-
muting with h, and hy, such that the differential A% (log Q) — A% (log Q)
is given by
dwa) = (dwa + Y el hiywn) (4.10)
b

where egz) can take the values 0, £1.

The family ((Xa,Qa),ha)aca Will be called the hypercovering of (X, Q)
associated to A’y (log @), and ¢x (a) will be the rank of (X,, Q).

Clearly if hap: (Xa, Qo) — (Xp, Qp) exists, one has

qx(a) = gx(b) +1 (4.11)
Remark.

L. In the situation of the diagram (4.3) and of the complex (4.5), we notice
that (X, Q) is not in general a pair (Xg, Q,) of the hypercovering. In

fact the logarithmic complex £ (log @) is given by a ¢..£%, (log Q') where

X’ is a manifold, Q' a divisor with normal crossing, and ¢: (X' "qQ ) —

(X,Q) is a modification. In this case, (X’,Q’) is a pair of the hyper-
covering, and the corresponding morphism of pairs is 7o ¢: (X', Q') —

(X, Q).

2. Notice also, for future use, that when one restricts A’y (log Q) to X \ @,
one obtains a complex A'X\Q whose associated hypercovering is (X, \ Q)
(with the same rank ¢x(a)).

So, among the pairs (X, Q,) of the hypercovering of A’y (log @), one can
distinguish three types

i) the pair (X’,Q’) which is the modification of (X, Q), whose rank is 0;

ii) pairs (X3, Qp) corresponding to the hypercovering of Ay (log M) whose
rank is

qx(b) = qr(b)

iii) pairs (X.,Q.) corresponding to the hypercovering of A'E<log M ) whose
rank is

gx(c) = qp(c) +1
At the level of hypercoverings, a pullback
¢: Ay (log R) — A (log @)
is also given by
o: P&y Pllog Ry) — @D Ex. ™V (log Q) (4.12)
beB acA

and can be realized as follows
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(i) for any a € A, there exists at most a unique b = b(a) € B with gy (b) =
gx (a) and a morphism of pairs

fab: (Xana) - (YbaRb)

inducing a standard De Rham pullback
fav: Ev, (log Ry) — Ex, (log Qa)
We put f¥, = 0if fup is not defined as a morphism of pairs.
(ii) Then ¢ of (4.12) is given by
¢ (Boews) = Daca(fapws) (4.13)

(this is well defined because for any a € A , f%, is unique, and maybe
0).

Definition 4.1. The hypercovering (X, Q) associated to A’y (log Q) is called
a Kahler hypercovering if each X, is a Kédhler manifold.

Arguing as in theorem 2.10 of part II, chapter 2, we obtain
Theorem 4.2.

(i) Let X be a compact (B)-Kdihler space, Q C X a closed subspace. Then
there exists a Ay (log Q) € R(X (logQ)) with a Kdhler hypercovering.

(ii) Let f: (X,Q) — (Y,R) be a morphism of pairs, where X and Y are
compact (B)-Kdihler spaces; let Ay (log R) € R(Y (log R)) with a Kdhler
hypercovering. Then there exists a Ay (logQ) € R(X(logQ)) with a
Kahler hypercovering and a pullback Ay-(log R) — Ak (log Q).

(iii) If X is a compact (B)-Kdhler space and A3 (log Q) , A2 (log Q) admit a
Kdhler hypercovering, there exist two pullback A')’(1 (log Q) — A (log Q),
AP (log Q) — Ay (log Q) corresponding to the identity, where the com-
mon target Ay (log Q) has a Kdhler hypercovering.

4.3 The weight filtration W

4.3.1 On a logarithmic De Rham complex when X is smooth

Let (X, Q) be a pair with X a manifold, @ a (closed nowhere dense) sub-
space and 7: (X, Q) — (X,Q) a modification with X a manifold and @ a
divisor with normal crossing. We have a logarithmic De Rham complex

Ex(log Q) = m.E5 (log Q)
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where €§<log Q) is the standard logarithmic De Rham complex defined in
chapter 2. We define an increasing filtration

W€ (log Q) = m. W& (log Q) (4.14)

where Wmé}( (log Q) is the filtration by the order of poles as defined in chapter
2.

4.3.2 On a general logarithmic complex

If A (log@) is a logarithmic complex as in (4.7) (where we have skipped
the symbols of direct images of sheaves), we define the filtration

WinAx(log Q) =

e . D e (4.15)
= Wn&s(log Q) ® Wi A (log M) @ Wy, Az (log M)(—1)
where (DT, is the filtration shifted by + 1, namely
W, A% (log M)(=1) = Wi, 11 AL (log M) (4.16)

In (4.15) Wi, AR (log M) and W, A% (log M) are defined by recursion on the
dimension and W,,&% (log Q) is defined as above by (4.14).

Lemma 4.1.

1) A (log Q),d) is a filtered complex for Wy, :

d( WAk (logQ)) C Wy A% (log Q) (4.17)
and is given, at the level of hypercovering by
WA (log Q) = P W&, (log Qu)(—ax (a)) (4.18)
a€A

2) W,, is preserved by pullback.

Proof. We prove first (4.18) by recursion on the dimension. We start from
(4.15). One of the pairs (X,, Qq) is (X', Q") which is a modification of (X, Q),
whose rank is 0. For this pair, Wmé}((log Q) coincides with Wi, €%, (log Q')
(forgetting the direct image symbols).

For the pairs (X3, Qp) of the hypercovering of A (log M) one has

Wi A (log M) = @D VW, £, (log Qu)(—qr (b))
b

where we know that gg(b) = ¢x(b). For the pairs (X, Q.) belonging the

hypercovering of A’z (log M) one has

WAz (log M) = @ @ IW,,E (log Q) (—qz(c))
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But ¢z(c) = gx(c) — 1 so that

(1)WmA' (log M)(— @(QX(C))W Ex, (log Qc)(—gx(c))

These formulas, together with the definition (4.7), prove (4.18).
Now, we consider a pullback as in (4.12), (4.13). We know that the nonzero
fr, are standard De Rham pullback between pairs of same rank

fap: Ey, (log Ry) — Ex (log Qa), qx(a) = gy (b)

On the standard logarithmic De Rham complexes, W, is the filtration by the
order of poles and so it is preserved by standard De Rham pullback. So using
(4.13) and (4.18) we see that a pullback preserves the filtration W,,.

