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Introduction

The theory and applications of differential forms have been central themes
of algebraic (and analytic) geometry for the last two hundred years. At the
beginning of the 19th century, Abel defined and started the classification of
abelian integrals, namely integrals of differential forms of the type R(x, y)dx+
S(x, y)dy, where R and S are rational functions and x and y are variables
related by a polynomial relation f(x, y) = 0. In modern terminology, Abel
was defining and studying meromorphic 1-forms on a projective curve. The
properties and the explicit construction of these forms “attached” to a curve
was the subject of intensive study during the 19th century: they were classified
as forms of the 1st, 2nd and 3rd species, depending on the nature of their
singularities. The main results were the Abel-Jacobi inversion theorem and
the construction of the jacobian variety of a curve, the theorem of Riemann-
Roch relating the number of functions and forms having given singularities
and the theory of linear series by the italian school of algebraic geometry (in
modern language, the theory of line bundles).

A different but related direction came from the theory of residues by Cauchy
which was also used to study global properties of algebraic curves and evi-
dently was the central result of the theory of holomorphic functions.

Picard and Poincaré attempted to generalize these theories to algebraic
surfaces; they started the study of meromorphic forms of degree 1 and 2 on
algebraic surfaces, they tried to extend Abel-Jacobi theory as well as the no-
tion of linear series, they started the study of divisors and Picard proved the
first version of Lefschetz theorem on surfaces. But at the end of the 19th cen-
tury, algebraic topology was not sufficiently developped and further progresses
in algebraic geometry had to wait for corresponding progresses in algebraic
topology by Lefschetz and others in the 1920’s, as well as the development of
exterior differential calculus by Goursat, E. Cartan. This culminated in the
statement and proof of the Lefschetz theorems about hyperplane sections of
projective manifolds and the rigorous proof of De Rham theorems on general
compact manifolds, stating that the De Rham cohomology, that is the closed
forms modulo the exact forms, is dual to the singular homology by integration
of forms on cycles: a closed form which has null periods on cycles is exact, and
one can find a closed form which has given periods on the homology classes.

The problem which was posed by the definition of the De Rham cohomology
was to find a representative in a given cohomology class. This problem was
solved by De Rham: in a given cohomology class one specifies a representative
using other equations than the d-equation satified by this representative. The
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method is to introduce a riemannian metric and to choose in a given cohomol-
ogy class a closed form which is harmonic, namely, that it is in the kernel of
the adjoint of the exterior differential d, the adjoint being taken with respect
to the chosen riemannian metric. It turns out that such harmonic forms are
exactly the forms in the kernel of a second order elliptic system of equations,
which reduces to the standard Laplace equation for the case of functions.
Then, the cohomology class space is isomorphic to the space of harmonic
forms. In particular the space of harmonic forms does not depend on the
chosen metric. As a consequence, it became possible to relate the topology of
a compact manifold to its metric properties, roughly speaking, positive cur-
vature implies a vanishing of cohomology. This was generalized to forms with
coefficients in a vector bundle.

But the main application concerned the case of compact complex Kählerian
manifolds. In the 1930’s and 1940’s, applying the methods of harmonic forms
to the case of compact complex kählerian manifolds, Hodge proved that the
cohomology of such a manifold can be decomposed in a direct sum of sub-
spaces of harmonic forms of well-defined types, which later, around 1950, were
identified by Dolbeault as cohomology spaces of the sheaves of holomorphic
forms. This implies that the Hodge decomposition of the cohomology did
not depend of the chosen kählerian metric, but only of the complex struc-
ture of the manifold. Moreover, Kodaira used systematically the method of
harmonic forms to prove vanishing theorems for the cohomology with coeffi-
cients in certain line bundles, “sufficiently positive,” in the sense that their
curvature forms (or their Chern class) is sufficiently positive as a hermitian
form. As a consequence, it was possible to give an analytical proof of the
Lefschetz theorem on hyperplane sections of a projective manifold and to give
a characterization of the class of projective manifolds in term of the existence
of a positive line bundle whose sections define a projective embedding.

At about the same time, Leray had started new foundations of algebraic
topology, based on sheaf theory that he had invented while he was a prisoner
in Austria during the second world war. The three main notions that Leray
introduced were the definition of sheaf cohomology using fine resolutions; fine
resolutions constitute a very broad generalization of the notion of differential
forms and it was proved that the cohomology of the complex of global sec-
tions of a fine resolution of a sheaf does not depend of that resolution. The
second notion was the long exact sequence of cohomology and the third one
was the concept of spectral sequence, as an approximation of the cohomology
of a space. Sheaf theory allowed the rapid development of analytic geome-
try, in particular for analytic spaces with singularities, for which differential
geometric notions like differential forms has no well-defined meaning a priori.
Moreover, at the end of the 1950’s, starting from the work of Poincaré on
residues in two complex variables, Leray defined a general theory of residues
for differential forms with what are now called “logarithmic singularities”.

In the 1960’s, Grothendieck used systematically sheaf cohomology in alge-
braic geometry; his final achievement was the introduction of the concept of
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“motif”, as a way of considering an algebraic variety as made of basic build-
ing blocks which were treated as being “added” together. This led him to
the notion of the so-called “weight filtration.” The weight filtration was fi-
nally used by Deligne to prove the existence of a mixed Hodge structure on
the cohomology (with constant coefficients) of algebraic varieties. The main
tools to define this structure, were the desingularization theorems of Hiron-
aka, the Leray spectral sequence and the notion of “descente cohomologique”,
as well as the theory of residues for forms with logarithmic singularities on
a divisor with normal crossing. It is possible to explain easily what is the
mixed Hodge structure on the cohomology of an algebraic variety. Recall that
on a compact complex Kählerian manifold, the cohomology can be naturally
decomposed as a direct sum of subspaces, each of which are cohomologies
of other sheaves. This decomposition is in fact the graduation associated
to the so-called “Hodge filtration” on the differential forms of the manifold.
This filtration is defined by the number of dz which appear in the differential
form in a local system of complex coordinates. In this situation, one says
that the cohomology carries a pure Hodge structure, and this implies, among
many other things, that the odd dimensional Betti numbers are even. Now,
this last statement is clearly wrong for a singular space: for example, take a
projective space of dimension 1 with two points identified. Its homology is
generated by a single cycle, which can be represented by the curve joining the
two identified points, so the cohomology of degree 1 has dimension 1. Thus
there is no hope in general that the cohomology of a singular space carries a
pure Hodge structure. Instead, it carries a mixed Hodge structure, namely
the weight filtration of Deligne and Grothendieck induces a graduation on the
cohomology, and each quotient space of this graduation carries a pure Hodge
structure: this is the definition of the mixed Hodge structure. It is quite
difficult to see how this mixed Hodge structure is made, the main difficulty
coming from the weight filtration, which is itself constructed by Deligne using
the “descente cohomologique”.

Before outlining our method to deal with these questions, we start with
general comments about the problem of the passage from a local situation to
global statements. Usually, one starts with some kind of local calculations, for
example in differential geometry, and these calculations are used as a basis for
an integration by part, leading to a variational problem or to the definition of
self-adjoint extensions. The theory of harmonic forms on a compact manifold
is a typical example of this situation: using a metric as a supplementary
structure, one can calculate the De Rham-Laplace operator, verify that it is
an elliptic system and then use the global theory of self-adjoint extensions to
deduce global results. Moreover, in the Kählerian situation, local calculations,
although not so easy ones, prove that the De Rham-Laplace operator for the d,
∂ and ∂̄ complexes are identical, so that the associated global theories of Green
operators, spectral decompositions and harmonic forms are also identical: this
leads immediately to the pure Hodge theory on compact, complex, Kählerian
manifolds. Another different exemple is the standard theory of residues in



x

complex analysis, where the extension from local to global is a consequence
of Stokes formula, and the analysis of the local situation is the decomposition
of a function near its poles and the calculation of the integral of dz/z along
a circle. A second method for extending local results to global results is the
theory of sheaves: in fact the notion of cohomology is exactly the obstruction
of extending locally defined sections in globally defined ones. Here, again, one
starts with local calculations or local solutions of partial differential equations
like the d- or ∂̄- equations (Poincaré or Dolbeault theorems) to prove that a
complex of fine sheaves is a resolution of the constant sheaf or the holomorphic
functions sheaf. This identifies the cohomology of these sheaves in term of
cohomologies of complexes of global sections of the sheaves of the resolution.
The theory of harmonic forms can be used, in combination with curvature
properties, to prove vanishing theorems of certain cohomology spaces (again
by integration by part), then the exact sequence of cohomology allows one
to prove global extensions results. Another method is the Leray spectral
sequence of hypercohomology: in this case, the idea is to approximate the
cohomology (more precisely the graded space of the cohomology for a certain
filtration of an underlying complex), by simpler spaces, with a systematic
rule for going from one space of the approximation to the next one. The
second term of the spectral sequence is thus a cohomology of sheaves of local
cohomologies. These local cohomologies being local objects, can be calculated
by local methods, at least in principle. For example, this is how one can
identify the global cohomology of an open algebraic manifold using complexes
of differential forms with logarithmic poles at infinity: the Leray spectral
sequence reduces everything to local (and easy) calculations of residues around
a point situated on a transverse intersection of complex hyperplanes.

Given the importance of differential forms in algebraic geometry, it was nat-
ural to try to extend the definition of forms on singular spaces. One possibility,
investigated by Grauert and Grothendieck, was to embed the singular space
in a space Cn, and to restrict the sheaf of differential forms of the ambient
space, modulo forms which are identically zero when restricted to the smooth
part of the singular space; unfortunately, this does not give a resolution of
the constant sheaf. After various attempts, which provided resolutions of the
constant sheaf, but which were not functorial with respect to morphisms of
complex spaces, we realized that we could not deal with a single sheaf but
that we needed a whole family of sheaves of differential forms. There are
many reasons for this new situation: first, we use a resolution of singularities
which is not uniquely defined, second, the image of singular points under a
morphism need not be situated in the singular points of the image space.

Let X be a (possibly) singular space; we fix a resolution of singularities of
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X , that is a diagram

Ẽ
i

q

X̃

π

E
j

X

where E ⊂ X is a nowhere dense closed subspace, containing the singularities
of X , j : E → X is the natural inclusion, X̃ is a smooth manifold and π is a
proper modification inducing an isomorphism X̃ \ Ẽ � X \ E.

Thus, we replace the singular space by three spaces: the desingularized
space X̃, the subspace E containing the singularities and its inverse image
Ẽ in the desingularization; the last two spaces may be singular in general,
but they are of lower dimension than X ; the desingularized space X̃ has the
same dimension as X , but it is smooth. Associated to this diagram, one can
construct by recursion complexes of differential forms, which coincide with the
usual notion of differential forms on the regular points of the space. Forms,
in this sense, are formal triples of forms on the three spaces of the diagram.
This is possible because we can use a recursion argument on the dimension of
the spaces, namely we assume that the complexes of forms have already been
constructed on lower dimensional spaces. The differential of the complex
is constructed in such a way that the vanishing of the differential of forms
indicates both a kind of compatibility condition for the forms of the triple and
the closedness of forms in the usual sense. To construct it, we need to define
“pullback” of forms by a morphism of analytic spaces between complexes of
forms carried by the spaces related by the given morphism; these pullbacks
generalize the familiar pullback of forms by morphisms between manifolds.

We use complexes of differential forms to give a complete treatment of
Deligne theory of mixed Hodge structures on the cohomology of singular
spaces. The advantages of this approach are the following:

1. We can use recursive arguments on dimension, and we do not introduce
spaces of higher dimension than the initial space.

2. The weight filtrations can be easily identified: in the compact situation,
the weight is zero for the forms on the desingularization X̃, and is in-
ductively defined for the forms carried by E and Ẽ (for Ẽ a shift by 1
is needed).

3. The Hodge filtration is the usual Hodge filtration for the forms on the
desingularization X̃ , and is inductively defined for the forms carried by
E and Ẽ.

4. We avoid the use of cohomological descent theory [SD], which is a very
difficult topic, especially for a reader not much acquainted with derived
categories and derived functors.



xii

Of course we are mainly indebted to the fundamental work of Deligne [D],
[D1], [D2]; but also to other papers containing very interesting approaches to
the theory, like [A], [E], [GNPP1], [GNPP2], [GS], [N].
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Classical Hodge theory

1





Chapter 1

Spectral sequences and mixed Hodge
structures

1.1 Introduction

In this chapter we collect some algebraic preliminaries, especially on spectral
sequences and pure and mixed Hodge structures.

1.2 Filtrations

Let E be a vector space. An increasing filtration is an increasing sequence
of subspaces

· · · ⊂WmE ⊂Wm+1E ⊂ · · ·
with ⋂

m

WmE = (0)

We will consider only finite filtrations, that is WmE �= (0) and �= E only for
a finite number of m.

A decreasing filtration F p on E can be defined in an obvious way. We deal
mainly with increasing filtrations. All the properties can be translated to the
decreasing case F p, just observing that the formula Wm = F−m transforms a
decreasing filtration to an increasing one, and conversely.
One defines for every e ∈ E

w(e) = inf
{
n ∈ Z

∣∣ e ∈WnE
}

(1.1)

in particular w(0) = −∞. If F ⊂ E is a subspace, Wm induces a filtration by
the formula

WmF = WmE ∩ F
On the quotient E/F there is also a natural induced filtration

Wm (E/F ) = WmE/WmF

3



4 Classical Hodge theory

If A, B are vector spaces with increasing filtrations WmA and WmB and
corresponding functions wA and wB as in (1.1), a morphism of filtered spaces
is a linear mapping φ : A→ B such that φ (WmA) ⊂WmB, which is equivalent
to wB (φ(a)) ≤ wA(a) for every a ∈ A.

1.3 Strict morphisms

Let φ : A→ B be a morphism of filtered spaces. On the subspace imφ, one
can define two filtrations, namely

(i) the filtration on imφ as a subspace of B

Wm imφ = WmB ∩ imφ

(ii) the quotient filtration defined by the function wφ

wφ(b) = inf
{
n ∈ Z

∣∣ ∃a ∈ WnA with b = φ(a)
}

(1.2)

Because φ (WnA) ⊂WnB, it follows that

wB(b) ≤ wφ(b) for b ∈ imφ

One says that φ is a strict morphism if

wB(b) = wφ(b) for b ∈ imφ

Lemma 1.1. A morphism φ : A→ B of filtered spaces is strict, if and only if

φ (WnA) = imφ ∩WnB (1.3)

Proof. In general φ (WnA) ⊂ imφ ∩WnB so that wB ≤ wφ.

(i) If φ is strict, namely wB = wφ, and if b ∈ imφ with wB(b) = n, by
definition (1.2) there exists an a ∈ A with wA(a) = n, b = φ(a) so
b ∈ φ (WnA).

(ii) Conversely, if (1.3) holds and if b ∈ imφ with wB(b) = n, one has
b ∈ imφ ∩WnB and there exists an a with b = φ(a), a ∈ WnA, so that
wB(b) ≤ n and wφ ≤ wB . Thus wB = wφ (because wB ≤ wφ is always
true).

The following lemma is easy to prove.

Lemma 1.2. Let E be a vector space with an increasing filtration Wn, F
a subspace. The quotient mapping E → E/F is a strict morphism and the
filtration Wn is associated to the function

w ([e]) = inf
{
n ∈ Z

∣∣ ∃e′ ∈ [e], e′ ∈WnE
}
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1.4 Filtered complexes

Let
(
L·, d) be a complex of vector spaces with d : Lk → Lk+1. We say

that it is an increasing (resp. decreasing) filtered complex if each Lk has an
increasing (resp. decreasing) filtration WmL

k such that

d : WmL
k → WmL

k+1

i.e. d is a morphism of filtered spaces. We will consider only regular filtrations,
that is the filtrations WmL

k are finite for every k.
The cohomology of the complex is defined as usual

Hk
(
L·) =

ker
{
d : Lk → Lk+1

}
dLk−1

and the filtration Wm induces a natural filtration on Hk
(
L·) by

WmH
k
(
L·) =

ker
{
d : Lk → Lk+1

} ∩WmL
k

(dLk−1) ∩WmLk
(1.4)

If x ∈ Lk, we say that its cohomological degree is k. If w(x) = m, we say that
its formal degree is m.

1.5 Spectral sequences

For the spectral sequences (associated to a filtration) we use notations which
are different from those which appear in many papers and books. The ad-
vantage is that in our notation Em,kr , the indices have a more clear algebro-
geometric meaning: m is the degree of the filtration and k is the degree of the
complex (the degree of differential forms in the case of the De Rham complex).

The reader who is willing to work with the more classical indices E′p,q
r can

use the following dictionary:

Em,kr = E′−p,p+q
r

E′p,q
r = E−m,k+m

r

We define for any r ≥ 0, the approximate cocycles

Zm,kr =
{
x ∈WmL

k
∣∣ dx ∈Wm−rLk+1

}
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There we have
Zm,k0 = WmL

k

Zm,ks ⊂ Zm,kr (s ≥ r)

dZm,kr ⊂Wm−rLk+1

dZm,kr ⊂ Zm−r,k+1
s for s ≥ 0

dZm+r−1,k
r−1 ⊂ Zm,k+1

s for s ≥ 0

Zm−1,k
r−1 ⊂ Zm,kr ∩Wm−1L

k

Let us remark that there exists r0 such that for r ≥ r0 the approximate
cocycles are usual cocycles: x ∈ Zm,kr implies dx = 0; in fact there exists r0
such that Wm−rLk+1 = 0 for r ≥ r0. One defines

Em,kr =
Zm,kr

dZm+r−1,k−1
r−1 + Zm−1,k

r−1

We denote [x]r the class of x ∈ Zm,kr in the quotient Em,kr .
We give the main properties of spectral sequences. First, we remind the

reader that the indices are not the usual ones, for obvious reasons of simplicity:
m is the formal degree (or degree of filtration), k is the cohomological degree.

Second, the differential d induces a differential dr

dr : Em,kr → Em−r,k+1
r

with d2
r = 0.

Third, Em,kr is the cohomology of the complex

· · · Em+r−1,k−1
r−1

dr−1
Em,kr−1

dr−1
Em−r+1,k+1
r−1 · · ·

namely

Em,kr =
ker
{
dr−1 : Em,kr−1 → Em−r+1,k+1

r−1

}

im
{
dr−1 : Em+r−1,k−1

r−1 → Em,kr−1

}

We will often write (with a slight abuse) that Em,kr is the cohomology of the
complex

(
Em, ·r−1, dr−1

)
.

1.6 The first term of the spectral sequence

We define the graded complex

gradmLk =
WmL

k

Wm−1Lk
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with the differential

d0 : gradmLk → gradmLk+1.

Then one has
Em,k1 = Hk

(
gradmL·

)
.

1.7 The graded cohomology

For every r ≥ 0 there are natural morphisms WmH
k
(
L·)→ Em,kr , sending

to zero the subspace Wm−1H
k
(
L·). Hence we obtain morphisms

WmH
k
(
L·)

Wm−1Hk (L·) → Em,kr (1.5)

There is an r0 such that for r ≥ r0 the approximate cocycles are cocycles.
Hence for r ≥ r0 the above morphisms (1.5) are isomorphisms and dr = 0, so
that Em,kr = Em,kr0 .

We say that the spectral sequence Em,kr converges, for r → ∞, to the graded
cohomology defined by (1.4):

⊕
m

WmH
k
(
L·)

Wm−1Hk (L·)

and that it degenerates at Em,kr0 , or at the level r0. Then we define

Em,k∞ = Em,kr0 = Em,kr0+1 = · · · = Em,kr = · · ·

and we write

Em,kr =⇒ WmH
k
(
L·)

Wm−1Hk (L·)
Summarizing:

Proposition 1.1. There exists r such that ds ≡ 0 for s ≥ r, if and only if
the natural morphisms (1.5) are isomorphisms:

WmH
k
(
L·)

Wm−1Hk (L)
� Em,kr (1.6)

Then Em,k∞ = Em,kr .
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1.8 Pure Hodge structures

Let A be a complex vector space endowed with a conjugation a→ ā and a
decreasing filtration F pA of A

· · · ⊂ F p+1A ⊂ F pA ⊂ · · ·

We note F̄ q = F q the conjugate filtration. We denote also

φ(a) = sup
{
p ∈ Z

∣∣ a ∈ F pA
}

(φ(0) = ∞).

Definition 1.1. We say that A has a pure Hodge structure of weight N if

(i) A is the direct sum of its graded spaces for the filtration F p

A =
N⊕
p=0

Ap, Ap =
F pA

F p+1A
(1.7)

(ii) The conjugation a 
→ ā is an isomorphism from Ap to AN−p, i.e. Ap =
AN−p.

From (1.7) we deduce
F pA =

⊕
s≥p

As (1.8)

Using the conjugation, we also deduce

F̄ qA
F̄ q+1A

=
(
F qA
F q+1A

)
= Āq = AN−q (1.9)

F̄ qA =
⊕

t≥q Ā
t =

⊕
t≥q A

N−t (1.10)

Proposition 1.2. Let A be a complex vector space having a pure Hodge struc-
ture of weight N . Then

F pF̄ qA = F pA ∩ F̄ qA = 0 for p+ q > N (1.11)

Let
Ap,q = F pF̄ qA = F pA ∩ F̄ qA for p+ q = N (1.12)

Then A decomposes as a direct sum

A =
⊕

p+q=N

Ap,q (1.13)

and the filtrations F pA, F̄ qA are given by⎧⎪⎪⎪⎨
⎪⎪⎪⎩

F pA =
⊕

s≥p,s+q=N
As,q

F̄ qA =
⊕

t≥q,p+t=N
Ap,t

(1.14)
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Proof. We note that As ∩ AN−t �= ∅ only if s + t = N . If p + q > N , s and
t in the formulas (1.8) and (1.10) satisfy s + t ≥ p + q > N , hence we find
F pF̄ qA = F pA ∩ F̄ qA = 0. By (1.9) the graded spaces for the filtrations F
and F̄ are the same. So, an a ∈ Ap has degree p for the filtration F and
degree N − p for the filtration F̄ , and we can write

Ap = F pF̄N−pA = F pA ∩ F̄N−pA = Ap,N−p

from which (1.13), (1.14) follow.

1.9 Morphisms of pure Hodge structures

Let

A =
N⊕
p=0

Ap (1.15)

be a graded vector space (where the Ap are subspaces of A). Then we define
on A the filtration

F pA =
⊕
s≥p

As (1.16)

so that the graded spaces of the filtration are exactly the Ap:

grad pF = Ap

For a graded space (1.15) we will always refer to the induced filtration (1.16).