Finally, we prove that d preserves the filtration W,,,. We use the equations
(4.18) and the definition (4.10) of d. Assuming that for each a

W, €lax () ngf(:q)f (a) (log Q)

we see that
dw, €@x(@) W, e 71X 15 Q) (4.19)

and
Ry clax (@) ng;c(:qx(b) (log Q)

But ¢x(b) = gx(a) — 1, so that

S M gy, €0 @) 1w, gk @ 10 Q) (4.20)
b

The equation (4.20), together with (4.19), prove that d preserves the filtration
w. O

Moreover from (4.20) and the definition of d in (4.10), we obtain

Lemma 4.2. If ®4caw, € WA (log @) , then

d(@aeAwa) = @aeA(dwa) mod Wm,—lA.X <10g Q>

4.3.3 Filtration of the cohomology and spectral sequence

Let V C X be an open subset. The filtration W, induced on the complex
I'(V, Ak (log Q)) gives rise to a spectral sequence whose first term is

m,k 7k WmA}(<10gQ> 7k WmA}(<10gQ>
V) =4 <V’ Wm_lA'Xdog@) = <V’ Wm_lA'Xﬂog@)
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Wi A% (log Q)

The second equality in the above formula holds because the W A% (log Q)

are fine sheaves, so that we have isomorphisms

Q) (y; Mhos) )
L(V, Wp,—1A% (log Q) " Wi—1A% (log Q)

By (4.18) we have

Wl (logQ) @)W, (log Qu)(—q(a))
Wy log Q) ~ D) <<q<a>>wmle;(u (l0g Qu) (—4(a))

so that

W, Ay {log Q) )
: (V’ W1 Ay (l0g Q)

B Wintq(a)€x, (log Qu)(—q(a))
=r (V’ e 1 (o Qa>(—(J(a))>

(4.21)

acA

Lemma 4.3.

. . WHLA.X <10g Q>
1) The differential dy of the graded complex T’ (V, W A (108 Q) ) , under the

identification (4.21), is given by
do ([@aeAwa]) = (EBaGAdO[wa]) (4.22)

where [ | in the left hand side denotes the equivalence class modulo
Wn—1Ax (log @), and [ | in the right hand side the equivalence class mod-
ulo (Q(“))Wm_lé‘j(u (log Qq)(—q(a)).

2) The first term of the spectral sequence is

@OW,,,Ex (log Qu)(—q(a))
m,k _ k Xa
By (V)*%H (V’(ha)*((q(a))Wm1€ka’<10gQa>(—q(a))>> (423)

Proof.
1) is immediate from lemma 4.2

2) E™*(V) is the cohomology of the complex on the left hand side of (4.21)
for the dy of (4.22). Hence the equality (4.21) and the formula (4.22) prove
(4.23). O

Notice that by chapter 2 and (4.23)

B V) = @ BP0 (1 (v)) (4.24)
acA
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(where the terms F; in the second members are the E; of the spectral sequence
of chapter 2 for each (X4, Qa))-
If V = X the above formula (4.24) can also be written as

EPH(X) = BPN(X) @ BfH(B) @ BYTHTH(E) (4.25)

where E™F(X), ETF(E), E™*(E) are the spectral sequences arising from
the weight filtrations on the complexes I'(X, £ (log Q)), I'(E, A (log M)) and

I(E, A% (log M)) respectively.

4.4 Residues
4.4.1 Residues on the graded complexes

For each pair (X,,Q,) of the hypercovering, we can define residues as in
chapter 2 for £ (log Q,) and we deduce mappings

Rest 5 (ha)o (WOWnEk, (log Qu)(—a(a))) — (ha)oEly 1miae (4.26)

@)y, &+ (log Qq a
Resk - ha)*( X.a< 8 Qa)(—q(a))
: (@)W, 1€, (log Qa)(—q(a))

with the conventions:
Qa[o] = X, and then Res’;’m = identity;
Qam = if r < 0 and the corresponding Res’;
m+ g(a) < 0).

We can define the residue as a mapping which is the direct sum of Res’;’m

) — (ha)LEF 209 (4.97)

Q,lm+ata)l

= 0 (indeed Wy, 1 4(q) = 0 if

s

Resf,: WA (log Q) — @D (ha).E5 m 20 (4.28)
acA
W% (lo —m—2a(a
Regt . WmAx(og@) D (ha). 20 (4.29)

" W1 A% (log Q)

These residues induce residues in cohomology. Indeed by lemma 2.2 of chapter
2 applied to the residue mapping Res’;’m on open sets h;1(V), we deduce an
isomorphism of local cohomologies:

a€A

Lemma 4.4. One has an isomorphism of local cohomologies

b (@@W,,,Ex. (log Qa)(—q(a))
@a,m- H <(ha)* <(q(a))Wm1€j(a <10g Qa>(—q(a))>> —

= 1 ((ha) o€ fonsaton (= = 2a(a)) )
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Then we deduce, using the spectral sequence of local cohomologies:

Theorem 4.3. For any open set V. C X , one has an isomorphism of coho-

mologies:
@ Hk7m72q(a) (h;l(V) N Qa[erq(a)]’((:) .
acA
We define the residue complex
Res,, Ax (log Q) = @D ()« tmsaten (—m — 2q(a)) (4.31)

acA

whose differential d is the direct sum of the differentials on each term of the
sum. Then the cohomology of this complex is exactly the second member of
(4.30). Thus:

Corollary 4.1. @fm induces an isomorphism

WA (log Q)
Wi—1A (log @)

Proposition 4.1. The residue mapping

Res® : H* (V, ) — H*(V,Res,,Ax (log Q))

Res? : W, A% (log Q) — Res® Ax (log Q)
commutes with the respective differentials.

Proof. We consider a form
St € (ko). (VWX (log Qu)(—g(a)))

So we have:

dRes), (Bawa) = BaResp dw, € @(ha)*gk*m*Qq(a)Jrl
a

Qqlmtala)+1]

because the residue commutes with the differential on any 5;“(@ (log Q,). On
the other hand
d(Dawa) = Ba(dwe + Y €0 hywr) (4.32)
b

where ¢(b) = q(a) — 1
ReskH (d(@awa)) = BaResls ! (d“’“ +D e h::fb) (4.33)
b

We now distinguish three types of indices a € A
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(i) If a is such that m + g(a) > 0, or m — 1 + ¢(a) > 0, by (4.20) the form

> B htywy €9@) Wy EXTT 1 10g Q)
b

is smooth on X, and its residue Res™ is 0 on Q,mT9l 5o that for
this type of a

Res™ ™ (dw, + Z egz) hiywy) = RestHdw, (4.34)
b

(ii) If a is such that m + g(a) = 0, then the residue

ResF ! (dw, + Z e((llz) hipws) = dwg + Z e((llz) hipwb
b b

because Qa[o] = X, and the corresponding residue is the identity. But
wy € O, EX (log Qv) (—q(b))
Since m + ¢(b) = —1 and W,,€%, (log Qp) = 0 for m = —1, w;, = 0 and

k“ (dwq +Z )h owWh) = dwg = Res’fnﬂdwa (4.35)

(iii) Finally if a is such that m + ¢g(a) < 0, the corresponding residues are
identically O:

Resi M (dw, + Z egz) hiyws) = 0 = ResF M dw, (4.36)
b
From (4.32), ..., (4.36), we deduce

Resfn"’l(d(@awa)) = EBaResandwa = d(Res]:n(@awa)

which is exactly the statement of proposition 4.1. O

4.4.2 Global residues on the filtered complexes

We have a residue morphism on global sections, induced by (4.28)

Res},: T(V, WAk (log Q) — DT ( ) A Q,lmHa(@) gé:ﬁ;i‘i(;}l))
acA

From proposition 4.1 we deduce a mapping
RESF . W, H*(V, A (log Q) —
@ Hk—m—Qq(a) (h;l(V) N Qa[m-l-q(a)]’(c) (437)
acA

Using theorem 4.3, we prove exactly as in lemma 2.4 and theorem 2.3 of
chapter 2
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Lemma 4.5. The kernel of RESF, is W,,,_1 H*(V, Ay (log Q)).

Theorem 4.4. Let [w] be a class in W, H*(V, Ay (log Q)), and | < m. Then
[w] € W H*(V, A (log Q) if and only if

RES! [w] = RESF,_,[w] =+ =RES},[w] =0

4.5 Residues and mixed Hodge structure (singular case)

From now on we assume that all the manifolds X, of the hypercovering of
X are compact Kéhler manifolds.

4.5.1 Shifted Hodge filtrations and residues

We come back to (4.26) which we rewrite as:

Rest ¢ (ha)e (O Wik, (log Qu)(—a(a))) —

. (4.38)
= (ha)+€Q, tm+aan (—m = 2q(a))

Notice that in the right hand side the shift by —m — 2¢(a) corresponds to a

shift —q(a) due to the rank of (X,, Q,) plus a shift —m —q(a) due to the order

of poles. So we define shifted Hodge filtrations for the Qam in the following
way

CDFrek (=1 —q(a)) = Frres (71 (4.39)

(*T)F‘qgga[r] (=1 —q(a)) = (*r)qurgg:;]—Q(a) (4.40)

Then, we have a shifted Hodge decomposition for the cohomology of Q,™+(®)]

Hk—m—Qq(a) (Qa[m-HI(a)] , (C) —
= @ Cmaepr Cmea@) pagkome2) (@ mra@] ¢y (441)
pta=k+m

Finally, one can define shifted Hodge filtrations (=™ F? and (=" F4 on the
residue complex (4.31) by

(=m) FPResk, Ay (log Q) =
e 4.42
= P o)V FPEE i (—m— 2q(a)) (4.42)
acA
(=m) PaResk, Ay (log Q) =
= @(ha)ifqu(a))pqgckga[m+q(a)] (—m — 2¢(a)) (4.43)

a€A
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Because of corollary 4.1 the cohomology of the complex of global sections
of (4.31) is the direct sum of the H¥~m~2a(a)(Q,m+a(@)] ) and thus, using
(4.41) we see that it carries a pure Hodge structure of weight k + m:

H*(X, Res,, Ax(log Q)) = @ H* ™ 24()(Q, "+, C)
= P CmFr CMFIHR(X Res;, Ax (log Q) (4.44)
p+g=k+m
where we have defined
=m pr Cm PR (X, Res,, Ax (log Q) =
— @ (*qu(a))Fp (fqu(a))Fqufmeq(a) (Qa[erq(a)] 7 (C) (4.45)
a€EA

We also define Hodge filtrations on complexes of forms with poles, namely:
(=m—q(a)) pp (q(a))g;c(a (log Qa)(—q(a)) =
= F7 (195 (log Qu)(—q(a))
(=m—q(a)) fra (q(a))géf(a (log Qo) (—q(a)) =
= Foomea WODEL (log Qu)(—a(a)

and then, we define Hodge filtrations on the logarithmic complexes:

I EPAK (log Q) = @D (ha)« FP WL (log Qu)(—g(a))  (4.48)
acA

M FINK (log Q) = @D (ha )« FI~™ =D WD ER (log Qu)(—q(a)) (4.49)

acA
Remark. The filtrations defined in (4.48), (4.49) are not conjugate. Moreover
the role of (=" Fae (=m)Fb is not symmetric; in particular (=™ F® does not
depend on m, 50 it is a true filtration on the complex A’y (log @), while (=™ Fb
depends on m and is adapted to the subcomplex W, Ay (log@) and to the

WinAx (log Q)
WM—lA.X (log Q> ’

(4.46)

(4.47)

quotient complex

Lemma 4.6.