Definition 1.2. Let A, B be filtered vector spaces, and f : A → B a linear
mapping.

(i) f is said a morphism of filtered spaces if f (F pA) ⊂ F pB.

(ii) f is said a strict morphism if f (F pA) = im f ∩ F pB.

(iii) If A and B are graded vector spaces, f is said a graded morphism if
f (Ap) ⊂ Bp.

Lemma 1.3. Let f : A→ B be a graded morphism of graded spaces. Then

(i) f is a strict morphism of filtered spaces.
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(ii) We have
ker f =

⊕
p

(ker f ∩Ap)

im f =
⊕
p

( im f ∩Bp)

A/ ker f =
⊕
p

Ap/ (ker f ∩Ap)

B/ im f =
⊕
p

Bp/ ( im f ∩Bp)

Proof.

(i) Clearly f is a morphism of filtered spaces. Let b ∈ im f∩Bp, so b = f(a).
Now b =

∑
s≥p b

s, bs ∈ Bs and a =
∑

r a
r, ar ∈ Ar. Then

∑
s≥p

bs =
∑
r

f (ar)

so f (ar) = 0 for r < p, f (ar) = br for r ≥ p, hence b = f
(∑

r≥p a
r
)

.

(ii) If a =
∑
p a

p is in ker f , f(a) =
∑

p f (ap) = 0, f (ap) ∈ Bp, so each
ap ∈ ker f . In the same way, if b = f(a), bp = f (ap) for all p. Finally, if
a =

∑
p a

p, to take the class modulo ker f is equivalent ot take the class
of each ap modulo ker f ∩Ap.

Definition 1.3. Let A, B be two spaces having pure Hodge structures, and
r an integer. A morphism of pure Hodge structures of degree r is a linear
mapping f : A→ B such that

(i) f (ā) = f(a) for a ∈ A;

(ii) for every p, f (F pA) ⊂ F p+rB

A morphism of pure Hodge structures is by definition a morphism of pure
Hodge structures of degree 0.

Clearly (i) and (ii) of the above definition imply that f
(
F̄ pA

) ⊂ F̄ p+rB.

Proposition 1.3. Let f : A → B be a morphism of pure Hodge structures.
Then f is a morphism of filtered spaces for F̄ q, is a morphism of graded spaces
and is strict.

Proof. We already know that f is a morphism of filtered spaces for F̄ q. We
use (1.11)

f (Ap,q) = f
(
F pA ∩ F̄ qA) ⊂ F pB ∩ F̄ qB = Bp,q

so that f is a morphism of graded spaces, and f is strict by lemma 1.3.
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Proposition 1.4. Let f : A→ B be a morphism of pure Hodge structures of
respective weights N and M .

(i) If N = M , ker f , im f , Cokerf and Coimf carry pure Hodge structures
of weight N = M .

(ii) If N > M , f is zero.

Let us prove (ii). We have A =
⊕

p+q=N A
p,q. If x ∈ Ap,q then f(x) ∈

F pB ∩ F̄ qB, which is zero by the proposition 1.2 because p+ q > M .

1.10 Mixed Hodge structures

Definition 1.4. Let A be a complex vector space endowed with a conjugation
a→ ā. We say that A has a mixed Hodge structure if

(i) there is an increasing filtration WmA in A;

(ii) there is a decreasing filtration F pA on A and the corresponding conju-
gate filtration F̄ qA;

(iii) on each graded space WmA
Wm−1A

the quotient filtration of F p induces a pure
Hodge structure of weight m, such that

WmA

Wm−1A
=

⊕
p+q=m

(
WmA

Wm−1A

)p,q

where (
WmA

Wm−1A

)p,q
= F pF̄ q

(
WmA

Wm−1A

)
=

= F p
(

WmA

Wm−1A

)
∩ F̄ q

(
WmA

Wm−1A

) (1.17)

Remark. To be precise, the above definition refers to the notion of mixed
Hodge structures over C, which is suitable for the purposes of this book.
In [D], Deligne deals with mixed Hodge structures over Z; in this case, the
vector space A is an extension H ⊗Z C of a Z-module H of finite type, and
the filtration W is an extension of a filtration defined on the Q-vector space
H ⊗Z Q.

As a matter of fact the vector spaces we are interested in are cohomology
vector spaces, which fall within Deligne framework. For them, the results
about mixed Hodge structures over C could be stated also as results on mixed
Hodge structures over Z.
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Definition 1.5. A linear mapping f : A → B of vector spaces with mixed
Hodge structures is called a morphism of mixed Hodge structures if

(i) f (ā) = f(a) for a ∈ A

(ii) f is a morphism of filtered spaces for the filtrations Wm and F p.

Proposition 1.5. Let f : A → B be a morphism of mixed Hodge structures.
Then

(i) f is strict for the filtration Wm, and f induces morphisms of graded
spaces for the filtrations Wm

fm :
WmA

Wm−1A
→ WmB

Wm−1B
(1.18)

which are morphisms of the pure Hodge structures of these spaces.

(ii) f is strict for the filtrations F p and F̄ q.

(iii) If f is an isomorphism of vector spaces A onto B, each fm is an iso-
morphism of the corresponding pure Hodge structures, hence f is an
isomorphism of mixed Hodge structures.

Proof. (i) Clearly f induces morphisms fm of the W -graded spaces, and each
of them commutes with the conjugation and respects the filtration F p on the
graded spaces. Hence fm is a morphism of pure Hodge structures on the
graded spaces WmA

Wm−1A
→ WmB

Wm−1B
.

Let us prove that f is strict for the filtrations Wm. Let b ∈ im f ∩WmB
so that b = f(a) and assume that a ∈ WsA, with s > m. Let [a]s be the class
of a in WsA

Ws−1A
. Then

fs ([a]s) = [b]s = 0

because b ∈WmB ⊂Ws−1B. Now

[a]s =
∑
p+q=s

[ap,q]s (1.19)

with
ap,q ∈ F pWsA ∩ F̄ qWsA

[ap,q]s ∈ F pF̄ q
WsA

Ws−1A

so that each fs ([ap,q]s) = 0, hence f (ap,q) ∈ Ws−1B. But f (ap,q) is also in
F pF̄ qB. So, because Ws−1B

Ws−2B
is a direct sum of F pF̄ q with p+ q = s− 1, this

implies that f (ap,q) ∈Ws−2B etc. . ., so finally f (ap,q) = 0. Let us define

a1 = a−
∑
p+q=s

ap,q
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Then
f (a1) = f(a) = b

[a1]s = 0

(because of (1.19)) so that a1 ∈Ws−1A etc . . ., until finally we find an element
as−m ∈WmA with f (as−m) = b.
(ii) We prove that f is strict for F p; the result for F̄ q will follow by conjugation.
It is enough to prove, by induction on m, the following statement. Let x ∈
WmA such that f(x) ∈ F pB; there exists y ∈ F pWmA with f(y) = f(x).
For m � 0, WmA = 0, and the statement is obvious. Let us assume that
the statement holds for m− 1. The morphism WmA

Wm−1A
→ WmB

Wm−1B
induced by

f is a morphism of pure Hodge structures, hence by proposition 1.3 is strict
for the filtration induced by F p; there exists u ∈ F pWmA such that z =
u− x ∈ Wm−1A and t = f(u) − f(x) ∈Wm−1B; then f(z) = t ∈ F pWm−1B,
so that by induction there exists ζ ∈ F pWm−1A with f(ζ) = f(z). Then
y = u− ζ ∈ F pWmA and f(y) = f(x).
(iii) We assume that f : A → B is an isomorphism, and we want to prove
that each fm is an isomorphism. First, we prove that fm is injective. Let
[a]m ∈ WmA

Wm−1A
with fm ([a]m) = 0. We write

[a]m =
∑
p+q=s

[ap,q]m

with
ap,q ∈ F pWmA ∩ F̄ qWmA

Because fm is a morphism of graded spaces (see (i)), fm ([ap,q]m) = 0, so that
f (ap,q) ∈ Wm−1B; but f (ap,q) is also in F pWmA ∩ F̄ qWmA so that f (ap,q)
induces an element of

F pF̄ q
(
Wm−1B

Wm−2B

)
=
(
Wm−1B

Wm−2B

)p,q

which is 0 because p + q = m, while the non zero F pF̄ q Wm−1B
Wm−2B

correspond
to p + q = m − 1. It follows that f (ap,q) ∈ Wm−2B etc . . . until finally
f (ap,q) = 0 which implies ap,q = 0 because f is injective. Then [a]m = 0 and
fm is injective.

Now, because fm is injective

dim
WmA

Wm−1A
= dim fm

(
WmA

Wm−1A

)
≤ dim

(
WmB

Wm−1B

)
(1.20)

We sum the above inequalities over m, to obtain

dimA =
∑
m

dim
WmA

Wm−1A
≤
∑
m

dim
WmA

Wm−1B
= dimB

But dimA = dimB because f is an isomorphism so that necessarily, we have
equalities for all m in (1.20) so that fm is onto. So fm is an isomorphism.
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1.11 Exact sequences of mixed Hodge structures

Lemma 1.4. Let

· · · A B C · · ·

be an exact sequence of vector spaces with filtrations Wm, so that each mor-
phism is a strict morphism of filtered spaces. Then, one has exact sequences

· · · WmA WmB WmC · · · (1.21)

and

· · · WmA

Wm−1A

WmB

Wm−1B

WmC

Wm−1C
· · · (1.22)

Proof. It is clear that the sequence of the Wm is a complex of vector spaces,
because each morphism is a morphism of filtered spaces.
Let bm ∈ ker {WmB →WmC}. Then bm ∈ im {A→ B} ∩WmB, and since
the morphisms are strict, bm ∈ im {WmA→ B}, thus the sequence (1.21) is
exact.
The same remark applies for the sequence (1.22).

Lemma 1.5. Let

· · · A B C · · ·

be an exact sequence of vector spaces with mixed Hodge structures so that each
morphism of the sequence is a morphism of mixed Hodge structures. Then,
the sequences (1.21) and (1.22) are exact as well as the sequences

· · ·
(

WmA

Wm−1A

)p,q (
WmB

Wm−1B

)p,q (
WmC

Wm−1C

)p,q
· · · (1.23)

for all (p, q) with p+ q = m.

Proof. Because of proposition 1.5, each morphism is strict for the filtrations
Wm, so that the sequences (1.21) and (1.22) are exact, by lemma 1.4. More-
over the morphisms of the sequence (1.20) are morphisms of the pure Hodge
structures of these quotient spaces, and so they are strict, and also mor-
phisms of graded spaces (proposition 1.3), so that the sequences are all exact
(for p+ q = m) and are all 0 for p+ q �= m.
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1.12 Shifted complexes and shifted filtrations

Let A be a vector space filtered with a (for example, decreasing) filtration
F . For any integer r we define the shifted filtration (r)F on A by

(r)F pA = F p+rA

If the filtration F , together with its conjugate F̄ , induces on A a pure Hodge
structure of weight N , the shifted filtrations (r)F and (r)F̄ induce a pure
Hodge structure of weight N − 2r.

Let
(
L·, d·) be a complex, r an integer. The r-shifted complex

(
L·(r), d(r)·)

is given by
L·(r)k = Lk+r

and
d(r)k = dk+r

Let us suppose that
(
L·, d) is filtered with a (for example, decreasing)

filtration F . We define the shifted filtration (r)F on the shifted complex L·(r)
by

(r)F pLk(r) = F p+rLk+r

1.13 The strictness of d and the degeneration of the spec-
tral sequence

The following theorem relates the strictness of the differential in a filtered
complex with the degeneration of the spectral sequence at the level 1.

Theorem 1.1. Let
(
L·, d) be a filtered complex of vector spaces. The following

properties are equivalent.

(i) The spectral sequence associated to the filtration degenerates at E1: dr =
0 for r ≥ 1.

(ii) For every k, d : Lk → Lk+1 is strict.

Proof. Let us suppose for example that the filtration Wm on the complex is
increasing.
(i) ⇒ (ii) The degeneration of the spectral sequence at E1 means that there
are isomorphisms (1.6) with r = 1:

Em,k1 � WmH
k
(
L·)

Wm−1Hk (L·) (1.24)
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If x ∈ WmL
k and dx ∈ Wm−1L

k+1, then there exists z ∈ Wm−1L
k

with
dz = dx. In fact by the isomorphism (1.24) there is y ∈ WmL

k, dy = 0, such
that

x− y = dt+ z, t ∈Wm−1L
k−1, z ∈ Wm−1L

k

hence dx = dz.
Step by step, if x ∈ WmL

k and dx ∈ Wm−sLk+1, we find z ∈ Wm−sLk with
dz = dx.
(ii) ⇒ (i) If d is strict, it is easy to prove that there are isomorphisms (1.24),
so that the spectral sequence degenerates at E1.

1.14 Flat modules

Let A be a commutative ring with unit. An A-module M is flat if for any
short exact sequence of A-modules

0 E1 E2 E3 0 (1.25)

the sequence obtained by tensoring with M

0 E1 ⊗M E2 ⊗M E3 ⊗M 0 (1.26)

remains exact.
If (1.25) is an exact sequence of A-modules, and E3 is flat, the sequence (1.26)
remains exact for any A-module M .

The following result is well known.

Lemma 1.6. Let

0 M1 M2 M3 0

be a short exact sequence of A-modules. If M2 and M3 are flat, M1 is flat.

As a consequence we can state the following proposition.

Proposition 1.6. Let

0 M1 M2 · · · Mk 0 (1.27)

be an exact sequence of flat A-modules Mi. For any A-module F the sequence
obtained by tensoring with F

0 M1 ⊗ F M2 ⊗ F · · · Mk ⊗ F 0 (1.28)

remains exact.
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In fact we cut the sequence (1.27) into short exact sequences

0 Ej−1 Mj Ej 0

Starting with Ek = Mk we prove by decreasing induction, by means of the
lemma 1.6, that each Ej is flat. Hence the sequences

0 Ej−1 ⊗ F Mj ⊗ F Ej ⊗ F 0

are exact, which implies that (1.28) is exact.

1.15 Connecting homomorphisms

Let us consider a commutative diagram of morphisms of vector spaces (or
modules over a ring. . . )

0 0 0

0 C0
1

f0
1

d01

C0
2

f0
2

d02

C0
3

d03

0

0 C1
1

f1
1

d11

C1
2

f1
2

d12

C1
3

d13

0

...
...

...

(1.29)

where the columns are complexes, and the rows are exact. Then there is a
long exact sequence for the cohomologies of the complexes:

0 H0
(C·1) F 0

1
H0
(C·2) F 0

2
H0
(C·3) ∂0

H1
(C·1) · · ·

· · · Hk
(C·1) Fk

1
Hk
(C·2) Fk

2
Hk
(C·3) ∂k

Hk+1
(C·1) · · ·

(1.30)

where the morphisms ∂k : Hk
(C·3)→ Hk+1

(C·1) are called connecting homo-
morphisms, and the F kj are natural homomorphisms induced by the morphism
of complexes f ·j , j = 1, 2.

We give a partial sketch of the proof. First we define ∂k. Let x ∈ Ck3 with
dk3(x) = 0. Since fk2 is surjective, there is y ∈ Ck2 with fk2 (y) = x. It follows
fk+1
2

(
dk2(y)

)
= dk3

(
fk2 (y)

)
= dk3(x) = 0, so that (by the exactness of the k-th
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row in the diagram (1.29)) there exists z ∈ Ck+1
1 with fk+1

1 (z) = dk2(y). Then
fk+2
1

(
dk+1
1 (z)

)
= dk+1

2

(
fk+1
1 (z)

)
= dk+1

2

(
dk2(y)

)
= 0; since fk+2

1 is injective,
it follows dk+1

1 (z) = 0, hence z induces a cohomology class in Hk+1
(C·1). By

definition, ∂k takes the class of x in Hk (C3) to the class of z in Hk+1
(C·1)

(one verifies that the class of z depends only on the class of x). Let us
suppose that the class of z is zero. This means that there is t ∈ Ck1 such
that z = dk1(t). We have dk2

(
fk1 (t)

)
= fk+1

1

(
dk1(t)

)
= fk+1

1 (z) = dk2(y); thus
dk2
(
fk1 (t) − y

)
= 0, i.e. fk1 (t)−y induces a cohomology class in Hk

(C·2); finally
fk2
(−fk1 (t) + y

)
= fk2 (y) = x. This proves the exactness of the sequence (1.30)

at ∂k. The rest of the proof is left to the reader.



Chapter 2

Complex manifolds, vector bundles,
differential forms

2.1 Introduction

In this chapter, we recall the main definitions concerning complex mani-
folds and vector bundles. In particular, we introduce the decomposition of
differential forms in types, the decomposition of the exterior differential in
the operators ∂ and ∂̄. The main results are the Poincaré lemma and Dol-
beault lemma. This chapter should be considered mainly as a dictionary to
fix notations.

2.2 Complex manifolds

2.2.1 Definitions of complex coordinates and manifolds

Let M be a topological space. A system of complex coordinates on M is an
open covering U = (Ua) of M by open sets Ua, together with homeomorphisms

za : Ua → za(Ua) ⊂ C
n

on open sets za(Ua) of C
n, such that the mapping zb ◦ z−1

a : za(Ua ∩ Ub) →
zb(Ua ∩ Ub) is biholomorphic. The set of numbers

(
z1
a(m), . . . , zna (m)

) ∈ Cn

is called the complex coordinates of m ∈ Ua in Ua.
Let U ′ = (U ′

a′) be another system of complex coordinates, with coordinates
z′a′ : U ′

a′ → z′a′(U
′
a′). We say that the system (Ua, za) is equivalent to the

system (U ′
a′ , z

′
a′) if the changes of coordinates z′a′ ◦ z−1

a are biholomorphic
whenever defined.

A complex structure is an equivalence class of systems of complex coordi-
nates, and M is then called a complex manifold.

A local chart on M is a couple (U, z) where U is an open set of M and
z : U → z(U) ⊂ Cn is a homeomorphism on an open set of Cn, such that
z ◦ z−1

a is holomorphic on za(Ua ∩ U).

19
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A complex manifold of dimension n is a C∞ real manifold of real dimension
2n; the real coordinates

(
x1
a, x

2
a, . . . , x

2n−1
a , x2n

a

)
are defined by

zja = x2j−1
a + ix2j

a . (2.1)

If M is a complex manifold, and (Ua, za) is a system of complex coordinates
on M , then, the coordinates

(
zkb
)
k=1,...,n

are holomorphic functions of the(
zja
)
j=1,...,n

in za(Ua∩Ub), such that the jacobian matrix
(
∂zk

b

∂zj
a

)
k,j

is invertible.

Moreover, we have immediately

∂zkb
∂z̄ja

= 0 (Cauchy-Riemann equations) (2.2)

because the zkb are holomorphic functions. Then, one deduces:

Lemma 2.1. On a complex manifold the ordering
(
x1
a, x

2
a, . . . , x

2n−1
a , x2n

a

)
of

the real coordinates induces a natural orientation.

Proof. It is sufficient to prove that the jacobian of the change of coordinates
is positive. But

det
(
∂xkb
∂xja

)
k,j=1,...,2n

=

∣∣∣∣∣det
(
∂zkb
∂zja

)
k,j=1,...,n

∣∣∣∣∣
2

as it is checked easily using (2.2) and manipulations of determinants.

2.2.2 Tangent vectors

A real (or complex) tangent vector at a point m ∈M , with m ∈ Ua is

v =
2n∑
j=1

ξja
∂

∂xja
(2.3)

where ξja are real (or complex). Because

∂

∂xja
=

2n∑
k=1

∂xkb
∂xja

∂

∂xkb
(2.4)

one sees that the tangent vector (2.3) in the coordinate system
(
xjb

)
has

components

ξkb =
2n∑
j=1

∂xkb
∂xja

ξja. (2.5)

We denote Vm(M) the vector space of complex tangent vectors at m.
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Recall that by definition

∂

∂zja
=

1
2

(
∂

∂x2j−1
a

− i
∂

∂x2j
a

)

∂

∂z̄ja
=

1
2

(
∂

∂x2j−1
a

+ i
∂

∂x2j
a

)
.

Any complex vector field v as in (2.3) can be written as

v =
n∑
j=1

ζ ′j
a

∂

∂zja
+

n∑
j=1

ζ ′′j
a

∂

∂z̄ja

ζ ′j
a = ξ2j−1

a + iξ2ja

ζ ′′j
a = ξ2j−1

a − iξ2ja .

(2.6)

Because
∂

∂zja
=

n∑
k=1

∂zkb
∂zja

∂

∂zkb

∂

∂z̄ja
=

n∑
k=1

(
∂zkb
∂zja

)
∂

∂z̄kb

(2.7)

v can be also written in the coordinates
(
zkb
)

as

v =
n∑
k=1

ζ ′k
b

∂

∂zkb
+

n∑
k=1

ζ ′′k
b

∂

∂z̄kb

with

ζ ′k
b =

n∑
j=1

∂zkb
∂zja

ζ ′j
a

ζ ′′k
b =

n∑
j=1

(
∂zkb
∂zja

)
ζ ′′j
a .

(2.8)

We denote Tm(M) the vector space of complex tangent vectors at m of type

v =
n∑
j=1

ζja
∂

∂zja
(2.9)

and Tm(M) the vector space of complex tangent vectors at m of type

v =
n∑
j=1

ζja
∂

∂z̄ja

so that
Vm(M) = Tm(M) ⊕ Tm(M). (2.10)
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2.2.3 Holomorphic functions

A holomorphic function f : U → C is a continuous differentiable function
such that in U ∩Ua, f ◦ z−1

a is holomorphic in za(U ∩Ua). In other words, in
U ∩ Ua, f becomes a holomorphic function of the coordinates zja, or

∂f

∂z̄ja
= 0. (2.11)

This definition does not depend on the choice of the complex coordinates,
because

∂

∂z̄kb
=

n∑
j=1

(
∂zja

∂zkb

)
∂

∂z̄ja
.

As a consequence, we deduce immediately:

Lemma 2.2. On a compact connected complex manifold, a holomorphic func-
tion f : M → C is constant.

Proof. f has a maximum at a certain point m ∈ M . Suppose that m ∈ Ua,
then on za(Ua), f(za) is a holomorphic function which has a maximum at
za(m), and thus it is constant in a neighborhood of m. Because any holomor-
phic function is real analytic, it is then globally constant.

We denote by O(U) the algebra of holomorphic functions on an open set U
of M .

2.2.4 Complex submanifolds

Let M be a complex manifold of dimension n. A complex submanifold W
of dimension p is a real submanifold of real dimension 2p which is a complex
manifold for the induced complex structure. This means that one can find a
system of complex coordinates (Ua, za) for M such Ua∩W , if it is non empty,
is defined by the n− p equations

zp+1
a (m) = 0, . . . , zna (m) = 0.