1) The filtrations defined in (4.42), (4.43), (4.46), (4.47), (4.48), (4.49) are
preserved by the corresponding differentials. Hence they induce filtrations
on the cohomology H*(X \ Q,C) under the isomorphism (4.8) of theorem
4.1.

2) Let us suppose that every X, in the hypercovering of X is a compact Kdhler
manifold. Then the differential dy of the graded complex:

DX, Wl (08 Q) | ( Wl (l0gQ) )
F(X, Wm—lA.X <10gQ>) ’ Wm—lA.X <10gQ>

18 a strict morphism for the filtration F.
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Proof. Property 1) is a consequence of the formula (4.10).
By (4.21) we have

WAy (log Q W tq(a)€x, (108 Qa)(—q(a))
F(X Wi 1Ay 1ogc2> @F< - <1og@a><—q<a>>)

acA

hence by lemma 4.3, formula (4.22) the differential dy is a direct sum of
differentials dy for the pairs (X,, Q,), where X, is smooth and @, is a divisor
with normal crossings, which are strict by theorem 2.8 in chapter 2; property
2) follows. O

Moreover

Lemma 4.7. For any m, the residues induce morphisms of filtered spaces for
the shifted Hodge filtrations

Res,, : ™ EFPW, Ay (log Q) — (™ FPRes), Ax (log Q)

Res,,: T™FIW,, Ay (log Q) —(™ FiRes,, Ax (log Q)
as well as on the graded complexes for W,

WAy (log Q)
Wm—lA'X <10g Q>
WA (log Q)
Win-1A% (log Q)

Res,,: ("™ FP ( > —(=m) FPRes,, Ax (log Q) (4.50)

Res,, : ("™ F4 ( ) —(=m) FaRes, Ax(log Q) (4.51)

Proof. The residues are defined as direct sums of the residues Res’é,m. It is
clear that for each a:

Resh . (ha) P W, % (log Qu)(—q(a)) —
(ha) FP~™~ Q(a)gk m—2q(a)

o mta(a)]

Resy pn : (ha) F777 4@ WOW, €% (log Qa)(—q(a)) —
k—m—2
(ha) FI7 Q(G)EQ [m+q<z-(>1)

Indeed, if m + q(a) > 0, Resa m 1S an actual residue, and the result follows
from chapter 2. If m+g(a) = 0, Res’;m is the identity, so the result is trivial,
and if m + ¢(a) <0, Resf;m =0.

Using the definitions (4.48) and (4.49) of the filtrations on Ay (log @),
and the definition (4.44) and (4.45) of the filtrations on the residue complex
Res,,, A x (log Q) we deduce easily the mappings (4.50), (4.51). O
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4.5.2 Pure Hodge structure on E]"*
Lemma 4.8.

1) The first term Eln’k(X) of the spectral sequence has a pure Hodge structure
of weight k +m induced by the shifted filtrations "™ F, (=" F

EMMNX)= @ Cmrr CmpErF(X) (4.52)
pt+g=k+m

2) The residue defined as in (4.30)

mi:n: EIn,k(X):Hk (X, WinAx (log Q) ) -

Wy 1A (log Q)

(4.53)
H* (X, Res;, Ax (log Q) = @ HF 2@ (Q, ") )

is an isomorphism of pure Hodge structures induced by the shifted Hodge
filtrations "™ F, (=M F

Proof. First by lemma 4.7, we see that Res’, induces the isomorphism Res”,
defined by (4.53) at the level of the cohomologies, which is a morphism of
filtered spaces for the filtrations (=) F, (=) F_ So we have morphisms

Resy, : P CRIEME(X) -

i 4.54
(=m) pp (—m) park ()(7 Res,, Ax (log Q>) ( )

which are injective (because by corollary 4.1 Res® is an isomorphism of vector
spaces between E/""(X) and H* (X, Res;,Ax (logQ)). But Res?’, is the direct
sum of Res’;m for all @ and by formula (4.24)

E;mk(X) _ @ E;n+q(a)7k—q(a) (X.)
a

Using definition (4.48) and (4.49) for the shifted Hodge filtrations, we have
(=m) pp (*m)FqEIﬂvk(X) —
= @ e pr (—mate)) pagra(@h-ate) ) (4.55)

and we know that
@’;M: (-m—q(a)) pp (—m—Q(a))F'QE;”JF‘?(“)”C*‘?(Q) (X,) —

_(=m=q(a)) pp (—m—q(a)) fpq frk—m—2q(a) (Qa[erq(a)],(C)

is an isomorphism because of the results of chapter 2 (proposition 2.3) ap-
plied to the manifold X, and the divisor with normal crossing @),. But us-
ing (4.45) and (4.55), we sce that Res® in (4.54) is an isomorphism of each
graded space. So the filtrations (=™ F, (=" F_induce on E{nk(X) a pure
Hodge structure isomorphic to the pure Hodge structure defined by (4.44) on
H*(X,Res,, Ax (logQ)), the isomorphism being Res”,. O
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4.5.3 The differential d;
As usual, one defines

di: EPVF(X) — BPTUMN(X)

in the following manner. If [[7]]; is an element of EJ*(X), one has a collection
T = Bac ATy With

@ata € WNW,,Ex (log Qu)(—q(a))

and
d(Bama) € WDIW,,_1E% (log Qu)(—q(a))

Then:
dy ([[7])1) = [[d(@ama)]h € BT FFH(X)

Lemma 4.9.

1) The differential dyv is a morphism of pure Hodge structures defined by
(4.52).

2) We define dy as the differential dy at the level of residues, namely, such
that the following diagram is commutative

dy

Ey(X) EyHE(X)

Mi‘nl lRES’fﬁ_ﬂ

H* (X, Res;,Ax (log Q)) L H*! (X, Res,, _1Ax(logQ))

Then, dy is a morphism of pure Hodge structures for the shifted filtrations
(mIp, CmE ((4.42), (4.44)) on H* (X, Res;,Ax(log Q)) and "™V F,
(=mFtDE, on H* (X, Res,, _1Ax(logQ)) and is given by the formula

(di[a])a = Yaloa] + B 4 g(a)—1

Res /@t ™) h;bwb] (4.56)
b

where we have denoted by v, the generalized Gysin morphism constructed
in chapter 2 (proposition 2.3) for the pair (Xa, Qa).

Proof.
Proof of 2). We consider an element o € H* (X, Res,,Ax(logQ)), [o] =

Dalaa] € @, HFm~2(@) (Qu™F9@] C). Each a is itself a collection of
d-closed forms

Qg T € Hk—m—Qq(a) (Qa,[a (C)v |I| =m+ Q(a’)
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For each a € A, and thus for each pair (X,, Q,) of the hypercovering, we follow
the construction of proposition 2.3 and lemma 2.7 of chapter 2. Namely, we
construct

Ta € Wm+q(a)g§(;q(a) (log Qa)

whose corresponding residue is a,. Thus
o €4 W, EX (log Qa)(—q(a))
Res§7mwa =0y
Thus, each 7, induces an element
([mally € B} 110 (X)
and thus the collection ®,m, induces an element

(7] = @al[ma]s € EJF(X) = @EIVL-HI(CL%k—q(a) (X)

(see (4.24)). Then, we define

di[a] = Resy ™y di [[n])x (4.57)
Now
dy [}y = [[dn]h
and from (4.10)
(dﬂ—)a - d’]Ta + Z k )h*b’frb
b

where the sum is on indices b € A with

q(a) =q(b) +1

From lemma 4.2, we know that this sum is in the space W,,—1Ax(log Q).
Moreover, m, defines an element in E7" T4+~ (x) anq

di[[malh = [[dma]lx

So using the results of proposition 2.3 of chapter 2, in the case of the pair
(Xa,Qq), we have:

@:;féz;r—lﬂll[[ﬂa”l = di[a] = valaa]

where we have denoted by ~, is the generalized Gysin morphism for the pair
(Xa,Qq). In (4.57), the residue morphism is the direct sum of the residues in
each component of di[[n]]1 , so that finally

(di]o])a = Yaoa] + |Rest, 4! 1Ze<k>habﬁb (4.58)
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It is clear from (4.58) that d; is a morphism
H* (X, Res,, Ax(logQ)) — H**! (X, Res;,_Ax(log Q)

which is a morphism of filtered spaces for the filtrations ("™ F, (=™ F and
(=mtDp  (=m+DE - yespectively. This is a consequence of (4.45), defining
these filtrations, as shifted standard Hodge filtration on the cohomologies of
the Qa[l], from the fact that -y, is a morphism of filtered spaces, and the fact
that if [a], have given types, one can choose the 7, with a well defined type
(as in lemma 1.5 of chapter 2), that the pullback respects types, and the
residue also.

Proof of 1). dy is a morphism of filtered spaces for the Hodge filtration
and the residues are isomorphisms of filtered spaces. So d; is a morphism of
filtered spaces also and thus it is a morphism of pure Hodge structures. O

4.5.4 The conjugate complex

The complex A’y (log Q) is not closed under conjugation. We can define the
conjugate complex A’y (log Q) by

Ay (og Q) = Ex (log Q) ® A {log M) @ A (log M)(—1)

where 5;{<log Q) is the conjugate of 5;{<log Q), and Ay (log M), AE(log M)
can be defined by induction on the dimension of X. Also, by (4.9)

Ay (10g Q) = @ (ha)-£5,"“ (log Qu) (4.59)

ac€A

There is a conjugation for logarithmic forms, such that w € A% (log Q) if and
only if w € A% (log Q).
Moreover

dw=dw (4.60)

as it follows from the formula (4.10) for d and the property that the pullback
h}, commute to conjugation.
On the conjugate complex we can also define:

e The conjugate weight filtration W:
w e WA (logQ) = T e W, A% (log Q)

e The conjugate residues Res’fn:
Res’,: W,,A% (log Q) — @(ha)*gg:ﬂzfg(ﬁ) = Res!, Ax (log Q)
ac€A

(4.61)
i.e. the conjugate residues have the same target Res’an x(log Q) as the
residues ResF,.
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Using (4.59), (4.60), (4.61), it is easy to express the results in lemma 4.4,
theorem 4.3, corollary 4.1 and proposition 4.1, replacing W, A% (log Q) with

WmA; (log Q). In particular let us note the following immediate consequence.

Proposition 4.2. The spectral sequence with respect to the filtration Wy,
of the conjugate complex T'(X,A% (logQ)) coincides, for r > 1, with the
spectral sequence EM™*(X) with respect to the filtration W,, of the complex
['(X, A% (log Q). The map w — @ from I'(X, A% (log Q)) to I'(X, A% (log Q)
induces a conjugation on each term E™Fk(X), r > 1; moreover the differen-
tials d, commute to conjugations.

The shifted Hodge filtrations on A% (log Q) are defined, following (4.39),
(4.40):

IR Ak (log Q) = F'~"A% (log Q) (4:62)
I FeAk (log Q) = F A% (log Q) '
Then it is clear that

Proposition 4.3. The conjugation w — @ transforms M FeA (log Q) to
Ay (log Q) and "I FPAy (log Q) to TN FPAy (log Q).