Then the
(
Ua ∩W,

(
z1
a, . . . , z

p
a

))
define a system of complex coordinates on

W . The tangent space at m to W is a subspace

Vm(W ) ⊂ Vm(M)

defined by the vectors

v =
p∑
j=1

ζ ′j
a

∂

∂zja
+

p∑
j=1

ζ ′′j
a

∂

∂z̄ja
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and one has also

Tm(W ) ⊂ Tm(M), Tm(W ) ⊂ Tm(M).

The holomorphic functions on W are obtained as functions f : W → C, so
that in Ua ∩W , f is a holomorphic function of (z1

a, . . . , z
p
a). Then f extends

as a holomorphic function in Ua.
Let f1, . . . , fn−p be holomorphic functions in an open set U of M , and

W = {m ∈ U | f1(m) = 0, . . . , fn−p(m) = 0 }
The implicit function theorem says that if the jacobian matrix

(
∂fk

∂zja

)
k=1,...,n−p
j=1,...,n

has rank n − p at every point m ∈ W , then W is a submanifold of U of
dimension p. In particular, if W = {m ∈ U | f(m) = 0 } (f ∈ O(U)) is a
hypersurface, it is a complex submanifold of dimension n−1, provided df(m) �=
0 for m ∈W .

2.2.5 Examples

1. Any open subset U of Cn is a complex manifold of dimension n.

2. The complex projective space Pn.
We consider the space Cn+1 \ {0} with coordinates

(
Z0, . . . , Zn

)
and we

identify two points on the same line, so that
(
Z0, . . . , Zn

) ∼ (Z ′0, . . . , Z ′n)
if and only if (

Z ′0, . . . , Z ′n) =
(
λZ0, . . . , λZn

)
for some λ ∈ C, λ �= 0.

Then Pn = Cn+1 \ {0}/ ∼. We denote by
[
Z0, . . . , Zn

]
a point in Pn,

Z0, . . . , Zn are called the “homogeneous coordinates”. For a = 0, . . . , n,
we define

Ua =
{ [
Z0, . . . , Zn

] ∈ P
n
∣∣ Za �= 0

}
.

Then the (Ua) cover Pn and in Ua, one can define complex coordinates

zja =
Zj

Za
for j �= a.

Then the mapping za : Ua → za(Ua) = Cn and the changes of coordinates
are obviously holomorphic.
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3. Complex tori.
We consider the space Cn and 2n vectors (ω1, . . . , ω2n) which are linearly
independent over R. Call

L =

{
2n∑
k=1

pkωk

∣∣∣ pk ∈ Z

}
.

This is a discrete subgroup of maximal rank. Then C
n/L is a complex

manifold, which is compact.

One can change the description of L, by choosing

ω′
k =

∑
akjωj

where (akj) is an integer valued matrix with determinant 1.

4. Blowing-up of a point.
Let M be a complex manifold, and m a point in M . The blowing-up of
M at m is a manifold W equipped with a surjective mapping π : W → M
such that π induces an isomorphism between W \ π−1 (m) and M \ (m),
and whose construction can be described locally around m in the following
way. Let us identify m with 0 ∈ Cn, and an open neighborhood of m in M
with a ball B centered at 0. In B × Pn−1, we use the natural coordinates(
z1, . . . , zn

)
in B and the homogeneous coordinates

[
Z1, . . . , Zn

]
of Pn−1

and we consider the submanifold W of Pn−1 defined by the equations

zjZk − zkZj = 0 j �= k.

Let us consider the affine open set Ua ⊂ P
n−1 of points such that Za �= 0.

Then in B × Ua we find n − 1 independent equations, equivalent to the
previous set:

zj − za
Zj

Za
= 0 j �= a.

The jacobian matrix of the above system has rank n − 1, so that W is
indeed a submanifold of dimension n. One has a natural projection

π : W → B

(z, [Z]) → z.

Then π−1 (0) = {0} × Pn−1, while

π
∣∣
W\({0}×Pn−1) : W \ ({0} × P

n−1
)→ B \ {0}

is a complex isomorphism.

The submanifold π−1 (0) = {0} × Pn−1 is called the exceptional divisor
of the blowing-up. In W , the point 0 of B has been replaced by the
exceptional divisor, which is the set of complex directions of lines through
0.
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5. Blowing-up along a submanifold.
Let M be a complex manifold, and N ⊂ M a closed submanifold. The
blowing-up of M along N is a manifold W equipped with a surjective
mapping π : W → M such that π induces an isomorphism between W \
π−1 (N) and M \N , and whose construction can be described locally. We
replace M by an open ball B ⊂ Cn, and N by the submanifold of B
defined by the equations z1 = 0, . . . , zp = 0. We can assume that B =
Bp ×Bn−p where Bp ⊂ C

p has coordinates
(
z1, . . . , zp

)
and Bn−p ⊂ C

n−p

has coordinates
(
zp+1, . . . , zn

)
. Then, we can blow-up 0 in Bp and obtain

a manifold
π : Mp → Bp

and the exceptional divisor π−1 (0) 
 P
p−1 in Mp. The blowing-up of the

submanifold (0) ×Bn−p ⊂ Cn is the manifold

π : Mp × Bn−p → Bp ×Bn−p

with the exceptional divisor π−1 ({0} ×Bn−p) 
 Pp−1 × Bn−p. It is also
equivalent to consider the submanifold of Bn × Pp−1 defined by the equa-
tions

zjZk − zkZj = 0 j, k = 1, . . . , p

where
(
z1, . . . , zn

)
are coordinates in Bn and

[
Z1, . . . , Zp

]
are homoge-

neous coordinates in Pp−1.

2.3 Complex vector bundles and divisors

We recall briefly the definitions and the operations on vector bundles.

Definition 2.1. A complex vector bundle of rank d on a C∞ manifold M , is
a C∞ manifold F , together with a mapping π : F →M which is onto and C∞,
such that there exist an open covering U = (Ua) of M and diffeomorphisms :
ϕa : π−1 (Ua) → Cd × Ua

ϕa(v) = (va (v) , π (v)) (2.12)

where va(v) ∈ Cd, with the property that

va(v) = γab (π(v)) vb(v) v ∈ π−1 (Ua ∩ Ub) (2.13)

where γab : Ua ∩ Ub → GL(d,C) is a C∞ mapping.

The mapping π is called projection, the mappings γab are called transition
matrices and the mappings ϕa are called trivializations. Hence F is covered
by the open sets π−1 (Ua) 
 Cd × Ua. We denote Fm = π−1(m) the fiber
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of a point m ∈ M . It is a complex vector space and thus Fm 
 Cd, the
isomorphism depends on the trivialization v

∼→ va(v). Moreover one has
obviously

γab = γ−1
ba

γabγbcγca = id (Identity matrix).
(2.14)

A (differentiable) section on an open set U ⊂ M of the bundle is a C∞

mapping s : U → F with π (s(m)) = m for m ∈ U , or in other words s(m) ∈
Fm. We denote C∞ (U,F ) the vector space of (differentiable) sections of F
on U .

If M is a complex manifold, a complex vector bundle π : F → M is called
holomorphic, if F is a complex manifold, π is a holomorphic mapping, the
trivializations ϕa and the transition matrices γab are holomorphic on their
respecitve domains of definition. In this case, one can speak of holomorphic
sections s : U → F and one denotes O (U,F ) the vector space of holomorphic
sections of F on U .

One can define a morphim of vector bundles f : F → F ′ as a C∞ mapping
commuting with the projections π : F →M , π′ : F ′ →M :

π′ (f (v)) = π(v)

so that there exist trivializations ϕa, ϕ′
a

π−1 (Ua)
f

ϕa

π′−1 (Ua)

ϕ′
a

Cd × Ua Cd
′ × Ua

(v,m) (Φa(m)v,m)

where Φa : Ua → Mat
(
Cd,Cd

′
)

is a C∞ mapping whose rank is constant.
Thus f is a linear mapping on each fiber. One can define also holomorphic
morphisms between holomorphic bundles.

A line bundle is a complex vector bundle of rank 1; hence the fibers π−1(m) ∼
C and the transitions matrices are transition functions γab : Ua ∩ Ub → C∗.

One can define also subbundles and quotient bundles.
A complex vector bundle is called C∞ trivial if it is C∞ isomorphic to the

trivial bundle Cd×M →M . A holomorphic vector bundle is called holomor-
phically trivial if it is holomorphically isomorphic to the trivial bundle.

A complex bundle π : F →M of rank d is C∞ trivial (resp. holomorphically
trivial) if and only if one can find d global differentiable (resp. holomorphic)
sections s1, . . . , sd such that at each point m ∈ M , {s1(m), . . . , sd(m)} is a
basis of Fm. Indeed the trivialization is given by

vm =
d∑
k=1

ζksk(m) → (
ζ1, . . . , ζd

) ∈ C
d.
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In particular, a line bundle is C∞ trivial (resp. holomorphically trivial) if
and only if one can find a C∞ section (resp. a holomorphic section) which
vanishes nowhere.

2.3.1 Operations on bundles

Definition 2.2. If π : F → M and π′ : F ′ → M are bundles one can define
the direct sum

F ⊕ F ′ →M

(F ⊕ F ′)m = Fm ⊕ F ′
m.

We can also define the tensor product

F ⊗ F ′ →M

(F ⊗ F ′)m = Fm ⊗ F ′
m.

with the obvious transition functions.

In particular, if L→M , L′ → M are line bundles, with transition functions
γab : Ua ∩Ub → C∗ and γ′ab : Ua ∩Ub → C∗, L⊗L′ →M is a line bundle with
transition functions γ′′ab = γabγ

′
ab.

If f : M ′ → M is a mapping and π : F → M is a bundle over M , one can
define a bundle

π′ : f∗F →M ′

so that for m′ ∈ M ′, (f∗F )m′ = Ff(m). If (Ua, ϕa) is a trivialization of
F →M , then a trivialization of f∗F →M ′ is

(
f−1 (Ua) , ϕ′

a

)

ϕ′
a (v′) = (va (v′) , π′ (v′))

In particular, if j : N ↪→M is a submanifold, j∗F → N is denoted F |N → N
(the restriction of F to N). At each point m ∈ N , the fiber (F |N )m is just
Fm and the trivialization and transition matrices are the restrictions to N of
the corresponding trivializations and transition matrices.

If π : F → M , one can define the dual bundle π∗ : F ∗ → M with F ∗
m =

(Fm)∗. The transition matrices are

γ∗ab(m) = γ−1
ab (m).

In this way, if v ∈ Fm, v∗ ∈ F ∗
m, 〈v, v∗〉 is well defined as

〈v, v∗〉 = 〈va(v), v∗a (v∗)〉

and does not depend on the trivialization. One can also define the conjugate
bundle π̄ : F →M with transition functions γ̄ab.
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2.3.2 Tangent bundle

Let M be a complex manifold of dimension n and

V (M) =
⋃
m∈M

Vm(M).

This is a complex bundle of rank n over M , the tangent bundle. A vector
field on M is a section of V (M).

Let U = (Ua) be a coordinate system onM . The trivialization ϕa : π−1 (Ua) →
C2n × Ua is given by

ϕa(v) =
(
ξ1a, . . . , ξ

2n
a , π(v)

)

where ξja are the components of v on the basis
(

∂

∂xj
a

)
j=1,...,2n

(see (2.3)). The

transition matrices are

γba(m) =
(
∂xkb
∂xja

(m)
)
k,j=1,...,2n

(2.15)

(see (2.5)).
One has also a subbundle of V (M)

T (M) =
⋃
m∈M

Tm(M) ⊂ V (M)

with trivializations ϕ′
a : π−1 (Ua) → Cn × Ua

ϕ′
a(v) =

(
ζ1
a , . . . , ζ

n
a , π(v)

)

where ζja are the components of v on the basis
(

∂

∂zj
a

)
j=1,...,n

(see (2.8)). The

transition matrices are

γ′ba(m) =
(
∂zkb
∂zja

(m)
)
k,j=1,...,n

(2.16)

(see (2.7)) and they are holomorphic so that T (M) is a holomorphic bundle.
Then, as a bundle, V (M) is the direct sum of T (M) and T (M)

V (M) = T (M) ⊕ T (M). (2.17)

If W ⊂M is a real submanifold, one can define the restriction V (M)|W →W ,
which contains the tangent bundle to W as a subbundle

V (W ) ↪→ V (M)|W .
The normal bundle to W is the quotient bundle

V ⊥(W ) = V (M)|W /V (M).
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If W ⊂ M is a complex submanifold, one can also define T (M)|W , T (W ),
and the normal bundle

N(W ) = T (M)|W /T (W )

which are holomorphic bundles on W.

2.3.3 Example: complex tori

On a complex torus M of dimension n, the various tangent bundles V (M),
T (M) are all trivial. One can find, for example, n global sections of T (M)
which form a basis of Tm(M), namely the

(
∂
∂zk

)
k=1,...,n

where
(
zk
)

are the
complex coordinates on Cn.

2.3.4 Line bundles and divisors

(i) Let D be a complex irreducible hypersurface in a manifold M . Then
one can cover M by a system of coordinates U = (Ua) so that in each
Ua, D is given by an equation sa = 0 where sa ∈ O (Ua).

Then in Ua ∩ Ub, one has
sa = ϕabsb

where ϕab is a holomorphic function which does not vanish. Obviously

ϕab = ϕ−1
ab , ϕabϕbcϕca = Id

so that the (ϕab) define a system of transition functions for a line bun-
dle L(D) → M and the collection (sa) defines a global section s ∈
O (M,L (D)) whose zero set is D.

(ii) A divisor D on a complex manifold is a finite formal sum

D =
p∑
k=1

nkDk

where Dk are irreducible hypersurfaces of M , nk are integers. The line
bundle associated to D is

L(D) = L (D1)⊗n1 ⊗ L (D2)⊗n2 ⊗ · · · ⊗ L (Dp)
⊗np

and if n < 0, L(D)⊗n =
(
L (D)∗

)⊗(−n)
. In each Ua, Dk has an irre-

ducible equation
sa,k = 0.

The transition functions of L(D) are

ϕab =
p∏

k=1

(ϕab,k)nk
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(where ϕab,k = sa,k

sb,k
are the transition functions of L (Dk)).

Moreover if sa =
∏p
k=1 (sa,k)nk , one has sa = ϕabsb on Ua ∩ Ub.

(iii) Two divisors D, D′ are linearly equivalent if D −D′ is the divisor of a
global meromorphic function ϕ on M .

Recall that a meromorphic function ϕ on M is defined by an open cover-
ing (Ua) of M such that in each Ua, ϕ = fa

ga
where fa, ga are holomorphic

functions on Ua and fagb = fbga on Ua ∩ Ub.

Lemma 2.3. D is linearly equivalent to D′ if and only if L(D) 
 L (D′) as
line bundles.

Indeed, let ϕab, ϕ′
ab, be the transition functions of L(D) and L (D′), so that

the transition functions of L (D −D′) are ϕabϕ′−1
ab . If there exists a global

meromorphic function ϕ with divisor D − D′ this means that ϕ|Ua satisfies
ϕ|Ua ≡ saua where ua is a non vanishing holomorphic function and sa =∏

(sak)nk where the sa,k are local holomorphic equations of the components
of D −D′. Then because sa = ϕabϕ

′−1
ab sb, we have

ub = ϕabϕ
′−1
ab ua

in Ua ∩ Ub away from the poles of ϕ, but this equation is valid in Ua ∩ Ub
because both members are holomorphic, so L (D −D′)∗ has a holomorphic
section which vanishes nowhere and it is thus trivial.

Conversely if L (D −D′)∗ is trivial, it has a holomorphic section ua which
vanishes nowhere. Let sa be the section of L (D −D′) describing D − D′

locally, then ϕa ≡ saua defines a global meromorphic function with divisor
D −D′.

2.3.5 Example: Pn and its line bundles

Let
[
Z0, . . . , Zn

]
the homogeneous coordinates of Pn, Ua, the affine open

set where Za �= 0. Let H be a hyperplane with equation
∑n

k=0 ukZ
k = 0.

Then H ∩ Ua is described by the holomorphic equation

sa ≡
n∑
k=0

uk
Zk

Za
= 0

because Zk

Za are the holomorphic coordinates in Ua. One has in Ua ∩ Ub

sa =
Zb

Za
sb

so that L(H) is a line bundle with transition functions ϕab = Zb

Za . It is called
the OPn(1)-bundle. It does not depend on the choice of H . Indeed, obviously



Complex manifolds, vector bundles, differential forms 31

H ∼L H ′ for any two hyperplanes because H −H ′ is the divisor of the global
rational function

�
ukZ

k

�
u′

k
Zk .

The holomorphic sections of O(1) are the homogeneous polynomials of de-
gree 1 in the Zk. The tensor powers L(H)⊗d ≡ OPn(d) have transition func-

tions
(
Zb

Za

)d
= ϕdab. Their holomorphic sections are the homogeneous poly-

nomials of degree d in the Zk. Indeed if P (Z) is a homogeneous polynomial
of degree d in the Zk, it defines a section of L(H)⊗d by

sa =
P (Z)

(Za)d

which is holomorphic in Ua, and

sa =
(
Zb

Za

)d
sb.

2.4 Differential forms on complex manifolds

Let M be a complex manifold of dimension n. We have defined the complex
tangent bundle V (M) and the holomorphic tangent bundle T (M), so that

V (M) = T (M) ⊕ T (M).

We can consider the dual bundles, so that

V ∗(M) = T ∗(M) ⊕ T
∗
(M). (2.18)

Definition 2.3. The bundle of k-forms on M is the kth exterior power of
V ∗(M) and is denoted Λk(M):

Λk(M) = ΛkV ∗(M). (2.19)

The bundle of forms of type (p, q) on M is the bundle

Λp,q(M) = ΛpT ∗(M) ∧ ΛqT
∗
(M). (2.20)

A differential form of degree k (resp. a form of type (p, q)) on an open set U
of M is a differentiable section on U of the bundle Λk(M) (resp. Λp,q(M)).

It is clear that
Λk(M) =

⊕
p+q=k

Λp,q(M) (2.21)

and at each point m ∈ M , a k-form ϕ(m) is decomposed in a unique way as
a sum of (p, q)-forms with p+ q = k.
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The bundles Λk(M) and Λp,q(M) are C∞-bundles. We denote Ek

M (U) and
Ep,q

M (U) (or Γ(U, Ek

M ) and Γ(U, Ep,q

M )) the space of the C∞ sections on an open
set U .

The bundles Λp,0(M) are holomorphic vector bundles. We denote Ω
p

M (U) or
Γ(U,Ω

p

M ) the space of the holomorphic sections on U . An element of Ω
p

M (U)
is called a holomorphic p-form on U .

2.4.1 Expressions in local coordinates

Let U be an open set with complex coordinates
(
z1, . . . , zn

)
and real coor-

dinates xj with zj = x2j−1 + ix2j j = 1, . . . , n.
We can use as a basis of V (M) on U the

(
∂
∂x1 ,

∂
∂x2 , . . . ,

∂
∂x2n

)
, so a dual

basis of V ∗(M) on U is
(
dx1, dx2, . . . , dx2n

)
:

〈dxj , ∂

∂xk
〉 = δjk.

A basis of Λk(M) on M is formed by the exterior products of the dxj of order
k.

Let I = (i1, . . . , ik) be an ordered subset of {1, . . . , 2n} with distinct il. We
denote

dxI = dxi1 ∧ dxi2 ∧ · · · ∧ dxik .
A collection I is called a multiindex of length k and we denote its length by
|I| = k.

A multiindex is increasing if i1 < i2 < · · · < ik.
A basis of Λk(M) on U is formed by the

{
dxI
}

where I are the increasing
multiindices of length k and a k-form ϕ ∈ Ek

M (U) can be written

ϕ =
∑′

|I|=k
ϕI dx

I (2.22)

where
∑′ denotes a sum restricted on increasing multiindices I and ϕI are

C∞ functions on U .
Alternatively, one can also write

ϕ =
1
k!

∑
|I|=k

ϕI dx
I

where the sum is now on unrestricted multiindices I of length k and ϕI is
skew-symmetric with respect to I.

In the same way, we have a basis
(
∂
∂z1 , . . . ,

∂
∂zn

)
of T (M) on U , and a

basis
(
∂
∂z̄1 , . . . ,

∂
∂z̄n

)
of T (M) on U . The dual basis are

(
dz1, . . . , dzn

)
and(

dz̄1, . . . , dz̄n
)

for T ∗(M) and T
∗
(M)

dzj = dx2j−1 + i dx2j dz̄j = dx2j−1 − i dx2j . (2.23)
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If I = (i1 < · · · < ip) and J = (j1 < · · · < jq) are increasing multiindices of
length p and q respectively, with the indices varying in {1, . . . , n}, a basis of
Λp,q(M) on U is formed by the

dzI ∧ dz̄J = dzi1 ∧ · · · ∧ dzip ∧ dz̄j1 ∧ · · · ∧ dz̄jq . (2.24)

A (p, q)-form ϕ ∈ Ep,q

M (U) can be written as

ϕ =
∑′

|I|=p
|J|=q

ϕIJ̄ dz
I ∧ dz̄J (2.25)

where again
∑′ denotes a sum restricted on increasing multiindices I, J and

ϕIJ̄ is C∞(U). Alternatively one can write

ϕ =
1
p!q!

∑
|I|=p
|J|=q

ϕIJ̄ dz
I ∧ dz̄J (2.26)

with the sum on unrestricted multiindices and ϕIJ̄ skew-symmetric in I and
skew-symmetric in J .

2.4.2 The Hodge filtrations F and F

If M is a complex manifold, one can write a k-differential form ϕ on M in
local complex coordinates as

ϕ =
∑′

|I|+|J|=k
ϕIJ̄ dz

I ∧ dz̄J

We say that ϕ has type ≥ p, if one has |I| ≥ p in the above sum (for every
system of complex coordinates on M). We define F pEkM as the subsheaf of
EkM of k-forms of type ≥ p. This defines a decreasing filtration (called the
Hodge filtration)

· · ·F pEkM ⊃ F p+1EkM ⊃ · · ·
and d respects this filtration:

d(F pEkM ) ⊂ F pEk+1
M

The conjugate Hodge filtration is defined by

F qEkM = F qEkM .