4.6 Degeneration of the spectral sequence

We recall that we are supposing that every X, is a compact Kahler manifold.
On each term E™*(X) of the spectral sequence of the filtration W,, there are
two kinds of filtrations:

e The direct filtrations "™ Fy, (=" F| induced by the filtrations (=™ F
and (=™ F of the complex T'(X, A’y (log Q)) (see (4.48) and (4.49)) pre-
cisely here E™*(X) must be considered as a quotient of the subspace
Zmk C T(X, Wy, A% (log Q).

e The recursive filtrations (=™ F, (=™ [ induced recursively on E™*(X)
considered as the cohomology of the complex (E;”_’f(X )ydr—1).

It is clear that on EJ"*(X) the filtration (=M (resp. ("™ ) is identical
to the filtration (=m)Fy (resp. ("™ F,). Moreover it is easy to prove that
F1 C FQ, F1 C FQ.

Lemma 4.10. The filtrations mE and (_m)Fl, as well as C™F, and

(=m)F,, are conjugate.

The statement for (_’”’)Fl, (=m) iy follows from the propositions 4.2 and
4.3. For (=™ F, and (=" F, it is enough to prove it in the case of EI””k(X)7
where it is obvious because Fy = F», F; = F» in E{nk(X)
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Theorem 4.5. We suppose that all the manifolds X, of the hypercovering of
X are compact Kahler manifolds.

1) The differentials d,. of the spectral sequence are 0 for r > 2.
2) d, is a morphism of the filtrations ("™ Fy and "™ Fy:

dy: CFPETR(X) - prEr TR (X) (4.63)
dp: (M FbEmk(X) s (mdn) Fbpmoritlxy (4.64)

3) The filtrations ("™ F,, ("™ F, induce pure Hodge structures of weight
k+m on EM™*(X)

EMFX) = P R CYREM(X) (4.65)
a+b=k+m

4) On E™Fk(X) the filtration f‘m)Fl (resp. ("™ Fy) is identical to the fil-
tration ("™ Fy (resp. ("™ Fy).

Proof. The property 2) is clear, since the differential d preserves the filtrations
(=m)F and (=™ F of the complex Ay (log Q) (lemma 4.6, 1). We prove 1),
3), 4) by induction on 7; for r = 1 the property 3) is included in lemma
4.8, and the properties 1) and 4) are trivial. The property 3) for r is a
consequence of 1), 2), 3) and 4) for r — 1: d,_; preserves ("™ F, =(=") p,
and C™F, =) By on EM™¥(X) so that its cohomology E™*(X) carries a
pure Hodge structure of weight k£ + m as in (4.65).

Then we note that 2), 3), 4) imply 1). In fact if we know that the direct
and the recursive filtrations coincide, by (4.63) and (4.64) d,.: E™F(X) —
Em=mk+1(X) become a morphism of pure Hodge structures of respective
weights k +m, k +m — r + 1, which are different for » > 2, so that d, =0 in
that case (proposition 1.4 of part I, chapter 1).

Finally, let us suppose that 1), 3), 4) are true for s < r and let us prove 4)
forr+1 (> 2).

By lemma 4.10 it is sufficient to treat the case of ("™ F; and ("™ F;.
We already know F; C Fb, so we need to show F5 C F;. We shall denote by
(=m)F | the filtrations (=™ Fy, (=™ F, when they coincide. For simplicity we
write L* = T'(X, A% (log Q)).

Let a € Fé‘E;ﬁ_lf, there is a representative in F@E™* N Kerd,, i.e. an
element z € F¢Z™* C F*W,, Lk with d.[z], = 0; we have dz € W,,,_.L**1 N
FoW,, LF+! so that

dx € FOW,,_,LF! (4.66)

dy[z], = 0 gives

de =dey + 2z, x € Z" M ez bR (4.67)
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Then successively we get by 1) d,_1[z1],—1 = 0 so that

dry = dxg + 20, 19 € Z72F 2y € Zm, T HFH (4.68)

Aty o =dr, 1+ 201, @1 € Z] T 2 e ZTTTIMTL (4.69)
From the above equalities we find that

dr,_1 = dx mod Zg“‘”"‘”““ =W,y LFH1 (4.70)

Since z,_1 € Z{n_rﬂ’k, we can compute di[z,—1]1. It follows from (4.70)
and (4.66) that dy[z,—1]1 € F“thr’k. But d; is a morphism of pure Hodge
structures (lemma 4.9), hence it is strict for F. Therefore there exists a]._; €

F‘aZIn_T-i_l’]C with d; [1‘;71]1 = dl[xr_l]l, that is

de,_y =da!. | +dy+2, yezZl "k ezpr b (4.71)
Note that
da!._, € FWy_p i LK W, LMY ¢ Fow,,_, LF! (4.72)

We obtain an element [y]o € Ej*~ ", and from (4.70), (4.71), (4.72) we get
dolylo € F“Egb_r’k. Since dy is strict by lemma 4.6, we find y/ € FOW,,_,.L*
with dolylo = do[y']o or

dy =dy' + 2", 2" € Wy_p_LF! (4.73)
From (4.66). .. (4.73) we obtain
x—a._,—y € FW,,L*

and
dx —x!_ —y') € Wyy_p_ LFH

sothat z —xzl._| —y € F“Zﬂ_’]f and its class in Eﬂ_’f is . This proves 4) for
r+1. (|

It follows that there are natural isomorphisms

W H*(X\ Q,C)
Wn—1HR(X\ Q,C)

ETF ~ (4.74)

The cohomology space H¥(X \ Q,C) carries a Hodge filtration F,. given by
(4.48) and lemma 4.6,1). More precisely

FPHY(X\ Q,C) = FPH*(X, Ay (log Q) (4.75)
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Theorem 4.6. Under the same assumptions as in theorem 4.5, let Fy be the
direct (or the recursive) filtration on Ey" ’k, and F, be the filtration induced

on E;n’k, under the isomorphism (4.74), by the filtration F. given by (4.75).
Then Fy = F.,.

Proof. As in the proof of the previous theorem, let L* = T'(X, A% (log Q)).