2.4.3 Pullback

If f : N → M is a C∞ mapping between complex manifolds and ϕ is a
k-form on M , one can define f∗ϕ as a k-form in N . Locally, if (V, x′) and
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(U, x) are coordinate open sets in N and M such that f(V ) ⊂ U , and ϕ is
defined by (2.22), we define on V

f∗ϕ =
∑′

|I|=k
(ϕI ◦ f) f∗ (dxI)

f∗ (dxI) = f∗ (dxi1) ∧ f∗ (dxi2) ∧ · · · ∧ f∗ (dxik)

and

f∗ dxi = d
(
xi ◦ f)

is the differential of the function xi◦f on V and one verifies that the definition
is intrinsic.

In particular, if W ⊂ M is a real submanifold, ϕ a k-form, the restriction
ϕ|W is a k-form on W which is the pullback of ϕ by the injection j : W ↪→ M .

If W is defined locally by equations

xr = 0 r ∈ R

(R is a subset of {1, . . . , 2n}), then ϕ|W is obtained from (2.22) by killing all
the dxI where I ∩R �= ∅ and restricting the ϕI with I ∩R = ∅ to W

ϕ|W =
∑′

|I|=k
I∩R=∅

ϕI |W dxI .

If f : N → M is a holomorphic mapping, and ϕ a (p, q)-form on M , one
can define in a similar way f∗ϕ which is also a (p, q)-form on N . If ϕ is a
(p, 0)-form holomorphic on M , f∗ϕ is a (p, 0)-form holomorphic in N .

If W ⊂ M is a complex submanifold of M , one can define ϕ|W as a (p, q)-
form in W if ϕ is a (p, q)-form in M .

If W is defined locally by holomorphic equations

zr+1 = · · · = zn = 0

so that dimW = r, ϕ|W is obtained as

ϕ =
∑′

1≤il≤r
1≤jl≤r

(ϕIJ̄ |W ) dzI ∧ dz̄J .
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2.4.4 Exterior differentials

For a function f : M → C, one defines the differentials

df =
2n∑
j=1

∂f

∂xj
dxj

∂f =
n∑
j=1

∂f

∂zj
dzj

∂̄f =
n∑
j=1

∂f

∂z̄j
dz̄j

(2.27)

so that df = ∂f + ∂̄f .
For a k-form ϕ ∈ Ek

M (U), we write:

ϕ =
1
k!

∑
|I|=k

ϕI dx
I (ϕI ∈ C∞(U))

and we define in U

dϕ =
1
k!

∑
|I|=k
j

∂ϕI
∂xj

dxj ∧ dxI (2.28)

Then we show easily that
d ◦ d = 0 (2.29)

In the sum of (2.28), dxj ∧ dxI ≡ 0 if j ∈ I hence ∂ϕI

∂xj never appears if j ∈ I.
For a (p, q)-form ϕ ∈ Ep,q

M (U), which is written as

ϕ =
1
p!q!

∑
|I|=p
|J|=q

ϕIJ̄ dz
I ∧ dz̄J

one defines

∂ϕ =
1
p!q!

∑
|I|=p
|J|=q
l

∂ϕIJ̄
∂zl

dzl ∧ dzI ∧ dz̄J (2.30)

∂̄ϕ =
(−1)p

p!q!

∑
|I|=p
|J|=q
l

∂ϕIJ̄
∂z̄l

dzI ∧ dz̄l ∧ dz̄J (2.31)

These definitions are extended to any k-form by decomposing the form in pure
types.
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One checks easily that

∂ ◦ ∂ = 0 ∂̄ ◦ ∂̄ = 0 (2.32)

d = ∂ + ∂̄ (2.33)

and as a consequence of d2 = 0

∂∂̄ + ∂̄∂ = 0 (2.34)

One has by definition
∂Ep.q

M (U) ⊂ Ep+1,q

M (U)

∂̄Ep,q

M (U)) ⊂ Ep,q+1

M (U)
(2.35)

2.4.5 Exterior differentials and pullback

The main theorem, which can be checked by local calculations is that the
differentials commute with pullback.

Theorem 2.1. If f : N → M is a C∞ mapping between manifolds and ϕ is
a k-form on M

df∗ϕ = f∗ dϕ. (2.36)

If N , M are complex manifolds and f is holomorphic, then

∂f∗ϕ = f∗∂ϕ
∂̄f∗ϕ = f∗∂̄ϕ.

(2.37)

2.4.6 Differentials and exterior products

If ϕ is a k-form, ψ is a l-form, ϕ ∧ ψ is a (k + l)-form, and one verifies

d(ϕ ∧ ψ) = dϕ ∧ ψ + (−1)kϕ ∧ dψ. (2.38)

If ϕ is a (p, q)-form and ψ a (r, s)-form, ϕ ∧ ψ is a (p+ r, q + s)-form and

∂(ϕ ∧ ψ) = ∂ϕ ∧ ψ + (−1)p+qϕ ∧ ∂ψ
∂̄(ϕ ∧ ψ) = ∂̄ϕ ∧ ψ + (−1)p+qϕ ∧ ∂̄ψ. (2.39)

2.4.7 Forms with coefficients in a vector bundle

Let π : F → M a complex bundle. A k-form with coefficients in F is a
section of the bundle Λk(M)⊗F . Locally, we can use a trivialization of F on
Ua, so that

π−1 (Ua) ∼→ C
r × Ua.

Then a k-form with coefficients in F can be expressed on Ua as a r-uple
(
ω1
a, . . . , ω

r
a

)
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where ωαa are k-forms on Ua.
Moreover if we have another trivialization of F

π−1 (Ub) 
 C
r × Ub

and transitions γab : Ua ∩ Ub → GL(r,C), the element v ∈ π−1 (Ua ∩ Ub) is
expressed either as va(v) ∈ Cr or vb(v) ∈ Cr in each of the trivializations,
with

va(v) = γab (π(v)) vb(v) (2.40)

So the k-form with coefficient in F will be expressed on Ub as a r-uple(
ω1
b , . . . , ω

r
b

)
where ωβb are k-forms on Ub and (2.40) means that :

⎛
⎜⎝
ω1
a(m)

...
ωra(m)

⎞
⎟⎠ = γab(m)

⎛
⎜⎝
ω1
b (m)

...
ωrb (m)

⎞
⎟⎠

for m ∈ Ua ∩ Ub, or in other words

ωαa (m) =
r∑

β=1

γαab,β(m)ωβb (m). (2.41)

In general, it is not possible to define the exterior differentiation of a form
with coefficients in F as a form with coefficients in F . Indeed, one can define
for each trivialization the differentials

(
dω1

a, . . . , dω
r
a

)
and

(
dω1

b , . . . , dω
r
b

)
but

these differentials do not satisfy (2.41) because in general

dγab �= 0.

It is only for locally flat bundles, namely when one can choose constant transi-
tion matrices γab, that one can define intrinsically the differential of a k-form
with coefficient in F .

On the other hand, let π : F →M be a holomorphic vector bundle. One can
define also the bundle of (p, q)-forms with coefficients in F , as Λp,q (M) ⊗ F .
If ω is a (p, q)-form with coefficients in F , one can define ∂̄ω intrinsically.

In a trivialization π−1 (Ua) 
 C × Ua, where ω is given as a r-uple(
ω1
a, . . . , ω

r
a

)
one defines

(
∂̄ω1

a, . . . , ∂̄ω
r
a

)
: this is indeed a (p, q+ 1)-form with coefficients in

F because:

∂̄ωαa =
r∑

β=1

γαab,β(m)∂̄ωβb (2.42)

as one can see immediately by taking the ∂̄ of (2.41) and using the fact that
the γαab,β are holomorphic in Ua ∩ Ub.
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2.5 Local solutions of d- and ∂̄-equations

2.5.1 Poincaré lemma

Theorem 2.2. Let U be a star-shaped open set in Rn (there exists a point
0 ∈ U so that any point x can be joined to 0 by a linear segment). Let ϕ be a
C∞ p-form in U such that

dϕ = 0. (2.43)

There exists a C∞ (p− 1)-form ψ in U , with

dψ = ϕ. (2.44)

Proof. Obviously dϕ = 0 is a necessary condition to be able to solve dψ = ϕ
because d2 = 0. We prove theorem 2.2 by recursion on dimension n ≥ p.
1) First, suppose that n = p, so that

ϕ = ϕ(x) dx1 ∧ · · · ∧ dxp x =
(
x1, . . . , xp

)
where ϕ(x) is a function. Define

ψ = ψ1,...,p−1 dx
1 ∧ · · · ∧ dxp−1

with

ψ1,...,p−1(x) = (−1)p−1

∫ xp

0

ϕ
(
x1, . . . , xp−1, t

)
dt. (2.45)

Then dψ = ϕ.
2) Suppose now n > p and assume that Poincaré lemma is correct for n−1 ≥ p.
Now write

ϕ =
1
p!

∑
1≤i≤n−1
|I|=p

ϕI dx
I +

1
(p− 1)!

dxn ∧
∑

|I|=p−1
1≤i≤n−1

ϕnI dx
I .

Define

ψI
(
x1, . . . , xn

)
=
∫ xn

0

ϕnI
(
x1, . . . , xn−1, t

)
dt

ψ =
1

(p− 1)!

∑
|I|=p−1
1≤i≤n−1

ψI dx
I .

Then, it is easy to see that ϕ − dψ is a p-form involving only the dxj for
j ≤ n − 1. Moreover d (ϕ− dψ) = 0, so that the coefficients of ϕ − dψ do
not depend on xn. Hence ϕ − dψ is a closed form of (n − 1) variables so by
induction ϕ− dψ = dω, and finally

ϕ = d (ψ + ω) .
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2.5.2 Dolbeault lemma

Theorem 2.3. Let UR be a polydisk in Cn

UR =
{

(z1, . . . , zn) ∈ C
n
∣∣ |zj | < Rj

}

and ϕ be a (p, q)-form in Ep,q

Cn (UR). Suppose

∂̄ϕ = 0 in UR (2.46)

Then there exists ψ ∈ Ep,q−1

Cn (UR) with

∂̄ψ = ϕ. (2.47)

Proof. We can assume p = 0, so we deal with (0, q)-forms. If one wants to
solve (2.46) in a smaller polydisk U ′

R′
(
R′
j < Rj

)
, one can take a C∞ cut-off

function χ which is 1 on U ′′
R′′ with R′ < R′′

j < Rj and with compact support
in UR so that χϕ ≡ ϕ in U ′′

R′′ and is ∂̄ closed there. Then the logic of the
proof is exactly the same as the logic of the proof of Poincaré lemma, except
one has to invert ∂

∂z̄ instead of ∂
∂x . To invert ∂

∂x , one had to take a primitive
along a straight line segment. To invert ∂

∂z̄ one uses the fact that 1
πz satisfies

∂

∂z̄

1
πz

= δ0.

So instead of (2.45), we use the formula

ψ(z) = (−1)q−1

∫∫
ϕ
(
z1, . . . , zq−1, ζ

)
χ
(
z1, . . . , zq−1, ζ

)
zq − ζ

dζ dζ̄

π

which gives
∂ψ

∂z̄q
= ϕχ

so we have solved in U ′
R′ ⊂ Cq the equation

∂̄ψ = ϕdz̄1 ∧ · · · ∧ dz̄q.

The rest of the proof is exactly the same as in theorem 2.2.

2.5.3 Poincaré lemma for holomorphic forms

Theorem 2.4. Let U be a star-shaped open set in Cn and ϕ a d-closed holo-
morphic (p, 0)-form on U . Then there exists a holomorphic (p− 1, 0)-form ψ
on U with

dψ = ϕ.
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Proof. The proof is just identical to the proof of Poincaré lemma, except the
dxj becomes dzj. The main point is that if g(z) is holomorphic, then by
choosing a straight line γz from 0 to z the integral

f(z) =
∫
γz

g (z′) dz′

is a holomorphic function of z and ∂f
∂z = g.



Chapter 3

Sheaves and cohomology

3.1 Sheaves

We refer to [Br], [G], [GR] for more details on the contents of the present
chapter.

A presheaf F of abelian groups (or vector spaces, rings. . . ) on a topological
space X associates to each open set U ⊂ X an abelian group (or vector
space, ring. . . ) F(U), and to each pair U ⊂ V of open sets a homomorphism
rV,U : F(V ) → F(U), called the restriction map, such that:

(1) for any triple U ⊂ V ⊂W of open sets

rW,U = rV,U ◦ rW,V
so that we can write s|U instead of rV,U (s).

The elements of F(U) are called the sections of F over U . The presheaf
is a sheaf if moreover

(2) let U ⊂ X be an open set, s ∈ F(U) a section, U =
⋃
i Ui an open

covering of U such that s|Ui = 0 for all i; then s = 0.

(3) for any open set U ⊂ X , any open covering U =
⋃
i Ui of U and sections

si ∈ F (Ui) with si|Ui∩Uj = sj |Ui∩Uj there exists s ∈ F(U) such that
s|U = si. Such s is unique by (2).

A sub(pre)-sheaf of F is a (pre)-sheaf G such that G(U) ⊂ F(U) is a subgroup
(a vector subspace. . . ) and the restrictions in G are induced by those in F .

If a presheaf F is not a sheaf, one can construct the associated sheaf F̃
simply by adding to each F(U) the missing sections: an element of F̃(U) is
a family (si ∈ F (Ui)) with si|Ui∩Uj = sj |Ui∩Uj , U =

⋃
i Ui being an open

covering (two such families must be identified if their restrictions to some
refinement of the respective coverings coincide).

There is a canonical morphism F → F̃ ; if the presheaf F already satisfies
the property (2), which is true in most interesting cases, F is a subpresheaf
of F̃ .

Examples. The following are examples of sheaves (the restriction maps are
the usual ones).

41
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(i) The constant sheaf CX on a topological space X , whose sections on
an open set U are the locally constant C-valued functions on U . More
generally, the constant sheaf KX , where K is any abelian group.

(ii) The sheaf EkM of complex differential k-forms on a differentiable manifold
M .

(iii) The sheaf OM of holomorphic functions, and the sheaf ΩpM of holomor-
phic p-forms on a complex manifold M .

(iv) The sheaf F of differentiable (resp. holomorphic) sections of a differ-
entiable (resp. holomorphic) vector bundle F on a differentiable (resp.
complex) manifold M : the elements of F(U) are the differentiable (resp.
holomorphic) sections of F on U .

A global section of a (pre)sheaf F on X is an element of F(X). Quite often
F(X) is denoted by Γ (X,F).

A (pre)sheaf F on X restricts to a (pre)sheaf F|U on any open set U ⊂ X :
if V ⊂ U is open, F|U (V ) = F(V ).

A morphism of presheaves f : F → G is a collection of morphisms fU : F(U) →
G(U) (U open in X), such that if U ⊂ V , fU and fV commute with the
restriction maps. A morphism of sheaves is a morphism of the underlying
presheaves. If f : F → G is a morphism of sheaves, the presheaf defined by
the assignment U �→ ker fU is easily seen to be a sheaf, which is called the
kernel of f and denoted ker f ; hence (ker f) (U) = ker fU for any open set U .
On the contrary, the assignment U �→ im fU defines a presheaf, which is not
a sheaf in general. Hence we must define the image sheaf im f as the sheaf
associated to the presheaf U �→ im fU . Thus in general ( im f) (U) ⊃ im fU
and ( im f) (U) �= im fU . In the same way we define the sheaf coker f as the
sheaf associated to the presheaf U �→ coker fU .

If F ⊂ G is a subsheaf, the quotient G/F is the sheaf associated to the
presheaf U �→ G(U)/F(U), and in general (G/F) (U) �= G(U)/F(U).

Let F be a (pre)-sheaf on X ; if A is a subset of X , the set F(A) of the sec-
tions of F on A can be defined. If A has a fundamental system of paracompact
neighborhoods in X , F(A) is the quotient of the set

{ s ∈ F(U), U an open neighborhood of A in X }
under the equivalence relation: if s ∈ F(U), t ∈ F(V ), s ≡ t: there exists a
neighborhood W ⊂ U ∩V of A with s|W = t|W . In other words, an element of
F(A) is a section of F in an open neighborhood of A, provided one identifies
two such sections when they coincide in a smaller neighborhood. F(A) carries
the same structure (abelian group, vector space. . . ) as the F(U).

If x is a point of X the stalk, or fiber, Fx of F at x is F(A), A = {x}. An
element of Fx is a section of F in an open neighborhood of x, and two such
sections must be identified when they coincide in a smaller neighborhood of
x. A section s of F defined in a open neighborhood of x detects an element
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sx ∈ Fx called the germ of s at x. Also the stalks Fx carry the same structure
(abelian group, vector space. . . ) as the F(U).

Let s be a section of F on an open set U of X . If sx = 0 at a point x ∈ U ,
there exists an open neighborhood V of x in U such that s|V = 0 so that
sy = 0 for y ∈ V . Hence the support of s, defined as the subset

supp(s) =
{
x ∈ U

∣∣ sx �= 0
}

is closed in U .
The restriction F|A of the sheaf F on X to a subset A of X is defined by

F|A(V ) = F(V ), V being an open subset of A. Let us remark that at x ∈ A,
the stalks are the same: (F|A)x = Fx.

A morphism of (pre)-sheaves f : F → G induces for x ∈ X a morphism
fx : Fx → Gx.

If F is a presheaf, F̃ is the associated sheaf and F ⊂ F̃ , for all x ∈ X we
have Fx = F̃x. In particular let us remark that if f : F → G is a morphism of
sheaves, (ker f)x = ker fx, ( im f)x = im fx, (coker f)x = coker fx. If F ⊂ G
is a subsheaf, (G/F)x = Gx/Fx.

Note also that if F1 ⊂ F2 are sheaves and for all x ∈ X , F1,x = F2,x, it
follows that F1 = F2.

We say that a sequence of sheaf morphisms

E f F g G (3.1)

is a complex if g ◦ f = 0, and is exact if it is a complex and the following
equality of sheaves holds: ker g = im f . This is equivalent to ker gx = im fx
for all x, and thus to the exactness of the sequence of abelian groups (or vector
spaces. . . )

Ex fx Fx gx Gx (3.2)

for all x ∈ X . So finally the sequence (3.1) is a complex (resp. is exact) if
and only if (3.2) is a complex (resp. is exact) for all x ∈ X .

More generally we say that a sequence of maps of sheaves

· · · Fn−1
fn−1 Fn fn Fn+1 · · · (3.3)

is a complex (resp. is exact) if the sequence

· · · Fn−1,x
fn−1,x Fn,x fn,x Fn+1,x · · · (3.4)

is a complex (resp. is exact) for all x ∈ X . If (3.3) is a complex, it is easy to
see that for an open set U ⊂ X the induced sequence

· · · Fn−1(U)
fn−1,U Fn(U)

fn,U Fn+1(U) · · · (3.5)
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is a complex. But if (3.3) is exact, (3.5) is not exact in general. The lack of
exactness in (3.5) gives rise in fact to the cohomology theory of sheaves.

Nevertheless: if
0 E F G

is an exact sequence of sheaves, for each open set U ⊂ X the sequence

0 E(U) F(U) G(U)

is exact.
Let us note also that there is no useful definition of exact sequence for

presheaves. Nevertheless the following remark will be helpful.

Remark 3.1. Let

· · · Fn−1
fn−1 Fn fn Fn+1 · · ·

be a sequence of morphisms of presheaves such that for any open set U ⊂ X
the induced sequence

· · · Fn−1(U)
fn−1,U Fn(U)

fn,U Fn+1(U) · · ·

is exact. Then the sequence of associated sheaves

· · · F̃n−1

f̃n−1 F̃n
f̃n F̃n+1 · · ·

is exact.

Let Y ⊂ X be a locally closed subset. A sheaf G on Y can be “extended
by zero” to a sheaf on X , i.e. to a sheaf G̃ whose restriction to Y is G, and
whose restriction to X \ Y is identically zero, by formula

G̃(U) =
{
s ∈ G(U ∩ Y )

∣∣ supp (s) is closed in U
}

(3.6)

(Note that supp (s) is apriori closed in U ∩ Y ). If x /∈ Y , let s ∈ G̃(U) (U
being an open neighborhood of x in X); then S = supp (s) is closed in U ,
and x /∈ S, so there is an open neighborhood V of x in U such that s|V = 0;
thus sx = 0, which implies G̃x = 0. If x ∈ Y , there is a fundamental system
of open neighborhoods U of x in X such that U ∩ Y is closed in U (here we
use the assumption that Y is locally closed). Then for every s ∈ G (U ∩ Y ),
supp (s) is closed in U , or G̃(U) = G (U ∩ Y ); it follows that G̃x = Gx. We
have thus proved that G̃|Y = G and G̃|X\Y = 0.

The extension of G to X is still denoted G when no confusion arises.
Let Y ⊂ X be a locally closed subset and L be a sheaf on X . We can

restrict L to Y , obtaining L|Y , and then extend L|Y by zero to X . We denote
by LY such extension, so that

(LY ) |Y = L|Y and
(LY ) |X\Y = 0.
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If Y is open, LY is a subsheaf of L; in fact for any open set U of X , by defin-
ition (3.6) we have LY (U) =

{
s ∈ L|Y (U ∩ Y )

∣∣ supp (s) is closed in U
}

; but
L|Y (U ∩ Y ) = L (U ∩ Y ) because U ∩ Y is open in X ; finally LY (U) ⊂ L(U)
because every s ∈ L (U ∩ Y ) whose support is closed in U can be uniquely
extended by zero to a section of L(U).

If Y is closed , LY is a quotient of L; in this case the relation LY (U) =
L (U ∩ Y ) shows that there is a canonical surjective morphism L → LY ,
sending a section of L on U to its restriction to U ∩ Y . In conclusion:

Proposition 3.1. Let Y be a closed subset of X. For any sheaf L on X there
is an exact sequence of sheaves on X

0 LX\Y L LY 0 (3.7)

3.2 The cohomology of sheaves

Let Φ be a family of closed sets of a topological space X verifying the
conditions

(1) The union of two sets of Φ belongs to Φ.

(2) If S ∈ Φ, every closed subset of S belongs to Φ.

We say that Φ is a family of supports in X . If F is a sheaf (of abelian groups)
on X , we denote by ΓΦ (X,F), or simply ΓΦ (F), the subgroup of Γ (X,F)
of the sections s such that supp (s) belongs to Φ. For an open set U ⊂ X
we write ΓΦ (U,F) for ΓΦ (U,F|U ). When Φ is the family of all the compact
subsets of X , we denote ΓΦ (X,F) by Γc (X,F), the set of sections of F with
compact support. When Φ is the family of all the closed subsets of X , we
simply write Γ (X,F).

A family Φ of supports is called a paracompactifying family of supports if
every S ∈ Φ is paracompact, and possesses a neighborhood belonging to Φ.
If X is paracompact, the family of all the closed subsets, and the family of all
the compact subsets of X , are paracompactifying.

We say that a sheaf (of abelian groups) F on X is flabby if for each open
set U ⊂ X the restriction morphism F(X) → F(U) is surjective.

The restriction of a flabby sheaf to an open set is flabby. Note also that a
sheaf G on a locally closed subset Y of X is flabby if and only if its extension
by zero to X is flabby.

It is easy to see that if F is a flabby sheaf on X , for any family Φ of
supports in X , and any open set U , the restriction ΓΦ (X,F) → ΓΦ (U,F)
remains surjective.
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3.2.1 The canonical flabby sheaf C0F associated to a given
sheaf F

A section s ∈ C0F on an open set U is a family
(
s
(x)
x ∈ Fx

)
x∈U

(with no

gluing conditions); the lack of gluing conditions implies that the restriction(C0F) (X) → (C0F) (U) is surjective.
The sheaf F injects as a subsheaf of C0F : s ∈ F(U) goes to (sx ∈ Fx)x∈U .

Moreover C0F carries the same structure as F .
When we need to be precise about the space X on which we construct C0F ,

we write C0 (X,F) instead of C0F .
The construction of C0F is functorial: a morphism F → G extends to a

natural morphism C0F → C0G. More precisely it can be proved that

Proposition 3.2. If

0 E1 E2 E3 0

is an exact sequence of sheaves, the sequence

0 C0E1 C0E2 C0E3 0

is also exact.

Lemma 3.1. Let

0 E1 E2 E3 0

be an exact sequence of sheaves.

(1) If E1 is flabby, for each open set U ⊂ X the sequence

0 E1(U) E2(U) E3(U) 0

is exact. If moreover Φ is a family of supports in X, the sequence

0 ΓΦ (X, E1) ΓΦ (X, E2) ΓΦ (X, E3) 0

is exact.

(2) If E1 and E2 are flabby, E3 is flabby.

Corollary 3.1. Let

0 E1 E2 E3 · · ·
be an exact sequence of flabby sheaves on X. For each open subset U ⊂ X the
sequence

0 E1(U) E2(U) E3(U) · · ·
is exact. If moreover Φ is a family of supports in X, the sequence

0 ΓΦ (X, E1) ΓΦ (X, E2) ΓΦ (X, E3) · · ·
is exact.
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3.2.2 Resolutions of sheaves

A complex of sheaves
(Ek, fk), is a sequence of sheaves Ek (k ∈ N) and

morphisms of sheaves fk : Ek → Ek+1 such that fk+1 ◦ fk = 0. The complex
is said to be exact if the sequence of sheaves

· · · Ek−1
fk−1

Ek fk

Ek+1 · · ·
is exact.

A morphism of sheaves E → F is by definition injective (resp. surjective) if
the sequence 0 → E → F (resp. E → F → 0) is exact, or in other words, if for
every x ∈ X the morphism of stalks Ex → Fx is injective (resp. surjective).

A resolution of a sheaf E is an exact sequence of sheaves

0 E ε E0
f0

E1
f1

E2
f2

E3 · · ·
where the morphism ε is called the augmentation. So a resolution of E is an
exact complex

(Ek, fk)
k≥0

together with an augmentation morphism ε : E →
E0 inducing an isomorphism E � ker f0.

There is an obvious definition of a morphism of complexes and morphism
of resolutions.

A resolution is called flabby if all the sheaves Ek are flabby for k ≥ 0.

Lemma 3.2. Every sheaf E has a canonical flabby resolution
(CkE , dk)

k≥0
.

Every morphism E1 → E2 extends to a morphism of the canonical resolutions(CkE1, d
k
1

) → (CkE2, d
k
2

)
. When we need to be precise about the space X on

which we construct the resolution, we write Ck (X, E) instead of CkE.

The proof is very easy. Let ε : E → C0E be the injection into the canonical
flabby sheaf of E . Let C1E = C0 (Z1), where Z1 = C0E/E ; hence Z1 is a
subsheaf of C1E and we obtain an exact sequence

0 E ε C0E d0 C1E (3.8)

Then we define inductively C2E = C0 (Z2), where Z2 = C1E/Z1. . . . The
construction shows that a morphism E1 → E2 extends to the resolutions.

3.2.3 Cohomology of sheaves

Definition 3.1. Let E be a sheaf on a topological space X and Φ be a family
of supports in X . The cohomology groups Hk

Φ (X, E) of X with supports in
Φ and coefficients in E are the cohomology groups of the following complex of
groups

0 ΓΦ

(
X, C0E) d0 ΓΦ

(
X, C1E) d1 ΓΦ

(
X, C2E) d2 · · · (3.9)
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that is

Hk
Φ (X, E) =

ker
{
dk : ΓΦ

(
X, CkE)→ ΓΦ

(
X, Ck+1E) }

dk−1ΓΦ (X, Ck−1E)
(3.10)

Hk
Φ (X, E) is called the k-th cohomology group, or the cohomology group of

degree k, of E on X , with supports in Φ. If Φ is the family of all the closed
subsets of X , we denote by Hk (X, E) the corresponding cohomology group,
and we simply call it the k-th cohomology group of E on X . If Φ is the family
of all the compact subsets of X , we denote by Hk

c (X, E) the corresponding
cohomology group, and we call it the k-th cohomology group of E on X with
compact supports. If U ⊂ X is open, we define Hk (U, E) = Hk (U, E|U ) and
call it the cohomology group of degree k of E on U .

We deduce the following properties of the cohomology groups.

• The Hk
Φ (X, E) carry the same structure as the ΓΦ (X, E).

• Hk
Φ (X, E) = 0 for k < 0.

• H0
Φ (X, E) = ΓΦ (X, E).

In fact the sequence (3.8) is exact, so that the sequence

0 ΓΦ (X, E) ε ΓΦ

(
X, C0E) d0 ΓΦ

(
X, C1E)

is exact, which implies, by (3.10), H0
Φ (X, E) = ΓΦ (X, E).

• If E is a flabby sheaf, Hk
Φ (X, E) = 0 for k > 0.

If E is flabby, the canonical flabby resolution

0 E ε C0E d0 C1E d1 · · · (3.11)

is an exact sequence of flabby sheaves, hence by corollary 3.1 the se-
quence

0 ΓΦ (X, E) ε ΓΦ

(
X, C0E)

d0 ΓΦ

(
X, C1E) d1 · · ·

(3.12)

remains exact, and coincides in positive degrees with the sequence (3.9),
hence the cohomology groups vanish in positive degrees.

• A morphism of sheaves E1 → E2 induces natural homomorphisms of
cohomology groups Hk

Φ (X, E1) → Hk
Φ (X, E2).

• A (short) exact sequence of sheaves

0 E1 E2 E3 0
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gives rise to a long exact sequence in cohomology:

0 H0
Φ (X, E1) H0

Φ (X, E2) H0
Φ (X, E3) H1

Φ (X, E1) · · ·
· · ·Hk

Φ (X, E1) Hk
Φ (X, E2) Hk

Φ (X, E3) Hk+1
Φ (X, E1) · · ·

(3.13)

where the morphisms Hk
Φ (X, E3) → Hk+1

Φ (X, E1) are the so called con-
necting homomorphisms, and the others are natural homomorphisms as
above.

The construction of the long exact sequence starts with a diagram

0 0 0

0 E1

ε1

E2

ε2

E3

ε3

0

0 C0E1

d01

C0E2

d02

C0E3

d03

0

0 C1E1

d11

C1E2

d12

C1E3

d13

0

...
...

...

where the columns are the canonical flabby resolutions of the three sheaves,
and the morphisms in the rows are the extensions of the morphisms in the first
row to the canonical resolutions. The rows are exact (as it follows from propo-
sition 3.2). Passing to global sections in the above diagram, and replacing the
first row by the zero row, we obtain a diagram

0 0 0

0 ΓΦ

(
X, C0E1

)
d01

ΓΦ

(
X, C0E2

)
d02

ΓΦ

(
X, C0E3

)
d03

0

0 ΓΦ

(
X, C1E1

)
d11

ΓΦ

(
X, C1E2

)
d12

ΓΦ

(
X, C1E3

)
d13

0

...
...

...
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whose rows are exact by lemma 3.1 and whose columns are the complexes
whose cohomologies are the Hk

Φ (X, Ej). Hence we obtain the long cohomology
sequence by general results (see chapter 1, section 1.15).

The cohomology groups of a sheaf E have been defined by means of the
flabby canonical resolution, which is not much suitable for the computations
(the sheaves CkE are too big). Fortunately, many other resolutions can be
used to compute the cohomology of E .

Theorem 3.1. Let
(Lk, dk)

k≥0
be a resolution of E such that Hp

Φ

(
X,Lk) = 0

for every p > 0 and every k ≥ 0. Then the cohomology groups Hp
Φ (X, E) are

isomorphic to the cohomology groups of the complex of the global sections(
ΓΦ

(
X,L·) , d):

0 ΓΦ

(
X,L0

)
ΓΦ

(
X,L1

)
ΓΦ

(
X,L2

) · · · (3.14)

In particular, any flabby resolution of a sheaf is suitable for the computation
of its cohomology.

Proof. We limit ourselves to the case of the cohomology groups Hp (X, E),
that is, Φ is the family of all the closed subsets of X . We consider the exact
sequence

0 E L0 d0 L1 d1 L2 d2 · · ·
and we remark that the sequence

0 E(X) L0(X) d0 L1(X)

remains exact, hence H0 (X, E) = E(X) = ker
{
d0 : L0(X) → L1(X)

}
.

For i ≥ 1 let Zi = ker di = im di−1. The exact sequence

0 Zi Li Zi+1 0

gives rise to the long exact sequence

0 H0
(
X,Zi

)
H0
(
X,Li) H0

(
X,Zi+1

)
H1
(
X,Zi

) · · ·
· · ·Hp

(
X,Zi

)
Hp
(
X,Li) Hp

(
X,Zi+1

)
Hp+1

(
X,Zi

) · · ·
From the assumptions Hp

(
X,Li) = 0 (p > 0) we obtain

H1
(
X,Zi

) � H0
(
X,Zi+1

)
di (H0 (X,Li)) � Zi+1(X)

di (Li(X))

Hp
(
X,Zi

) � Hp+1
(
X,Zi−1

) � · · · � Hp+i (X, E)

and in particular Hi (X, E) � H1
(
X,Zi−1

)
.
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On the other hand we compute the cohomology of the complex (3.14)

Hi
(L·(X)

)
=

Zi(X)
di−1 (Li−1(X))

� H1
(
X,Zi−1

) � Hi (X, E)

which proves the theorem.

Let
(L·, d) be a complex of sheaves (for example, of vector spaces) on X .

For each open set U of X ,
(L·(U), dU

)
is a complex of vector spaces, whose

cohomology groups are Hq
(L·(U)

)
. We denote them also by Hq

(
U,L·):

Hq
(
U,L·) = Hq

(L·(U)
)

We construct a presheaf (which is not a sheaf in general) by the assignment

U �→ Hq
(L·(U)

)
and denote by Hq

(L·) the associated sheaf, which we call the q-th cohomology

sheaf of the complex
(L·, d). If x ∈ X the stalk Hq

(L·)
x

is the cohomology
Hq
(L·x) of the complex

(L·x, dx). In particular, Hq
(L·) = 0 if and only if(L·, d) is exact in degree q.

Of course Hq (L) (X) it is not equal to Hq
(L·(X)

)
, but there is a spectral

sequence, whose second term is (in our notations of chapter 1)

E−p,p+q
2 = Hp

(
X,Hq

(L·)) =⇒ Hp+q
(
X,L·)

There are other interesting spectral sequences related to the above situation,
but we will not need them.

3.3 The cohomology sequence associated to a closed sub-
space

Let X be a paracompact topological space, E a sheaf on X , A a locally
closed subset of X . There are natural morphisms of canonical resolutions

C· (X, E) C· (X, E) |A C· (A, E)

where the first is obtained by restriction of sections from X to A, and the sec-
ond is obtained in a natural way by following the construction of the canonical
flabby resolutions. If Φ is a family of supports in X , let us denote by Φ ∩ A
the family of the S ∩A, S ∈ Φ; Φ∩A is a family of supports on A. From the
composition of the above morphisms we get a morphism of complexes

ΓΦ

(
X, C·E)→ ΓΦ∩A

(
A, C·E)
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and passing to the cohomology, homomorphisms

Hk
Φ (X, E) → Hk

Φ∩A (A, E) (3.15)

We quote, without proofs, the following results.

Proposition 3.3. Let us suppose that A is closed in X and E is concentrated
on A (that is, E|X\A = 0). Then the homomorphisms (3.15) are isomor-
phisms. Moreover if F is a sheaf on A and E is the extension of F by zero to
X, there are isomorphisms

Hk (X, E) → Hk (A,F) (3.16)

Let us remark that since A is closed, if Φ is the family of all the closed sets
of X , Φ ∩A is the family of all the closed sets of A.

The above proposition is not true if we suppose that A is only locally closed,
or even open.

Proposition 3.4. Let us suppose that A is open in X, and let Φ be the family
of closed sets of X contained in A. Then there are natural isomorphisms

Hk
Φ (A, E) → Hk

(
X, EA) (3.17)

where EA is the extension of E|A by zero to X.

Taking the cohomology long sequence associated to the exact sequence (3.7),
by the above propositions 3.3 and 3.4, we obtain:

Proposition 3.5. Let E be a sheaf on X, A a closed subset of X, Φ the family
of closed sets of X contained in X \ A. Then there are long exact sequences
of cohomology

· · · Hk
Φ

(
X \A, EX\A) Hk (X, E)

Hk
(
A, EA) Hk+1

Φ

(
X \A, EX\A) · · ·

(3.18)

· · · Hk
c

(
X \A, EX\A) Hk

c (X, E)

Hk
c

(
A, EA) Hk+1

c

(
X \A, EX\A) · · ·

(3.19)

We are especially interested in the case E = a constant sheaf KX on X
(where K is an abelian group). We denote by Hk (X,K) the cohomology
groups of X with coefficients in KX . Then EX\A = KX\A, EA = KA, so that
the exact sequences (3.18) and (3.19) become

· · · Hk
Φ (X \A,K) Hk (X,K)

Hk (A,K) Hk+1
Φ (X \A,K) · · ·

(3.20)

· · · Hk
c (X \A,K) Hk

c (X,K)

Hk
c (A,K) Hk+1

c (X \A,K) · · ·
(3.21)
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3.4 Soft and fine sheaves

Let X be a paracompact space.

Definition 3.2. A sheaf E on X is soft if for every closed subset A of X the
restriction map E(X) → E(A) is surjective, that is for every t ∈ E(U), U an
open neighborhood of A, there is s ∈ E(X) whose restriction to a possibly
smaller open neighborhood of A is t.

A flabby sheaf is clearly soft. Other examples of soft sheaves are: the sheaf
CX of continuous functions on X , the sheaf E0

X of differentiable functions or
the sheaf EkX of k-differential forms on a differentiable manifold X .

Lemma 3.3. Let

0 E1 E2 E3 0

be an exact sequence of sheaves on X.

(1) If E1 is soft, the sequence

0 E1(X) E2(X) E3(X) 0

is exact.

(2) If E1 and E2 are soft, E3 is soft.

(Let us remember that we are supposing that X is paracompact).

Proof.

(1) Let t be a section of E3 on X . We must extend it to a section of E2. Since
it is possible to extend it locally, there is an open, locally finite covering
X =

⋃
i∈I Ui and si ∈ E2 (Ui) which extend t on Ui. Let (Vi)i∈I be a

covering of X such that Fi = V i ⊂ Ui. Let us consider the set E of
the pairs (s, J) where J ⊂ I and s is a section of E2 on FJ =

⋃
i∈J Fi

which extends t (let us note that FJ is closed, because the covering (Vi) is
locally finite). The (non empty) set E is partially ordered by extension,
and every ascending chain of E has a maximal element. Then there exists
(s, J) ∈ E which is maximal. We show that J = I, and this will implies
that s is an extension of t defined on all of X . Now, if there is i ∈ I \J , let
si be an extension of t to Ui; in FJ ∩ Fi, s and si differ only by a section
of E1, which extends to a section s′ on Ui, because E1 is soft. Then s− s′

and s coincide on FJ ∩Fi, so that they define an extension of t on FJ ∪Fi,
which is a contradiction.
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(2) is an easy corollary of (1).

Corollary 3.2. Let

0 E1 E2 E3 · · ·
be an exact sequence of soft sheaves on X. The sequence

0 E1(X) E2(X) E3(X) · · ·
is exact.

Theorem 3.2. Let E be a soft sheaf. Then the cohomology groups Hp (X, E) =
0 for p > 0.

We consider the canonical flabby resolution of E , so that the sequence of
sheaves (3.11) is exact. Since a flabby sheaf is soft, by corollary 3.2 the se-
quence (3.12) remains exact. The cohomology groups of E are the cohomology
groups of the complex (3.9) (without supports), so that they are zero in pos-
itive degree.

Definition 3.3. A sheaf E on X is called fine if for any pair of closed subset
A, B of X with A∩B = ∅, there exists an endomorphism φ : E → E such that
φ|A = 0 and φ|B is the identity.

Lemma 3.4. A fine sheaf is soft, in particular its cohomology groups vanish
in positive degree.

Proof. Let E be a fine sheaf on X , A ⊂ X a closed set, and s ∈ E(U) a
section of E on an open neighborhood U of A. Let V be an open set such that
A ⊂ V ⊂ V ⊂ U . There is an endomorphism φ : E → E such that φ|(X\V ) = 0
and φ|A is the identity. The section φ(s) of E(U) can be extended by zero on
all of X , obtaining a global section t which extends s.

By theorem 3.2 in order to compute the cohomology groups of a sheaf, it is
possible to make use of soft, or fine, resolutions.

The direct sum of soft (or fine) sheaves, is soft (fine).
Remark. If Φ is a paracompactifying family of supports on X , it is possible
to define the notion of Φ-soft and Φ-fine sheaf, which are useful in order to
compute the cohomologies with supports in Φ.

3.5 Direct images of sheaves

Let f : X → Y be a continuous map, E a sheaf on X . The presheaf:
V �→ E (f−1(V )

)
is a sheaf on Y , denoted f∗E and called the direct image of

E through f :
(f∗E) (V ) = E (f−1(V )

)



Sheaves and cohomology 55

The sheaf f∗E carries the same structure as E .

Lemma 3.5. The direct image of a flabby (resp. soft, resp. fine) sheaf on X
is a flabby (resp. soft, resp. fine) sheaf on Y .

Let f : X → Y be a continuous map, E a sheaf on X . We define the higher
direct image sheaves, or derived sheaves of E , as follows. Let p be an integer.
The assignment V �→ Hp

(
f−1(V ), E) defines a presheaf on Y , which is not a

sheaf in general. The associated sheaf is denoted by Rpf∗E and is called the
p-th direct image sheaf, or p-th derived sheaf, of E through f . By definition,
the 0-th direct image sheaf is R0f∗E = f∗E .

The sheaves Rpf∗E carry the same structure as E .

Proposition 3.6. Let f : X → Y be a continuous map, and

0 E1 E2 E3 0

be a short exact sequence of sheaves on X. Then there is a long exact sequence
of direct images sheaves on Y

0 f∗E1 f∗E2 f∗E3 R1f∗E1 · · ·
· · ·Rkf∗E1 Rkf∗E2 Rkf∗E3 Rk+1f∗E1 · · ·

(3.22)

Proof. For any open set U of X there is the long exact sequence of the coho-
mologies

0 H0 (U, E1) H0 (U, E2) H0 (U, E3) H1 (U, E1) · · ·
· · ·Hk (U, E1) Hk (U, E2) Hk (U, E3) Hk+1 (U, E1) · · ·

The conclusion follows from the remark 3.1 in section 3.1

Remark. If X is a complex space, we can consider the trivial morphism
f : X → {∗}, where {∗} is a point. Then the direct images of the sheaf E
on X are the cohomology groups: Rpf∗E = Hp (X, E).

3.6 C-ringed spaces

A ringed space is a pair (X,OX) where X is a topological space and OX

is a sheaf of commutative rings with units on X (the structure sheaf). To
simplify the notations we will say that X is a ringed space. An open subset U
of X is a ringed space (U,OU ) where OU = OX |U . A sheaf of OX -modules,
or an OX -module, or simply a module over X , is a sheaf E on X such that
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for each open set U of X , E(U) is an OX(U)-module, and the restriction
maps E(U) → E(V ) are compatible with the respective module structure (we
leave the explicit details to the reader). In particular, for x ∈ X , Ex is an
OX,x-module.
Examples (of ringed spaces).

(1) (X, CX), where CX is the sheaf of complex valued continuous functions on
X .

(2)
(
X, E0

X

)
, where X is a differentiable manifold, and E0

X is the sheaf of
complex valued differentiable functions on X .

(3) (M,OM ), where M is a complex manifold and OM is the sheaf of holo-
morphic functions on M .

(4) In the above examples, OX is a sheaf of functions. Though this is not
always the case, in the present book we will use only ringed spaces whose
structure sheaf is a subsheaf of CX . Hence the reader can think of sections
of OX as particular continuous functions.

The sheaves CX , E0
X , OM in the above examples are not just sheaves of

rings, in addition all the rings OX(U) are C-algebras and all the stalks OX,x

are local C-algebras: the maximal ideal mx ⊂ OX,x consists of the germs
represented, in a neighborhood of x, by functions which vanish at x.

If X is a topological space, a sheaf of C-algebras on X is a sheaf of rings
A which contains the constant sheaf CX as a subsheaf of rings, and the A(U)
are CX(U)-algebras for each open set U . It follows from the definition that
A(X) contains the constant functions on X , in particular the unit in A(X)
can be identified with 1 ∈ C.

A sheaf of C-algebras A is called a sheaf of local C-algebras if every stalk Ax

is a local ring with (unique) maximal ideal mx so that the quotient morphism
C → Ax/mx is an isomorphism.

A sheaf mapping φ : A → B of C-algebras is called a C-morphism if every
stalk map φx : Ax → Bx is a C-algebra homomorphism; if A and B are sheaves
of local C-algebras, φx is automatically local, i.e. sends the maximal ideal of
A to the maximal ideal of B.

A ringed space (X,OX) is called a C-ringed space if OX is a sheaf of local
C-algebras.