The isomorphism (4.74) means the following. Let 2 € Z3™"; then there exists
2’ € Wy, L¥ with dz’ = 0 and

. N ~1,k—1 —1,k
¥ =x+4+di+z, TE€Z T, zeZ""
or
¥=x+z

where the symbol = means cohomologous.
Let o € FPE"F; there exists # € FPW,,L* with dz = 0, inducing « in
k
EPF ~ %. It is clear that z € ZJ"", so that # € FPW,, Lk N
ZyF = Frzy"*. Hence a € F¥Ey*. This proves F, C Fy.
Conversely, if a € Fé’E;”’k there exists € FPZJ"" inducing a. By the
isomorphism (4.74) there exists 2/ € W,,, L* with dz’ = 0 and

¥ =x+z zez b (4.76)
let [2]1 € EJ" ™" be the class of z. By (4.76) we have
dz = —dx € FPW,, LF+!
and since dz € W,,,_s L*t! we obtain
dz € Wi o LF 0 FPW,, LMY C FPW,, o LFH!

Thus dy[z]; € F”EI"_Q’k'H. Since d; is a strict morphism for F, we find
T, € F”Zlmfl’k with dy[z]1 = di[z]1, or di[z — x1]1 = 0, that is, z — x; gives a
class in E;nfl’k. By the isomorphism (4.74) for m — 1, there is 2" € W,,,_1 L¥,
dr’" =0, witha" =2—21— 21, 21 € Zf@_Q’k, or

z=2"+x14+ 2%
and by (4.76)
=+ +x14+ 2

The cohomology class of 2" belongs to W,,,_1 H* (where H* = H*(X\ @, C)),
so that it vanishes in the quotient (4.74); thus we write

¥ =(x+3)+ 2 mod W,,,_1H*

We note that z +x; € FPW,,L¥. We proceed as above, finding that d;[z1]; €
FPE 3% and we obtain

¥ = (v 411 +22) + 22 mod W,,_1H*, o€ F”ZI”*Q’]“, 2 € Z{nf‘g’k
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Going on, because WL = 0 for s << 0 we finally write
¥=x+xz+x0+ -+ 24 mod W,,_1 H*

with z; € FPZ" % 5o that o/ € FPW,,L* and ', through W,, H*, induces
«. This proves Fy C F,. O

Therefore we have given a proof of the Deligne result:

Theorem 4.7. Let us suppose that all the manifolds X, of the hypercovering
of X are compact Kdihler manifolds. We provide the cohomology H* (X \ @, C)
with the weight filtration W shifted by —k, the Hodge filtration F induced by
the complex of global sections of A (logQ), and the filtration F conjugate to

F. Then H*(X \ Q,C) carries a mized Hodge structure. More precisely, the

k
quotients % are isomorphic to E;"k(X) and thus have a pure

Hodge structure of weight k + m. The filtration induced by F on E;n’k(X)
coincides with the direct and the recursive filtration.

Remark. The shift of W by —k is needed to normalize the weights in the
quotients. In the shifted filtration W), = W, _ we obtain

WoHN XA\ Q) i
W, HNXN\ Q.0

(X)

that is, the quotient % has weight m, as expected.

Theorem 4.8 (Uniqueness of the mixed Hodge structures). Let X be a
compact (B)-Kdhler space, Q C X a subspace, and A')’(1<10g Q), A')’f(log Q)
€ R(X(log @), such that the associated hypercoverings are Kdhler. Then
A')’(1 (log Q) and A}’f(log Q) induce identical mized Hodge structures on the
cohomology of X \ Q.

Proof. By the property of filtering for Kéhler hypercoverings (theorem 4.2
(iii)) there exists a third A’y (log Q) whose associated hypercovering is Kéhler,
and two pullback A')’g(log Q) — Ay (log @), A')’(2 (log Q) — Ay (log Q) corre-
sponding to the identity. Both pullback induce the identity in the cohomology
H*(X \ @Q,C). Since a morphism of mixed Hodge structures which is an iso-
morphism of vector spaces (in our case: the identity) is an isomorphism of
mixed Hodge structures (proposition 1.5 of part I, chapter 1), we conclude
that the mixed Hodge structures induced in cohomology by A')’g(log Q) and
A')’(2 (log Q) coincide with the mixed Hodge structure induced by A’ (log @),
hence they are the same. O

Theorem 4.9 (Functoriality of the mixed Hodge structures). Let f: (X,Q) —
(Y, R) be a morphism of pairs, where X andY are compact (B)-Kdahler spaces,
and ©: Ay (log R) — A (log Q) a pullback. We suppose that the hypercover-
ings associated to Ay (log R) and Ay (log Q) are Kdhler. Then ® induces on
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cohomology the natural pullback f*: H*(Y \ R,C) — H*(X \ Q,C), and f*
18 a morphism of mized Hodge structures.

Proof. We know that ¢ induces on cohomology the pullback f* and respects
both the filtrations W,,, and FP. Hence also f* respects the filtrations W,
and FP. |

4.7 Strictness of d
The goal of the present section is to prove the

Theorem 4.10. Let us suppose that all the manifolds X, of the hypercovering
associated to Ay (log Q) are compact Kdhler manifolds. The differential

d: T(X, A (log Q)) — T(X, A" (log @)
is strict for the Hodge filtration F defined in (4.48).

By theorem 1.1 of part I, chapter 1, the above theorem is equivalent to

Theorem 4.11. Let L' = T'(X, Ay (logQ)). The spectral sequence E™*(L", F)
degenerates at Fj.

In order to prove the theorem 4.11 we need some preliminary results on
spectral sequences.

Lemma 4.11. Let L' be a complex of C-vector spaces provided with a fil-
tration W. Let E™* be the corresponding spectral sequence. We suppose

that the terms EI””k are finite-dimensional. Then the terms E™* are finite-
dimensional for r > 1 and

> dim EMF > dim H¥ (L) (4.77)
Moreover the equalities in (4.77) hold if and only if E™* = E™F for all
(m, k).