All the above examples of ringed spaces are C-ringed spaces.
Given a C-ringed space X and a family of OX -modules Ei we define the

direct sum E =
⊕

i Ei by E(U) =
⊕

i Ei(U); it is a sheaf of OX -modules. The
tensor product (over OX) of two OX -modules E and F , denoted by E⊗OXF , is
defined as the sheaf associated to the presheaf U �→ E(U)⊗OX (U)F(U); this is
not a sheaf in general, so Γ (X, E ⊗OX F) is not equal to E(X)⊗OX(X) F(X);
but the stalk at a point x ∈ X is given by the tensor product of the stalks:

(E ⊗OX F)x = Ex ⊗OX,x Fx
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Proposition 3.7. Let (X,OX) be a ringed space.

(1) If OX is a soft sheaf, any OX-module is fine. In particular, a sheaf of
rings is soft if and only if it is fine.

(2) The direct sum of flabby (resp. soft, fine) sheaves, is flabby (resp. soft,
fine).

(3) If E and F are OX-modules and E is fine, the tensor product E ⊗OX F is
fine.

Proof.

1. Let A, B two closed subsets of X with A∩B = ∅; there exists a section
f ∈ OX(X) such that f ≡ 0 on A and f ≡ 1 on B. Let φ : E → E be
the multiplication by f . Then φ|A = 0 and φ|B is the identity.

2. is obvious.

3. Let A, B as above. If φ : E → E is an endomorphism such that φ|A = 0
and φ|B is the identity, the endomorphism ψ = φ⊕ idF of E ⊗OX F will
satisfy ψ|A = 0 and ψ|B = identity.

Let X be a differentiable manifold. The sheaf E0
X of the complex valued

differentiable functions is soft, hence it is fine. It follows that the sheaves EkX
of complex k-differential forms, which are E0

X -modules, are fine.
Hence we can recall the following fundamental theorem

Theorem 3.3 (De Rham theorem). Let X be a differentiable manifold. The
De Rham complex

(E·X , d), provided with the natural augmentation CX → E0
X ,

is a fine resolution of the constant sheaf CX . In particular

Hk (X,C) =
ker
{
d : Γ

(
X, EkX

)→ Γ
(
X, Ek+1

X

) }
dΓ
(
X, Ek−1

X

)
The fact that the De Rham complex is a resolution of CX is a restatement

of Poincaré lemma.
In the same way, Dolbeault lemma (theorem 2.3 of chapter 2) can be re-

stated as

Theorem 3.4 (Dolbeault theorem). Let X be a complex manifold. The Dol-
beault complex

(Ep,·X , ∂̄
)
, provided with the natural augmentation ΩpX → Ep,0X ,

is a fine resolution of the sheaf ΩpX of holomorphic p-forms on X. In particular

Hq (X,ΩpX) =
ker
{
∂̄ : Γ (X, Ep,qX ) → Γ

(
X, Ep,q+1

X

)}

∂̄Γ
(
X, Ep,q−1

X

)
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The cohomology groups

Hp,q(X) = Hq (X,ΩpX)

are called the Dolbeault groups of X.

Let (X,OX), (Y,OY ) be C-ringed spaces. A morphism of C-ringed spaces
is a pair (f, φ) where f : X → Y is a continuous map and φ : OY → f∗OX

is a C-algebra morphism of sheaves of rings on Y . Note that f∗OX is not,
in general, a sheaf of C-algebras on Y . But for x ∈ X the morphism φ
canonically determines stalk maps

φx : OY,f(x) → OX,x

which are automatically local C-algebra homomorphisms.
For each open set V ⊂ Y the ring homomorphism φV : OY (V ) → OX

(
f−1(V )

)
allows to “pullback” to OX the sections of OY , so the morphism φ replaces
in our context the composition of functions g �→ g ◦ f . In general φ is not
uniquely determined by f , except when OX and OY are subsheaves of sheaves
of continuous functions:

Proposition 3.8. Let (f, φ) : (X, CX) → (Y, CY ) be a morphism of C-ringed
spaces. Then φ is the composition g �→ g ◦ f .

Hence, if OX and OY are subsheaves of the respective sheaves of continuous
functions, a morphism of ringed spaces (X,OX) → (Y,OY ) is nothing else
that a continuous function f : X → Y such that for any open set V ⊂ Y and
g ∈ OY (V ), g ◦ f belongs to OX

(
f−1(V )

)
. For the purposes of the present

book, this can be taken as the definition of morphism of ringed spaces.
A morphism between C-ringed spaces will often be denoted f : X → Y .
We can deal also with R-ringed spaces: they are ringed spaces

(
X,OR

X

)
,

where OR

X is a ring of local R-algebras. Important examples are the real
analytic manifolds M : there OR

M is the sheaf of real analytic functions on M .

3.7 Coherent sheaves

Let (X,OX) be a ringed space (not necessarily a C-ringed space). We are
going to introduce the notion of coherent sheaf E of OX -modules.

We denote by O⊕p
X (Op

X if no confusion arises) the direct sum of p copies
of OX . Let s1, . . . , sp ∈ E(U) a finite set of sections of E on an open set U of
X . They define a morphism of sheaves

O⊕p
U → E|U (3.23)
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by the assignment

(a1, . . . , ap) �→ a1s1 + · · · + apsp

Conversely, any morphism (3.23) defines sections s1, . . . , sp ∈ E(U) which are
the images of the sections (1, 0, . . . , 0) , . . . , (0, . . . , 0, 1) of O⊕p

X (U).
Let x ∈ X . A finite system of generators of E on an open set U ⊂ X is

a family of sections s1, . . . , sp ∈ E(U) such that for every x ∈ U , every germ
sx ∈ Ex is a combination, with coefficients in OX,x, of the germs s1,x, . . . , sp,x:

sx = a1,xs1,x + · · · + ap,xsp,x

where a1, . . . , ap ∈ OX(V ), V is an open neighborhood of x. (It is important
to remark that the sj are defined on U , but the aj usually live in a smaller
neighborhood of x).

The sections (s1, . . . , sp) define the morphism of sheaves (3.23) and they
are a system of generators of E on U if and only if the morphism (3.23) is
surjective.

An OX -module E is called finitely generated, or of finite type, at a point
x ∈ X , if there exists an open neighborhood U of x and a system of generators
of E on U . We say that E is finitely generated, or of finite type, if it is finitely
generated at any point of X . We note that this implies that all the stalks
Ex are finitely generated OX,x-modules, but being of finite type is a much
stronger property. Let us note also that a more appropriate expression would
be “locally finitely generated,” or “locally of finite type.”

Examples.

(1) O⊕p
X is of finite type: the sections (1, 0, . . . , 0), . . . , (0, . . . , 0, 1) are a sys-

tem of generators on every open set U .

(2) If E → F is a surjective morphism and E is of finite type, also F is of
finite type. In particular a quotient of a module of finite type is of finite
type.

(3) Subsheaves of modules of finite type are not necessarily of finite type.

Lemma 3.6. Let E be an OX-module of finite type at a point x ∈ X. Let
(t1, . . . , tm) be a family sections of E on an open neighborhood U of x, such
that (t1,x, . . . , tm,x) generate the OX,x-module Ex; then there exists an open
neighborhood V ⊂ U of x, such that (t1, . . . , tm) are a system of generators of
E on V .

Proof. There exist sections s1, . . . , sp in a neighborhood W of x whose germs
at z generate Ez over OX,z for z ∈ W . Since (t1,x, . . . , tm,x) generate Ex over
OX,x, we can write

si,x =
∑
j

aij,xtj,x
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(aij,x ∈ OX,x). The above equality extends to an open neighborhood V :

si|V =
∑
j

aijtj |V

which implies that (t1, . . . , tm) are a system of generators of E on V .

The following lemma (whose proof is an exercise) summarizes some prop-
erties of modules of finite type.

Lemma 3.7.

(i) Let E be an OX-module, and G ⊂ E, F ⊂ E two subsheaves. If G is
of finite type at a point x and Gx ⊂ Fx, then G|V ⊂ F|V in a suitable
open neighborhood V of x. In particular if G is a sheaf of finite type and
Gx = 0, then G|V = 0 in an open neighborhood V of x.

(ii) Let φ : G → E be a morphism of OX-modules. If φ : Gx → Ex is surjec-
tive at a point x, then φ|V : G|V → E|V is surjective in a suitable open
neighborhood V of x.

Let E be an OX -module. Let s1, . . . , sp ∈ E(U) be sections on an open
set U and ψ : O⊕p

U → E|U the morphism defined by them. The kernel of ψ
is an OU -module called the sheaf of relations of s1, . . . , sp and denoted by
R (s1, . . . , sp). In fact for an open set V ⊂ U :

R (s1, . . . , sp) (V ) =
{

(g1, . . . , gp) ∈ O⊕p
U (V )

∣∣ g1s1|V + · · · + gpsp|V = 0
}
.

Definition 3.4. A coherent OX -module is an OX -module E with the follow-
ing properties:

(1) E is of finite type.

(2) For every open set U and every finite set of sections s1, . . . , sp ∈ E(U),
the sheaf of relations R (s1, . . . , sp) is of finite type on U.

The coherence of a sheaf depends heavily on the structure sheaf OX , but if
no confusion arises, we will talk about coherent sheaves, meaning OX -coherent
sheaves.

The most important examples of coherent sheaves appear in the theory
of complex spaces and complex algebraic varieties. The structure sheaf of a
complex space, or of a complex algebraic variety, is coherent (see chapter 7).

The coherence is a local property: a sheaf E on X is coherent if and only
if every point x ∈ X there is an open neighborhood U of x such that E|U is
coherent.

A subsheaf of a coherent sheaf is coherent if and only if it is of finite type.
The main technical result on coherent sheaves is the following theorem

(stated without proof).
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Theorem 3.5. Let

0 E1 E2 E3 0

be an exact sequence of OX-modules. If two of them are coherent, so it is the
third.

Proposition 3.9.

(1) The direct sum of a finite number of coherent sheaves is coherent.

(2) Let φ : E → F be a morphism of coherent OX-modules. Then kerφ, imφ,
coker φ are coherent.

(3) Let E1
f E2

g E3 be a sequence of coherent OX-modules which is
exact at a point x ∈ X. There exists an open neighborhood U of x such

that the sequence E1|U f |U E2|U g|U E3|U is exact.

Proof.

(1) The result can be obtained by repeatedly applying the above theorem.

(2) imφ, as a quotient of E , is of finite type, and as a subsheaf of finite type
of the coherent sheaf F is coherent. Then the exact sequences

0 kerφ E imφ 0

0 imφ F cokerφ 0

and the theorem 3.5 imply that kerφ and cokerφ are coherent.

(3) The sheaf E1/ ker (g ◦ f) is coherent and its stalk at x is zero, hence it
is zero on a neighborhood V of x. This means g ◦ f = 0 on V . Then
im f ⊂ ker g on V , and ker g/ im f is a coherent sheaf whose stalk at x
is zero. Again we find ker g/ im f = 0 on a smaller neighborhood U of
x.

The support of a coherent sheaf E is the set

Y = supp E =
{
x ∈ X

∣∣ Ex �= 0
}

Y is a closed subset of X (the complement is open: Ex = 0 implies Ez = 0 for
z in a neighborhood of x).

A subsheaf of ideals I ⊂ OX will be shortly called an ideal of OX .

Proposition 3.10. Let us suppose that the structure sheaf OX is coherent,
and let I ⊂ OX be an ideal of finite type (hence coherent). The quotient OX/I
is a coherent sheaf of OX -modules and is a sheaf of rings. Let Y be its support,
and OY = (OX/I) |Y . Then OY is a coherent OY -module. Moreover an OY -
module F is coherent if and only if its extension by zero to X is a coherent
OX-module.
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The proof is based on the fact that the sheaf OX/I is the extension of OY

to X by zero.
The ringed space (Y,OY ) of the above theorem can be given the name of

ringed subspace of (Y,OX).

Definition 3.5. Let (X,OX) be a ringed space. A locally free sheaf of rank
r on X is an OX -module locally isomorphic to Or

X ; an invertible sheaf is a
locally free sheaf of rank 1.

If OX is coherent, a locally free sheaf is clearly coherent.
For example, if F is a rank r holomorphic vector bundle on a complex

manifold M , the sheaf of holomorphic sections of F is a locally free OM -
module.



Chapter 4

Harmonic forms on hermitian
manifolds

4.1 Introduction

We have seen that the cohomology Hk(M,C) on a manifold M is the quo-
tient space

Hk(M,C) =
ker
{
d : Γ

(
M, EkM

)→ Γ
(
M, Ek+1

M

)}
dΓ
(
M, Ek−1

M

)
of the space of d-closed forms modulo the subspace of exact forms. So, a
cohomology class is a set of forms {ω + dρ} for a fixed closed form ω and
varying forms ρ. The purpose of the classical theory of De Rham-Hodge
is to find, in a given cohomology class {ω + dρ}, a canonical representative
ω0 which will be d-closed, and which will be specified by other equations.
Moreover the cohomology class is 0, if and only if this canonical representation
of the cohomology class is identically 0 as a form.

To specify the other equations satisfied by the canonical representatives of
each cohomology class, one has to fix an extra structure onM , namely the data
of a riemannian metric. Once this is fixed, the space of forms carries a natural
scalar product. The extra equation to be satisfied by their representative ω0

is δω0 = 0 where δ is the adjoint of d with respect to this scalar product. It
turns out that on a compact manifold, the set of equations dω0 = 0, δω0 = 0
is equivalent to a second order equation Δω0 = 0 where Δ is the so called De
Rham Laplacian on forms. Then ω0 is called the harmonic representative of
the given cohomology class.

The choice of a canonical representative presents several advantages. For
example, it becomes easier to prove that a cohomology group is 0 (vanishing
theorems of Bochner, Kodaira etc. . . ) because one has now to prove that
harmonic forms are 0.

This means that one has to prove that the Laplace operator has a kernel
reduced to 0, and, this is reduced, by integration by parts, to prove that the
zero order coefficients of the operator are positive in a suitable sense.

A very important consequence is the Hodge theory of compact kählerian
manifolds. Essentially, this theory says that harmonic forms decompose in
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sums of harmonic forms of pure type, which in addition to the equations
dω0 = 0, δω0 = 0 are also ∂̄-closed, so that they induce cohomology classes of
the sheaves of holomorphic forms.

4.2 Hermitian metrics on an exterior algebra

4.2.1 Hermitian forms on a complex vector space

Let VR be an even dimensional real vector space, dimVR = 2n. We fix a
basis (e1, . . . , e2n) of VR. We denote by V the complexification of VR so that
a vector v ∈ VC can be written

v =
2n∑
j=1

ξjej ξ ∈ C.

We define
uj =

1
2
(
e2j−1 − ie2j

)

ūj =
1
2
(
e2j−1 + ie2j

) (4.1)

so that

v =
n∑
j=1

ζ′juj +
n∑
j=1

ζ′′j ūj

where ζ′j = ξ2j−1 + iξ2j, ζ′′j = ξ2j−1 − iξ2j. Call T the complex subspace
of V generated by the vectors uj j = 1, . . . , n and T the complex subspace
generated by the ūj , so that

V = T ⊕ T .

Let h be a hermitian form on T , so that h (v1, v2) is C-linear in v1 ∈ T and
C-antilinear in v2 ∈ T and

h (v1, v2) = h (v2, v1). (4.2)

In the basis of the ūj , h has a hermitian matrix (hij̄) so that

h (v1, v2) =
∑
i,j

hij̄ζ
i
1ζ̄
j
2 (4.3)

for v1 =
∑

j ζ
j
1uj , v2 =

∑
j ζ

j
2uj . One can split h in its real part and imaginary

part:
h (v1, v2) = g (v1, v2) + iω (v1, v2) (4.4)
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where g and ω are real. Now, from (4.2) it is clear that g (v1, v2) is symmetric
and ω (v1, v2) is skew-symmetric in v1, v2.

Moreover one can identify VR to T , using ζj = ξ2j−1 + iξ2j for ξl real, so
that g (v1, v2) induces a symmetric form on VR.

Now, we can find a unitary matrix U ∈ U(n) which diagonalizes the matrix
(hij̄), so, if we define ζ = Uz, we obtain

∑
i,j

hij̄ζ
i
1ζ̄
j
2 = tζ1hζ̄2 = tz1

(
tUhU

)
z̄2 =

n∑
j=1

λjz
j
1 z̄
j
2

where the λj are the (real) eigenvalues of h.
In particular

g (v1, v2) = Re
(∑

i,j

hij̄ζ
j
1 ζ̄
j
2

)
=

n∑
j=1

λj

(
x2j−1

1 x2j−1
2 + x2j

1 x
2j
2

)
(4.5)

and

ω (v1, v2) = Im
(∑

i,j

hij̄ζ
i
1ζ̄
j
2

)
=

n∑
j=1

λj

(
x2j

1 x
2j−1
2 − x2j−1

1 x2j
2

)
. (4.6)

where we have defined
zj = x2j−1 + ix2j

So, the linear unitary transformation U induces on the 2n-dimensional space
VR a linear transformation Ω which diagonalizes the symmetric form g and
reduces the skew-symmetric form ω to a skew-symmetric canonical form with
2 × 2 blocks of the type (

0 −λj
λj 0

)
.

Moreover writing

ζj = ξj + iηj zj = aj + ibj j = 1, . . . , n

the transformation Ω can be read from the equation ζ = Uz as
(
ξ
η

)
=
(

ReU − ImU
ImU ReU

)(
a
b

)
≡ Ω

(
a
b

)

and the conditions of unitarity for U

n∑
i=1

ūijuik = δjk

imply that Ω is orthogonal.
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As a consequence its determinant is ±1, and from (4.5) one deduces

det g =

(
n∏
j=1

λj

)2

= (deth)2 (4.7)

If h is positive definite, i.e. h (v, v) > 0 for v �= 0, then g is also positive
definite and induces a euclidean metrics on VR.

4.2.2 The exterior algebra of V ∗

We call ej the dual basis of the ej , so that the dual basis of the uj or ūj is

uj = e2j−1 + ie2j , ūj = e2j−1 − ie2j . (4.8)

The hermitian form h can be considered as an element of T ∗ ⊗ T ∗

h =
∑
i,j̄

hij̄ u
i ⊗ ūj . (4.9)

The alternating form ω is thus

ω = i
∑
i,j̄

hij̄ u
i ∧ ūj . (4.10)

and ω = ω̄.
As in chapter 2, formula (2.21) one has

ΛkV ∗ =
⊕
p+q=k

(ΛpT ∗) ∧ (ΛqT ∗) . (4.11)

We denote
Λp,q = (ΛpT ∗) ∧ (ΛqT ∗) .

Any element ϕ ∈ ΛkV ∗ has a unique decomposition:

ϕ =
∑
p+q=k

Qp,q(ϕ) (4.12)

where Qp,q(ϕ) is the (p, q)-part of ϕ.

4.2.3 Volume form

One has
uj ∧ ūj = −2i e2j−1 ∧ e2j (4.13)

In particular

e1 ∧ e2 ∧ · · · ∧ e2n−1 ∧ e2n =
(
i

2

)n
u1 ∧ ū1 ∧ · · · ∧ un ∧ ūn (4.14)
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Moreover using (4.10) one has

ωn = n! in (deth)u1 ∧ ū1 ∧ · · · ∧ un ∧ ūn. (4.15)

In particular, the volume element for the euclidean metrics s induced by h on
the real space VR is

dV = (det s)1/2 e1 ∧ e2 ∧ · · · ∧ e2n−1 ∧ e2n

so it is
dV =

ωn

2nn!
(4.16)

4.2.4 Metrics on Λp,q

A hermitian metrics h on T induces a dual hermitian metrics on T ∗ by
taking the inverse

(
hj̄i
)

of the matrix (hij̄) so that

n∑
i=1

hj̄ihik̄ = δj̄
k̄
.

Then for two elements ϕ, ψ ∈ T ∗ ≡ Λ1,0

ϕ =
n∑
j=1

ϕju
j , ψ =

n∑
j=1

ψju
j

one has
(ϕ | ψ ) =

∑
i,j

hj̄iϕiψj . (4.17)

This metrics can be extended as a hermitian metrics on Λp,q. Recall that an
element ϕ ∈ Λp,q can be written

ϕ =
1
p!q!

∑
|I|=p
|J|=q

ϕIJ̄ u
I ∧ ūJ (4.18)

where I (resp. J) are multiindices I = (i1, . . . , ip) (resp. J = (j1, . . . , jq)) and

uI = ui1 ∧ ui2 ∧ · · · ∧ uip
ūJ = ūj1 ∧ ūj2 ∧ · · · ∧ ūjq

and the ϕIJ̄ are skew-symmetric with respect to I and with respect to J . In
(4.18) the summation is extended over all the multiindices. Then one defines
the hermitian product

(ϕ | ψ ) =
1
p!q!

∑
I,J
K,L

hj̄1l1 · · ·hj̄qlqhk̄1i1 · · ·hk̄pipϕIJ̄ψKL̄ (4.19)

which is positive definite.
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4.2.5 The ∗-operator

The ∗-operator of De Rham-Hodge is an isomorphism

∗ : Λp,q → Λn−q,n−p (4.20)

with the properties that for ϕ ∈ Λp,q, ψ ∈ Λp,q

ϕ ∧ ∗ψ = (ϕ | ψ )
ωn

n!
∗ψ = ∗ψ

∗∗ψ = (−1)p+qψ for ψ ∈ Λp,q.

(4.21)

In particular, ∗ is a real operator.
The exact formula is as follows: write

ψ =
∑′

|I|=p
|J|=q

ψIJ̄ u
I ∧ ūJ .

Then for any increasing multiindex I, denote by Î the complementary multi-
index, that is

(i) Î is the complementary set of I in {1, . . . , n}
(ii) Î is ordered by increasing order.

Then I.Î, in this order, is, as an ordered n-index, equal to {1, . . . , n} up to a
shuffle. Call

I.Î = (k1, . . . , kn)

J.Ĵ = (l1, . . . , ln) .

Let σI be the signature of the permutation reordering I.Î as (1, . . . , n) and

h
IÎJ̄ ˆ̄J

= det
(
hki l̄j

)
= (sgnσI) (sgnσJ ) (det h)

Then
∗ψ = in(−1)

(n−1)n
2 +pn

∑′

|I|=q
|J|=p

h
IÎJ̄ ˆ̄J

ψJ̄I uÎ ∧ ūĴ . (4.22)

Here in ψJ̄I the multiindices have been lifted by hj̄l as usual:

ψJ̄I =
∑
|L|=p
|K|=q

hj̄1l1 · · ·hj̄plphk̄1i1 · · ·hk̄qiqψLK̄ . (4.23)

The proof that the operator ∗, defined by (4.22) satisfies the properties of
(4.21) is given in [MK] ch.3 §2. In fact, it is sufficient to do this proof in a
basis uj where

(
hj̄l
)

is diagonalized.
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4.2.6 Determination of ∗ in an orthonormal basis

Choose for uj an orthonormal basis for the dual hermitian metrics on T ∗,
so that (

uj | uk ) = δjk.

In this basis we have
hj̄k = δj̄k.

Using (4.19), we deduce that an orthonormal basis for Λp,q is formed by the
uI ∧ ūJ , with increasing multiindices I, J of length p, q respectively.

Nevertheless it is more convenient to use another basis for Λk, namely we
define for M ⊂ {1, . . . , n}

wM =
∧
m∈M

(um ∧ ūm) (4.24)

so that this does not depend of the ordering of M and then we define the
orthonormal basis

uI ∧ ūJ ∧ wM I, J,M disjoint subsets of {1, . . . , n} . (4.25)

Now
ωn

n!
= inw{1,...,n}

and the first equation (4.21) can be written as

ϕ ∧ ∗ (uI ∧ ūJ ∧ wM ) =
(
uj | uI ∧ ūJ ∧wM) inw{1,...,n} (4.26)

To have a non-zero term on the right-hand side, we need to take ϕ = uI ∧
ūJ ∧ wM , this implies that

∗ (uI ∧ ūJ ∧ wM) = in(−1)β(I,J,M) uI ∧ ūJ ∧ w ̂M∪I∪J (4.27)

where as usual ̂M ∪ I ∪ J is the complementary subset of M ∪ I ∪ J in
{1, . . . , n}. To determine β, we use (4.26)

uI ∧ ūJ ∧wM ∧ ∗ (uI ∧ ūJ ∧ wM ) = in(−1)n(−1)β(I,J,M)
(
uI ∧ ūJ ∧ wM)

∧
(
ūI ∧ uJ ∧ w ̂M∪I∪J

)

and this should be inw{1,...,n} from which we deduce

β (I, J,M) = |M | +
1
2

(|I| + |J |)2 +
1
2

(|I| − |J |) . (4.28)

Then one checks that ∗ is a real operator

∗ (uI ∧ ūJ ∧ wM ) = ∗ (ūI ∧ uJ ∧ wM) .
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4.3 Hermitian metrics on a complex manifold

Definition 4.1. Let M be a complex manifold. A hermitian metrics h on M
is the data for each point m of a hermitian form on the complex space Tm(M)
which is positive definite and C∞ with respect to m.

Thus in local complex coordinates
(
zj
)

one has

ds2 =
∑
i,j

hij̄(z) dzi ⊗ dz̄j (4.29)

where (hij̄) is an hermitian matrix which is positive definite and depends C∞

on z.
If v =

∑
ζj ∂
∂zj is a vector in Tm(M), with m having the coordinates z, one

has for the square length

‖v‖2 =
∑
i,j

hij̄(z) ζiζ̄j . (4.30)

If one changes coordinates from a system
(
zia
)

to a system
(
zjb
)
, the vector v

is

v =
∑

ζia
∂

∂zia
=
∑

ζkb
∂

∂zkb

with

ζkb =
∑

ζia
∂zkb
∂zia

so that the expressions of h in these coordinate systems are related by

ha,ij̄ =
∑
k,l

hb,kl̄
∂zkb
∂zia

(
∂zlb
∂zja

)
(4.31)

indicating that h is a global C∞ section of the bundle T ∗(M)⊗T ∗(M), which
justifies the notation of (4.29)

It is easy to construct hermitian metrics on a complex paracompact man-
ifold. For such a manifold, one can find an open covering U = (Ua) with
coordinates

(
zja
)
. Let pa be a partition of unity such that

∑
a pa = 1 and the

support of pa is in Ua, then one defines

ds2 =
∑
a

pa
∑
i

dzia ⊗ dz̄ia.

If W ⊂ M is a complex submanifold, a hermitian metrics on M induces a
hermitian metrics on W (by restriction to the tangent vectors to W ).
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4.3.1 Application of the results of section 4.2

All the results of section 4.2 apply pointwise in M .

(i) A hermitian metrics induces a riemannian metrics (gij)i,j=1,...,2n on the
real tangent bundle of M , VR(M). Moreover by (4.7)

det (gij) = (deth)2 (4.32)

(ii) A hermitian metrics induces a C∞ (1, 1)-form

ω = i
∑
i,j

hij̄(z) dzi ∧ dz̄j (4.33)

which is real: ω = ω.

(iii) The riemannian volume element dV is given by (4.16)

dV =
ωn

2nn!
ωn = ω ∧ · · · ∧ ω (n times) (4.34)

(iv) The hermitian metrics induces a hermitian scalar product on Λp,qm (M)
at each point m ∈M .
If

ϕ =
1
p!q!

∑
|I|=p
|J|=q

ϕIJ̄(z) dzI ∧ dz̄J

ψ =
1
p!q!

∑
|I|=p
|J|=q

ψIJ̄ (z) dzI ∧ dz̄J

the hermitian scalar product at z is given by

(ϕ | ψ ) (z) =
1
p!q!

∑
I,J
K,L

hj̄1l1(z) · · ·hj̄qlq (z)hk̄1i1(z) · · ·hk̄pip (z)ϕIJ̄ψKL̄(z)

(4.35)

(v) One can define at each point z, the ∗-operator by

ϕ(z) ∧ ∗ψ(z) = (ϕ | ψ ) (z)
ωn

n!
(4.36)

and the precise formula is given by (4.22). One has the properties of
(4.21) pointwise. Evidently

∗ : Λp,qm (M) → Λn−q,n−pm (M).
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(vi) Lifting of indices.
This is given by (4.23) which we rewrite

ψJ̄I =
∑

|K|=q
|L|=p

hJ̄LhKIψLK (4.37)

with the abbreviation

hJ̄L = hj̄1l1hj̄2l2 · · ·hj̄plp . (4.38)

Then, one rewrites (4.35) as

(ϕ | ψ ) (z) =
1
p!q!

∑
|K|=p
|L|=q

ϕKL(z)ψKL̄(z) (4.39)

(ϕ | ψ ) (z) =
1
p!q!

∑
|I|=p
|J|=q

ϕIJ̄ (z)ψĪJ(z). (4.40)

4.4 Adjoints of d, ∂, ∂̄. De Rham-Hodge Laplacian

Let M be a compact hermitian manifold, and ϕ, ψ ∈ Ep,qM (M). One can
define the L2-scalar product on M

(ϕ | ψ ) =
∫
M

(ϕ | ψ ) (z)
ωn

n!
=
∫
M

(ϕ | ψ ) (z)2n dV (z). (4.41)

Lemma 4.1. Let M be a compact hermitian manifold; one can define first
order differential operators δ, ϑ, ϑ̄:

( dϕ | ψ ) = (ϕ | δψ ) ϕ ∈ EkM (M), ψ ∈ Ek+1
M (M)(

∂̄ϕ | ψ ) = (ϕ | ϑψ ) ϕ ∈ Ep,qM (M), ψ ∈ Ep,q+1
M (M)

( ∂ϕ | ψ ) =
(
ϕ | ϑ̄ψ ) ϕ ∈ Ep,qM (M), ψ ∈ Ep+1,q

M (M)

(4.42)

so that
δ : EkM (M) → Ek−1

M (M)

ϑ : Ep,qM (M) → Ep,q−1
M (M)

ϑ̄ : Ep,qM (M) → Ep−1,q
M (M)

(4.43)

The formulas are
δ = −∗d∗
ϑ = −∗∂∗
ϑ̄ = −∗∂̄∗ .
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Definition 4.2. δ, ϑ, ϑ̄ are respectively the adjoints of d, ∂̄, ∂ for the her-
mitian scalar product.

Proof. Let us calculate
(
∂̄ϕ | ψ ), ϕ ∈ Ep,q−1

M (M), ψ ∈ Ep,qM (M).

(
∂̄ϕ | ψ ) =

∫
M

(
∂̄ϕ | ψ ) (z)

ωn

n!
=
∫
M

∂̄ϕ ∧ ∗ψ(z)

where we have used the definition of the scalar product and the main property
of (4.36) of the ∗-operator.
Now

∂̄ϕ ∧ ∗ψ = ∂̄
(
ϕ ∧ ∗ψ)+ (−1)p+qϕ ∧ ∂̄ (∗ψ)

= d
(
ϕ ∧ ∗ψ)+ (−1)p+qϕ ∧ ∂∗ψ

because ϕ ∧ ∗ψ is of type (n, n − 1) and thus is trivially ∂-closed. Now by
Stokes formula ∫

M

d
(
ϕ ∧ ∗ψ) = 0

because M is compact without boundary. Moreover ∂∗ψ has degree 2n− (p+
q) + 1, so

(−1)p+qϕ ∧ ∂∗ψ = −ϕ ∧ ∗(∗∂∗ψ)

using (4.21). So finally∫
M

∂̄ϕ ∧ ∗ψ =
∫
M

ϕ ∧ ∗(−∗∂∗ψ) =
∫
M

(ϕ | ϑψ ) (z)
ωn

n!

(using once more (4.36) for ∗).

Lemma 4.2. For ψ ∈ Ep,q+1
M (M), one has

(ϑψ)ĪJ = (−1)p+1 1
deth

n∑
j=1

∂

∂zj
(
ψĪjJ deth

)
(4.44)

where |I| = p, |J | = q.

Proof. One writes
(
∂̄ϕ | ψ ) = (ϕ | ϑψ ) in local coordinates. Because ∂̄ does

not act on the p-type we can forget about the I. We use (4.40) with no I,
q 
→ q + 1, |J | = q + 1 and ∂̄ϕ instead of ϕ. We know that for ϕ for type
(0, q):

(
∂̄ϕ
)
j̄0···j̄q =

q∑
l=0

∂

∂z̄jl

(
ϕj̄0···ˆ̄jl···j̄q

)
(4.45)

where the index ˆ̄jl is forgotten. From (4.40) we deduce
(
∂̄ϕ | ψ ) (z) =

1
(q + 1)!

∑
|J|=q+1

(
∂̄ϕ
)
J̄
ψJ

=
1
q!

∑
|J|=q

n∑
j=1

∂ϕJ̄
∂z̄j

ψjJ .



74 Classical Hodge theory

Then

(
∂̄ϕ | ψ ) =

∫
M

(
∂̄ϕ | ψ ) (z)2n(deth) dx1 ∧ dx2 ∧ · · · ∧ dx2n

= − 1
q!

∫
M

∑
|J|=q

ϕJ̄
∑
j

∂

∂zj
(
ψjJ (deth)

)
2n dx1 ∧ · · · ∧ dx2n

= − 1
q!

∫
M

∑
|J|=q

ϕJ̄

(
1

deth

∑
j

∂

∂zj
(ψjJ deth)

)
2ndV

≡
∫
M

(ϕ | ϑψ ) (z) 2ndV

hence

(ϑψ)J = − 1
deth

n∑
j=1

∂

∂zj
(
ψjJ deth

)
.

The extra (−1)p of (4.44) comes from the fact that if ϕ has dzI , one has to
include a (−1)p for calculating the ∂̄ (see formula (2.31) of chapter 2), so that
(4.45) must contain a (−1)p for a (p, q)-form ϕ.

Remark. The equation (4.44) is a typical “adjoint formula”.

4.4.1 De Rham-Hodge operators

We define three operators

Δ = dδ + δd : EkM (M) → EkM (M)
� = ∂̄ϑ+ ϑ∂̄ : Ep,qM (M) → Ep,qM (M)

� = ∂ϑ̄+ ϑ̄∂ : Ep,qM (M) → Ep,qM (M)

Lemma 4.3. The operators �, � and Δ are second-order operators. For any
form ϕ, one has

(�ϕ)IJ̄ = −2
∑
i,j

hj̄i
∂2ϕIJ̄
∂zi∂z̄j

+ first and zero order terms (4.46)

(Δϕ)L = −4
∑
i,j

hj̄i
∂2ϕL
∂zi∂z̄j

+ first and zero order terms. (4.47)

So the operators � and Δ acting on a form ϕ define matrices with coeffi-
cients second order operators. Their second order terms appear only on the
diagonal and are identical for �, � and Δ. Out of the diagonal, only first and
zero order terms appear.

Remark. In other words, �, � and Δ are diagonal in their principal symbols.
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Proof of lemma 4.3. In the formulas for �, Δ and �, one has to identify the
second order terms. This means that we must identify only the first order
terms of δ and ϑ. So, for example, on (4.44) we need not take derivatives of
the hj̄l or deth but only first derivatives of ψIJ̄ . We fix a point of M , and we
have to calculate at that point. Then, we can choose the coordinate system
in such a way that at that point hij̄ = δij̄ and (4.44) reduces at that point to

(ϑψ)IJ̄ = (−1)p+1
n∑
j=1

∂ψIj̄J̄
∂zj

+ 0th-order

Now we apply this to ψ = ∂̄ϕ, so that

ψI,K = (−1)p
q∑
i=0

(−1)i
∂

∂z̄ki
ϕ
I,k̄0···ˆ̄ki···k̄q

and

(
ϑ∂̄ϕ

)
IJ̄

= −
n∑
j=1

(
∂2ϕIJ̄
∂zj∂z̄j

+
q∑
l=1

(−1)l
∂2

∂zj∂z̄jl
ϕI,j̄j̄1···ˆ̄jl···j̄q

)
. (4.48)

Moreover

(ϑψ)IK = (−1)p+1
n∑
j=1

∂ϕIj̄K
∂zj

+ 0th-order.

Then

(
∂̄ϑϕ

)
IJ̄

= (−1)p
q∑
l=1

(−1)l+1 ∂

∂z̄jl
(ϑϕ)I,j̄1···ˆ̄jl···j̄q + · · ·

(
∂̄ϑϕ

)
IJ̄

= −
q∑
l=1

(−1)l+1 ∂

∂z̄jl

n∑
j=1

∂

∂zj
(
ϕI,j̄j̄1···ˆ̄jl···j̄q

)
+ · · ·

(4.49)

We obtain the result by adding (4.48) and (4.49).

4.5 Hermitian metrics and Laplacian for holomorphic
bundles

Definition 4.3. Let π : F →M be a complex bundle of rank r. A hermitian
metrics on F is the data for every m ∈M , of a positive hermitian form η(m)
over the vector space Fm, depending C∞ on m.

Let Ua be an open set with a trivialization

π−1 (Ua) � C
r × Ua
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so that a vector v ∈ Fm, m ∈ Ua, has components ζa =
(
ζ1
a , . . . , ζ

r
a

) ∈ Cr.
Then the hermitian form is given by

‖v‖2 =
∑
α,β

ηa,αβ̄(m)ζαa ζ
β
a . (4.50)

In another trivialization
π−1 (Ub) � C

r × Ub

the vector v has now components ζb and

ζa = γab(m)ζb γab ∈ GL(r,C) (4.51)

so that
ηb,αβ̄(m) =

∑
δ,ε

ηa,δε̄(m) (γab(m))δα (γab(m))εβ. (4.52)

4.5.1 Metrics on forms with coefficients in a bundle

Now, we consider (p, q)-forms with coefficients in F , ϕ ∈ C∞ (M,Λp,q ⊗ F ).
In the trivialization Ua, such a form ϕ has components ϕa ≡ (ϕαa )α=1,...,r

where ϕαa are (p, q)-forms in Ua.
Let ψ another (p, q)-form with coefficients in F . We can define a pointwise

hermitian scalar product at m.

(ϕ | ψ ) (m) =
∑
α,β̄

ηa,αβ̄(m)
(
ϕαa | ψβa

)
(m). (4.53)

In this formula,
(
ϕαa | ψβa

)
(m) is the hermitian scalar product at m, of the

(p, q)-forms ϕαa and ψβa which are the components of ϕ and ψ respectively in
the trivialization Ua. This scalar product

(
ϕαa | ψβa

)
is well defined when a

hermitian metrics is given on M .
Moreover, the expression (ϕ | ψ ) (m) given by (4.53) is independent of the

trivialization chosen because

ϕa(m) = γab(m)ϕb(m)
ψa(m) = γab(m)ψb(m)

and because of (4.52).

4.5.2 The adjoint of ∂̄

Now, we consider a holomorphic vector bundle π : F → M , so that the ∂̄
operator is well defined on (p, q)-forms with coefficients in M . In particular,
if ϕ is a (p, q)-form with coefficients in F , and ϕa = (ϕαa )α=1,...,r are its
components in a trivialization Ua, we define

(
∂̄ϕ
)
a

=
(
∂̄ϕαa

)
α=1,...,r

(4.54)



Harmonic forms on hermitian manifolds 77

component by component.
Moreover, we can define the L2-scalar product for (p, q)-forms with coeffi-

cients in F

(ϕ | ψ ) =
∫
M

(ϕ | ψ ) (m)
ωm

n!
=
∫
M

(ϕ | ψ ) (m)2n dV. (4.55)

Then we have the analogue of lemma 4.1.

Lemma 4.4. Let M be a compact hermitian manifold and π : F → M a
holomorphic bundle with an hermitian metrics. One can define a first order
operator ϑη such that (

∂̄ϕ | ψ ) = (ϕ | ϑηψ ) (4.56)

where
ϕ ∈ C∞ (M,Λp,q ⊗ F )

ψ ∈ C∞ (M,Λp,q+1 ⊗ F
)

and
ϑη : C∞ (M,Λp,q ⊗ F ) → C∞ (M,Λp,q−1 ⊗ F

)
. (4.57)

Moreover in a trivialization Ua of F → M , one has for the components of
ϑηψ in this trivialization

(ϑηψ)αa = −
r∑

β=1

ηβ̄αa ∗ ∂
( r∑
δ=1

ηa,δβ̄
(∗ψδa)

)
(4.58)

where ηβ̄αa is the inverse matrix of ηa,αβ̄. Finally,

(ϑηψ)αa = ϑψαa + 0th-order term. (4.59)

Definition 4.4. ϑη is the adjoint of ∂̄ for the hermitian scalar product defined
by (4.55).

The proof of (4.58) is entirely analogous to the proof of lemma 4.1. The
formula (4.59) is an immediate consequence of (4.58) and the fact that

r∑
β=1

ηβ̄αa ηa,δβ̄ = δαδ

and the expression of ϑ = −∗∂∗.

4.5.3 De Rham-Hodge Laplace operator for holomorphic bun-
dles

We now define the Laplace operator

�η = ∂̄ϑη + ϑη ∂̄. (4.60)
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Lemma 4.5. �η is a second order operator which is diagonal in its principal
symbol. If Ua is a trivialization of F and ϕ ∈ C∞ (Ua,Λp,q ⊗ F ), then the
components of �ηϕ in this trivialization are

(�ηϕ)αa = �ϕαa + 1stor 0th-order terms (4.61)

so that

(
(�ηϕ)αa

)
IJ̄

= −
n∑

i,j=1

hij̄
∂2ϕα

a,IJ̄

∂zi∂z̄j
+ 1stor 0th-order terms. (4.62)

Proof. (4.61) comes from (4.59) and the definition of �η. Then (4.62) is a
consequence of lemma 4.3.

4.6 Harmonic forms and cohomology

4.6.1 Harmonic forms on compact hermitian manifold

First, let M be a compact hermitian manifold. Then, one can define d,
δ and the De Rham operator Δ = Δk on k-forms. The main result is the
following.

Theorem 4.1. One can define two operators Gk (the Green operator) and
Hk (the harmonic projector)

Gk, Hk : Ek

M (M) → EkM (M)

such that any k-form ϕ ∈ EkM (M) can be uniquely decomposed as

ϕ = ΔGkϕ+Hkϕ = GkΔϕ+Hkϕ (4.63)

with the following properties:

(i) the decomposition of (4.63) is orthogonal.

(ii) dGk = Gk+1d

(iii) Hkϕ is harmonic, namely

ΔHkϕ = 0.

(iv) The kernel of Δk is a finite dimensional space, as well as all eigenspaces,
and the spectrum is discrete and tends to +∞.

(v) Hk ◦Hk = Hk
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(vi) If ϕ ∈ EkM (M), ϕ is harmonic if and only if dϕ = 0, δϕ = 0. Moreover
harmonic forms are orthogonal to dEk−1

M (M) and to δEk+1
M (M).

We refer to [DR] for the proof of these facts.
We denote

Hk(M) = ker of Δ in Ek

M (M).

From theorem 4.1, we deduce immediately the following consequence.

Theorem 4.2. One has

Hk (M,C) � Hk(M). (4.64)

This means that in any cohomology class one can find a unique harmonic
form. Moreover, a harmonic form that represents the cohomology class 0 is
identically 0.

Proof. Let [ϕ] ∈ Hk (M,C) and ϕ a representative of [ϕ], so ϕ is d-closed.
Then

ϕ = (dδ + δd)Gkϕ+Hkϕ.

Moreover dGkϕ = Gk+1dϕ = 0 because ϕ is closed, so that

ϕ = dδGkϕ+Hkϕ

and thus [ϕ] contains Hkϕ. Moreover if ψ is harmonic, it is d-closed and thus
represents a cohomology class. But if ψ = dθ, one would have

‖ψ‖2 = ( dθ | ψ ) = 0

because ψ being harmonic is orthogonal to dEk−1

M (M), so ψ ≡ 0. Thus we
deduce the isomorphism (4.64)

4.6.2 The case of holomorphic bundles

Let M be a compact hermitian manifold and π : F → M a holomorphic
vector bundle with a hermitian metrics η.

The analogue of theorem 4.1 is now

Theorem 4.3. There exists operators Gq, Hq

Gq, Hq : C∞ (M,Λ0,q ⊗ F
)→ C∞ (M,Λ0,q ⊗ F

)
such that any (0, q)-form ϕ with values in F can be decomposed as

ϕ = �ηGqϕ+Hqϕ = Gq�ηϕ+Hqϕ (4.65)

with the properties

(i) The decomposition (4.65) is orthogonal
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(ii) ∂̄Gq = Gq+1∂̄

(iii) Hqϕ is harmonic namely
�ηHqϕ = 0

(iv) The kernel of �η is finite dimensional

(v) Hq ◦Hq = Hq

(vi) If ϕ ∈ C∞ (M,Λ0,q ⊗ F
)
, ϕ is harmonic if and only if ∂̄ϕ = 0 and

ϑηϕ = 0. Harmonic forms are orthogonal to ∂̄C∞ (M,Λ0,q−1 ⊗ F
)

and
ϑηC

∞ (M,Λ0,q+1 ⊗ F
)
.

As a consequence, we deduce the analogue of theorem 4.2:

Theorem 4.4. One has an isomorphism

Hq (M,F ) � Hq(M,F ) (4.66)

where Hq(M,F ) is the space of harmonic (0, q)-forms with coefficients in F .