Proof. Let 1o be an integer (which always exists) such that EZ)L”“ = E™F for
all (m, k); this is equivalent to

ds=0 fors>rg—1 (4.78)

Then Ejp* = reliits, so that
m—1

. - . W,H*L) . )
2 dim By =3 dim gt = dim (L)
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If r > rg, EMF = =E * 50 that equality in (4.77) holds for the E™*.
Let 1 <r <. Smce E™ 1 is a quotient of a subspace of E™ ok , it follows that
dim E™* > dim Em_lf, and dim E™* = dim Eﬁ_lf for all (m, k) if and only if
d.: Emk — Em=rktl g 0 for all (m, k). From the above statements we find
that

> dim EF > dim EfF = dim H (L)

and in the left the equality holds if and only if d, = --- = d,,—1 = 0, i.e., after
(4.78),
ds=0 fors>r

which means E™* = E™* for all (m, k). O
Lemma 4.12. Let L’ be a complex of C-vector spaces provided with a filtration
F, such that the differential d is strict for F. The natural morphism
FPHF(L') FrL;
F Erreyy _ k(W F 1\ _ 17k
s an isomorphism.

Proof. 1t is easy to see that the morphism (4.79) is injective (with no strictness
assumption).

A class o in H* ( FPL ) is represented by y € FPL*, with dy € FPTILFL

Fp+1l]
Since d is strict, there exists z € FPT'L* such that dz = dy. We obtain
P
x =y — z with dz = 0 which determines a class in #,E?L)) whose image
o oprk (_FPLT N s
in H (FPHL,)lsoz. (|

Proposition 4.4. Let L' be a complex of C-vector spaces provided with two
filtrations F (decreasing) and W (increasing). Let E™X(L',W) be the spec-
tral sequence of L' with respect to W, and E,T,”’k(Grpr',W) the similar

spectral sequence of the graded complex Grlij', If d;: E,T,”’k(Grlij', W) —
E,T,”*j’k*l(GrijL', W) are strict for the recursive filtration induced by F', then
there are natural isomorphisms of complexes

Gre B (L, W) — Em (GeE L', W) (4.80)

G Dl

The proof is by induction on r. For r = 0 the two sides in (4.80) are respec-
tively Gr!’ pGrZ L* and Gr’¥GrP ka, which are isomorphic by Zassenhaus
lemma (proposition 2.6 of chapter 2.)

Let us suppose that (4.80) holds for » — 1; then we have the following
identities, commuting with differentials:

Grt ER(L W) = Gif H*(E[ (L', W)) = (by lemma 4.12)
H*(Gr" B (L, W)) = (by induction) = H*(E]" (Gr" L', W)) =
= EMR (Gt LT W),
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Proof of theorem 4.11. Let W be the weight filtration on LF = T'(X, A% (log Q))
By lemma 4.11 we must show that dim Ef’k(L',F) is finite and the equality

> dim EPM(L, F) = dim H* (L") (4.81)
p
holds.
Let us recall that
EPR(L,F) Zdlm H*(GrF L) (4.82)

We apply the inequality (4.77) to the spectral sequence Eﬁmk(Grpr', W) and
r=2.

By theorem 4.5 the spectral sequence E™*(L", W) degenerates at Fy. Since
the spaces E7" ’k(L'7 W) are finite dimensional, we can apply lemma 4.11 for
r = 2 and get the equality

> dim By, W) = dim H* (L") (4.83)

By lemma 4.6, the differential dj: Egn’k(L',W) — Egn’k"_l(L',W) is strict;
and dy : EJ"F(L°, W) — EJ"**Y (L', W), as a morphism of pure Hodge struc-
tures (lemma 4.9) is strict too. Thus we can apply the proposition 4.4 to
E;n’k(L', W), obtaining an isomorphism

Grl ETF(L W) ~ EPF(Gef L' W) (r =1,2) (4.84)
For r = 1 the formula (4.84) insures that Efl’k(Grpr', W) is finite dimen-
sional, so that the lemma 4.11, formula (4.77), for the spectral sequence

Er*(Grf L', W) and r = 2 gives the inequality

> dim EyF(GrF L, W) > dim H*(Gr”, L") (4.85)

Finally we use step by step (4.82), (4.85), (4.84) (for r = 2), (4.83) obtaining

ZdlmEpk (L', F) ZdnnHk pL) <> dim EYH(GeE L W) =
p.m
=> dimGr” E;"’“ L, W) ZE (L, W) = dim H*(L")
p,m
This, together with lemma 4.11, gives the expected equality (4.81). O

Under the assumptions of theorem 4.10 the differential d is strict also with
respect to the filtration W,,, up to a shift by +1:
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Theorem 4.12. Let us suppose that all the manifolds X, of the hyper-
covering associated to Ay (log Q) are compact Kdihler manifolds. Let w €
T(X, A% (log Q) such that dw € W, T(X,A% " (logQ)); there exists 0

€ W1 T(X, A% (log Q) with df = dw.

Proof. Let L* = T'(X, A% (log Q)), and

m,k
Zr

m~+r—1,k—1 m—1,k
dZv"—l + Zr—l

m,k __
, =

(with differentials d,.) be the spectral sequence associated to the filtration W,
on L', which degenerates at E5 by theorem 4.5. We define another increasing
filtration W' by
W/ Lk — ZIn—k,k
m

Since dZ]"** ¢ Z"F IR the filtration W is preserved by d.
Let (E'"™"* d) be the spectral sequence associated to the filtration W’ on

L'. An easy computation shows that E'"™" = Eﬁ_’f and d,. = d,41. Hence

the spectral sequence E’ T’k degenerates at E7, or equivalently the differential
d: T(X, Ak (log Q) — T(X, A% (log Q)

is strict for the filtration W’.
Let w € L* with dw € W,,LFt!; since d(dw) = 0, dw € 2z =

W) i LFTE, so that there exists § € W), ,LF with df = dw. But

W L = Z7Y% € Wi P, hence 6 € Wi, q LF. O
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