Proof. We can represent Hq(M,F ) as

Hq(M,F ) =
ker
{
∂̄ : C∞ (M,Λ0,q ⊗ F

)→ C∞ (M,Λ0,q+1 ⊗ F
)}

∂̄C∞ (M,Λ0,q−1 ⊗ F )

Let [ϕ] be a cohomology class, ϕ a representative which is ∂̄-closed. We use
(4.65)

ϕ = ∂̄ϑηGqϕ+Hqϕ

(where we have used ∂̄Gqϕ = Gq+1∂̄ϕ = 0) and thus Hqϕ ∈ [ϕ].

Let H(p,q)(M,F ) be the finite dimensional space of harmonic (p, q)-forms
with values in F , namely the kernel of �η on C∞ (M,Λp,q ⊗ F ). When F
is the trivial bundle of rank 1, H(p,q)(M,F ) will be denoted H(p,q)(M) (the
space of �-harmonic (p, q)-forms on M).

As a consequence of theorem 4.4, because

Λp,q(M) ⊗ F = Λ0,q(M) ⊗ (Λp,0(M) ⊗ F
)

and because Λp,0(M) ⊗ F is a holomorphic bundle, we deduce:

Theorem 4.5. One has an isomorphism

Hq (M,ΩpM ⊗ F ) � H(p,q)(M,F )

In particular, when F is the trivial bundle of rank 1, one obtains isomorphisms
of the Dolbeault groups Hp,q(M) = Hq (M,ΩpM ):

Hp,q(M) � H(p,q)(M)
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4.7 Duality

4.7.1 Poincaré duality

Lemma 4.6. Let M be a compact hermitian manifold and ϕ ∈ Hk(M) a
harmonic k-form. Then ∗ϕ ∈ H2n−k(M) and ∗ is an isomorphim

∗ : Hk(M) → H2n−k(M). (4.67)

Proof. To say that ϕ is a harmonic form, is equivalent to saying that dϕ = 0,
δϕ = 0 or

dϕ = 0 d∗ϕ = 0

(because δ = − ∗ d∗ and ∗ is an isomorphism on forms). Then ∗ϕ is closed
and moreover δ∗ϕ = −∗d∗∗ϕ = (−1)k+1 ∗ dϕ = 0 so

d (∗ϕ) = 0 δ (∗ϕ) = 0

and ∗ϕ is harmonic. As ∗∗ = (−1)k on k-forms, ∗ is an isomorphism as in
(4.67).

Theorem 4.6. The isomorphism Pkϕ = ∗ϕ̄
Pk : Hk(M) → H2n−k(M)

is a realization at the level of harmonic forms, of the Poincaré duality.

Proof. Indeed the Poincaré duality P is given by

[ϕ] ∩ P [ϕ] =
ωn

n!
.

4.7.2 Serre duality

Let π : F → M be a holomorphic vector bundle with a hermitian metrics
η. Let π∗ : F ∗ → M be the dual bundle. We construct the dual hermitian
metrics in F ∗: if Ua is a trivialization for F (and thus for F ∗), we define

η∗a,αβ̄ = ηβ̄αa (inverse metrics) (4.68)

Then we define a morphism of bundles

σ : F → F ∗.

If v ∈ Fm has components (ζαa )α=1,...,r in the trivialization Ua, σ(v) has
components

σ (v)βa =
∑

ηa,βᾱζαa (4.69)
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(always in Ua), then one can see that this defines an element σ(v) ∈ F ∗
m and

σ preserves the hermitian metrics.
If F is the trivial line bundle with the trivial metrics, then σ just the

conjugation
σ(v) = v̄.

Lemma 4.7.

(1) The morphism Pϕ = ∗ϕ̄ is an isomorphism

P : Ep,qM (M) → En−p,n−qM (M)

(2) the mapping
PFϕ = σ (∗ϕ) (4.70)

is an isomorphism

PF : C∞ (M,Λp,q ⊗ F ) → C∞ (M,Λn−p,n−q ⊗ F ∗) .
Proof. Recall that ∗ : Λp,q(M) → Λn−q,n−p(M) and the conjugation reestab-
lishes Λn−p,n−q(M). Moreover

P 2
F = (−1)p+q on Λp,q ⊗ F (4.71)

Lemma 4.8. PF induces an isomorphism of harmonic forms

PF : Hp,q(F ) → Hn−p,n−q(F ∗). (4.72)

Proof. We start with a harmonic form ϕ ∈ Hp,q(F ) so that ∂̄ϕ = 0, ϑηϕ = 0.
So one has, using (4.58) for ϑη in a trivialization,

∂

(
n∑
δ=1

ηa,δβ̄
(∗ϕδa)

)
= 0

Taking the conjugate and using the definition of σ we see that

∂̄PFϕ = 0.

Moreover writing

ϕ = (−1)p+qPF (PFϕ) (see (4.71))

we obtain
∂̄PF (PFϕ) = 0.

But this equation is exactly
ϑη∗PFϕ

where ϑη∗ is the adjoint of ∂̄ for the hermitian metrics η∗ on F ∗ defined by
(4.68) and where we have used (4.58) for ϑη∗ as well as the definition of PF .
So PFϕ is harmonic.
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As a consequence we deduce

Theorem 4.7. One has an isomorphism

[Hq (M,Ωp ⊗ F )]∗ � Hn−q (M,Ωn−p ⊗ F ∗) (4.73)

where [· · · ]∗ denotes the dual space. In particular

[Hq (M,Ωp)]∗ � Hn−q (M,Ωn−p
)

4.7.3 Application to modifications

Theorem 4.8. Let f : M1 → M2 be a modification between two compact
complex manifolds. Then the induced morphisms

f∗ : Hq
(
M2,Ω

p
M2

)→ Hq
(
M1,Ω

p
M1

)
(4.74)

are all injective.

Proof. We shall use Serre duality i.e. the previous theorem 4.7. Let [ϕ2] ∈
Hq
(
M2,Ω

p
M2

)
, with f∗[ϕ2] = 0. To prove that [ϕ2] = 0, it is sufficient to

prove that for any [ω2] ∈ Hn−q (M2,Ω
n−p
M2

)

(ϕ2 | ω2 ) =
∫
M2

ϕ2 ∧ ω2 = 0.

By definition of a modification, there exists proper subvarieties Ej ⊂ Mj,
E1 = f−1 (E2) such that f induces an isomorphism f : M1 \ E1

∼−→M2 \ E2.
Let Uε be the set of points of M2 at distance < ε of E2.

Then f : f−1 (M2 \ Uε) ∼−→M1 \ Uε is an isomorphism. Then:
∫
M2

ϕ2 ∧ ω2 = lim
ε→0

∫
M2\Uε

ϕ2 ∧ ω2 =

= lim
ε→0

∫
f−1(M2\Uε)

f∗ϕ2 ∧ f∗ω2 =

=
∫
M1

f∗ϕ2 ∧ f∗ω2 = 0

because f∗ϕ2 is exact and ω2 is closed.





Chapter 5

Hodge theory on compact kählerian
manifolds

5.1 Introduction

This chapter explains the central results concerning the cohomology of a
compact kählerian manifold M . We shall prove that there is a direct sum
decomposition of the cohomology of M as

Hk (M,C) =
⊕
p+q=k

Hp,q(M)

where Hp,q(M) = Hq (M,ΩpM ) is the ∂̄-cohomology of (p, 0)-forms. This
decomposition goes much beyond mere formalities. It means that if [ϕ] is a
d-cohomology class of degree k, one can find in this class a representative ϕ̂
such that its decomposition in types ϕ̂ =

∑
p+q=k ϕ̂

(p,q) has the property that
each component ϕ̂(p,q) is d-closed and ∂̄-closed.

Conversely, if [ϕ] ∈ Hp,q(M) is a ∂̄-cohomology class, there exists a repre-
sentative ϕ′ in this class of ∂̄ -cohomology which is d-closed (and ∂̄-closed).

Moreover, the d-operator is strict, that is if a form dϕ has no component of
type (p, q) for p < p0, then dϕ can be written as dψ where ψ has no component
of type (p′, q′) with p′ < p0. These results are global, i.e. they are valid for
forms which are C∞ on M . In general, they would not hold for an open subset
of M , for example.

There are two main parts in the proof of these results. The first part is
the global theory of harmonic forms which has been already done in chapter
4 for general hermitian compact manifolds. The second part is a purely local
calculation which says that the three De Rham-Hodge Laplace operators 1

2Δ,
� and � are in fact identical on a kählerian manifold.

85
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5.2 Kählerian manifolds

Definition 5.1. We say that a hermitian metrics h on a complex manifold
M is a Kähler metrics or that the manifold is kählerian, if the (1, 1)-form

ω = i

n∑
i,j=1

hij̄ dz
i ∧ dz̄j (5.1)

is d-closed: dω = 0. The form ω is called the Kähler form of the metrics.

5.2.1 Local exactness

Lemma 5.1. For every point m ∈M , on sufficiently small neighborhoods U
of m, any (1, 1)-form ω which is d-closed, is ∂∂̄-exact so that there exists a
function f with ω = ∂∂̄f .

Proof. dω = 0 implies ∂ω + ∂̄ω = 0, hence ∂ω = ∂̄ω = 0 because ∂ω and ∂̄ω
have different types. On sufficiently small neighborhoods U of m, ω = ∂̄ϕ
where ϕ is a (1, 0)-form, because of Dolbeault lemma. Then ∂ω = 0 gives
∂∂̄ϕ = 0. So ∂ϕ is a (2, 0)-form which is holomorphic in U and which is
d-closed. By the Poincaré lemma for holomorphic forms ∂ϕ = ∂ψ where ψ is
a holomorphic (1, 0)-form. So ϕ − ψ is a (1, 0)-form which is ∂-closed; again
by Dolbeault lemma, ϕ− ψ = ∂f so that

ω = ∂̄ϕ = ∂̄(ϕ− ψ) = ∂̄∂f

because ψ is holomorphic.

Examples of Kähler manifolds.

1. Submanifolds of kählerian manifolds.

Lemma 5.2. If W ⊂M is a complex submanifold of a kählerian manifold,
W is also kählerian.

Proof. Let h be a kählerian metrics on M , then the restriction h|W to W
is also kählerian. Indeed, W is locally defined by zp+1 = · · · = zn = 0,
h|W =

∑n
i,j=1 hij̄ dz

i ∧ dz̄j and the Kähler form of h|W is just ω|W which
is closed.

2. Cn and complex tori.
C
n is a kählerian manifold with the standard constant metrics

ds2 =
n∑
j=1

dzjdz̄j
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and the Kähler form

ω = i

n∑
j=1

dzj ∧ dz̄j.

As a consequence, any complex torus Cn/L (L discrete lattice of rank 2n
as a real lattice) is kählerian with the constant metrics.

3. Projective space Pn and projective manifolds.

Lemma 5.3. Pn is a kählerian manifold.

Proof. Let [Z0, . . . , Zn] the homogeous coordinates of Pn, and Ua the affine
open set Za �= 0, so that in Ua, one has the holomorphic coordinates

zja =
Zj

Za
j �= a.

Define in Ua:

pa = log

⎛
⎝1 +

∑
j �=a

∣∣zja∣∣2
⎞
⎠ . (5.2)

Then in Ua ∩ Ub
pa − pb = log

∣∣Zb∣∣2
|Za|2 = log

∣∣zba∣∣2 .
As a consequence on Ua ∩ Ub

∂∂̄pa = ∂∂̄pb

and this defines a global (1, 1)-form which is d-closed.

The hermitian metrics in U0 is given by

h0,ij̄ =
∂2

∂zi∂z̄j

(
log
(

1 + |z0|2
))

where

|z0|2 =
n∑
j=1

∣∣∣zj0
∣∣∣2 .

More explicitly
h0,ij̄ =

g0,ij̄(
1 + |z0|2

)2

with
g0,ij̄ = δij

(
1 + |z0|2

)
− z̄i0z

j
0 (5.3)
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hence the metrics is positive definite because

n∑
i=1

g0,ij̄ζ
iζ̄j =

(
1 + |z0|2

)
|ζ|2 − |(z0 | ζ )|2 ≥ |ζ|2

by Cauchy-Schwarz inequality.

Lemma 5.4. Any algebraic projective manifold is kählerian.

This is a consequence of lemmas 5.1 and 5.2.

4. The Bergman metrics in the ball.
In the unit ball of Cn

B =
{
z ∈ C

n
∣∣ |z|2 < 1

}

one can define the Bergman metrics

hij̄ =
∂2

∂zi∂z̄j
log
(

1 − |z|2
)
.

It is obviously kählerian because

ω = i∂∂̄ log
(

1 − |z|2
)

is d-closed.

As a consequence, because the Bergman metrics is invariant by biholomor-
phic transformations of the ball, any manifold which is the quotient B/Γ
where Γ is a discrete group of SU(n, 1), is a kählerian manifold.

5.2.2 Cohomological properties of ω

Theorem 5.1. Let M be a complex compact kählerian manifold, ω its Kähler
form.

1) All the powers ωp(1 ≤ p ≤ n) define non trivial cohomology classes both
for d and ∂̄. As a consequence

H2p(M,C) �= 0, Hp,p(M) �= 0.

2) If W ⊂ M is a closed complex submanifold, its homology class [W ] ∈
H2p(M,C) is not 0.

Proof. 1) We know that, up to a constant factor, ωn (n = dimM) is the
volume form of M , so that ∫

M

ωn > 0.
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Let us suppose by contradiction that ωp = dϕ; then

ωn = ωp ∧ ωn−p = dϕ ∧ ωn−p = d
(
ϕ ∧ ωn−p)

because ωn−p is d-closed and then by Stokes theorem
∫
M ωn would be 0.

If ωp = ∂̄ϕ, then ωn = ∂̄ (ϕ ∧ ωn−p), but ϕ∧ωn−p would be of type (n, n−1)
and thus ∂-closed so ωn = d (ϕ ∧ ωn−p) again.

As a consequence ωp cannot be exact for d or ∂̄.
2) If W is a complex submanifold of dimension p, then ωp|W is its volume
form (up to a constant) so

∫
W ωp �= 0 and by Stokes theorem, W cannot be

the boundary of a chain.

Theorem 5.2. One has
ϑω = 0

so that ω is harmonic for Δ, �, �.

Proof. This is a direct calculation using lemma 4.2, formula (4.44) (chapter
4) and the fact that locally ωij̄ = ∂2f

∂zi∂z̄j
.

5.3 Local kählerian geometry

5.3.1 Covariant derivatives

We consider a vector field ζ ∈ C∞ (U, T (M)
)
. In local coordinates (Ua, za)

or (Ub, zb) one has

ζ =
n∑
j=1

ζ j̄a
∂

∂z̄ja
=

n∑
j=1

ζ k̄b
∂

∂z̄kb
(5.4)

ζ k̄b =
n∑
j=1

(
∂zkb
∂zja

)
ζ j̄a. (5.5)

In particular we see that

∂ζ k̄b
∂zia

=
n∑
j=1

(
∂zkb
∂zja

)
∂ζ j̄a
∂zia

(5.6)

In the same way, for a (0, 1)-form ϕ ∈ C∞
(
U, T

∗
(M)

)

ϕ =
∑

ϕaj̄dz̄
j
a =

∑
ϕbk̄dz̄

k
b (5.7)

one has

ϕb,k̄ =
n∑
j=1

(
∂zja

∂zkb

)
ϕa,j̄
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so that
∂ϕb,k̄
∂zia

=
n∑
j=1

(
∂zja
∂zb,k

)
∂ϕa,j̄
∂zia

. (5.8)

We define the covariant derivative of ζ ∈ C∞ (U, T (M)
)

or ϕ ∈ C∞ (U, T ∗(M)
)

with respect to a vector field w ∈ C∞ (U, T (M))

∇wζ ∈ C∞ (U, T (M)
)
, ∇wϕ ∈ C∞ (U, T ∗(M)

)
by saying that they are vectors or forms with components in a coordinate
system (Ua, za) given by

(∇wζ)
j̄
a =

n∑
k=1

wka
∂ζ j̄a
∂zka

(∇wϕ)a,j̄ =
n∑
k=1

wka
∂ϕaj̄
∂zka

(5.9)

in particular, for w = ∂
∂zi

a
, we denote

(∇wζ)
j̄
a ≡ ∇iζ

j̄
a =

∂ζ j̄a
∂zia

, (∇wϕ)a,j̄ ≡ ∇iϕa,j̄ =
∂ϕaj̄
∂zia

. (5.10)

From (5.5) and (5.8) we see that ∇wζ or ∇wϕ are well defined vector fields
or forms.

Now let us take ζ ∈ C∞ (U, T (M)). By lowering the indices by means of
the hermitian metrics h we obtain a form H(ζ) ∈ C∞ (U, T ∗(M)

)

H(ζ) =
n∑

i,j=1

ha,ij̄ζ
i
adz̄

j
a

So if ζ ∈ C∞ (U, T (M)), we define for w ∈ C∞ (U, T (M))

∇wζ = H−1 (∇wH(ζ)) . (5.11)

In local coordinates (Ua, za) for w = ∂
∂zi

a

(∇iζ)
j
a =

∑
k

hk̄ja
∂

∂zia

(∑
l

ha,lk̄ζ
l
a

)
(5.12)

We denote simply:
∇iζ

j
a ≡ (∇iζ)

j
a .

In the same way, if ϕ ∈ C∞ (U, T ∗(M)), we define for w ∈ C∞ (U, T (M))

∇wϕ = H
(∇wH

−1(ϕ)
)

(5.13)
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or in coordinates for w = ∂
∂zi

a

∇iϕa,j =
∑
k

ha,jk̄
∂

∂zia

(∑
l

hk̄la ϕa,l

)
. (5.14)

For w ∈ C∞ (U, T (M)
)
, ζ ∈ C∞ (U, T (M)) and ϕ ∈ C∞ (U, T ∗(M)), we can

also define (∇wϕ
)j
a

=
∑
k

wk̄a
∂ζja
∂z̄ka

(∇wϕ
)
a,j

=
∑
k

wk̄a
∂ϕa,j
∂z̄ka

.

In particular if w = ∂
∂z̄k

a
, we denote

∇kζ
j
a =

∂ζja
∂z̄ka

∇kϕa,j =
∂ϕa,j
∂z̄ka

Because of the conjugate equations (5.5) or (5.8) one has

∇wζ ∈ C∞ (U, T (M)) , ∇wζ ∈ C∞ (U, T ∗(M)) .

Finally, we can define ∇wζ and ∇wϕ for ζ ∈ C∞ (U, T (M)
)

or ϕ ∈ C∞ (U, T ∗(M)
)

by lowering or raising the indices

∇wζ = H−1
(∇wH(ζ)

)
∇wϕ = H

(∇wH
−1(ϕ)

)
.

The formulas are

∇iζ
b
a =

∂ζja
∂zia

+
∑
k,l

(
hk̄ja

∂

∂zia

(
ha,lk̄

))
ζla

∇iϕa,j =
∂ϕa,j
∂zia

+
∑
k,l

(
ha,k̄j

∂

∂zia

(
hk̄la

))
ϕa,l.

(5.15)

We define the Christoffel symbols

Γjil =
∑
k

hk̄ja
∂

∂zia
ha,lk̄ (5.16)

or:

Γjil =
((

∂
∂zi

a
ha

)
h−1
a

)j
l

(5.17)

∇iζ
j
a =

∂ζja
∂zia

+
n∑
l=1

Γjilζ
l
a

∇iϕa,j =
∂ϕa,j
∂zia

−
n∑
l=1

Γlijϕa,l

(5.18)
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where we have used the equation

∂

∂zia

(∑
k

hk̄ja ha,lk̄

)
=

∂

∂zia
δjl = 0.

Also

∇iζ
j̄
a =

∂ζ j̄a
∂z̄ia

+
n∑
l=1

Γjilζ
l̄
a

∇iϕa,j̄ =
∂ϕa,j̄
∂z̄ia

−
n∑
l=1

Γlijϕa,l̄.

(5.19)

We define the covariant derivatives of any tensor field by lowering or raising
the indices to reduce to pure derivatives either with respect to ∂

∂zi
a

or ∂
∂z̄i

a
,

and then raising or lowering the indices correspondingly.
For example, one has immediately

Lemma 5.5. The covariant derivatives of h vanish.

Proof. For example

∇iha,kl̄ =
∑
j

ha,kj̄
∂

∂zia

(∑
r

hj̄ra ha,rl̄

)

=
∑

ha,kj̄
∂

∂zia

(
δj̄
l̄

)
= 0.

Lemma 5.6. The hermitian metrics h is kählerian if and only if for all indices
i, j, k

Γijk = Γikj . (5.20)

Proof. By the definition (5.16)

∂hjl̄
∂zi

=
∑
k

hkl̄Γ
k
ij .

So

0 = dω = i
∑ ∂hjl̄

∂zi
dzi ∧ dzj ∧ dz̄l + i

∑ ∂hjl̄
∂z̄i

dz̄i ∧ dzj ∧ dz̄l

=
i

2

∑
hkl̄
(
Γkij − Γkji

)
dzi ∧ dzj ∧ dz̄l+

+
i

2

∑
hlk̄
(
Γkij − Γkji

)
dz̄i ∧ dzl ∧ dz̄j.

This implies (5.20).
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5.3.2 Covariant derivatives of differential forms

Let ϕ ∈ Ep,q

M (U) be written in a coordinate system (U, z) as

ϕ =
1
p!q!

∑
ϕIJ̄ dz

I ∧ dz̄J .

We have the following lemma.

Lemma 5.7. Let h be a kählerian metrics. Then

∂ϕ = 1
p!q!

∑
i,I,J ∇iϕIJ̄ dz

i ∧ dzI ∧ dz̄J (5.21)

∂̄ϕ = 1
p!q!

∑
i,I,J ∇iϕIJ̄ dz̄

i ∧ dzI ∧ dz̄J (5.22)

(ϑϕ)IK = (−1)p+1
∑

j,i h
j̄i∇iϕIj̄K (here |I| = p, |K| = q − 1) (5.23)

Proof. We prove only (5.23). Using lemma 4.2 of chapter 4

(−1)p+1 (ϑϕ)ĪK =
∑(

∂

∂zj
+

1
deth

∂ deth
∂zj

)
ϕĪjK (5.24)

On the other hand, by definition, if |K| = q − 1

n∑
j=1

∇jϕ
ĪjK =

n∑
j=1

∂ϕĪjK

∂zj
+

n∑
j,k=1

Γjjkϕ
ĪkK +

∑
j,k

Γk1jkϕ
Ījkk2...kq + · · ·

But Γk1jk is symmetric in j, k (lemma 5.6) and ϕĪjkk2...kq is skew symmetric in
j, k, so that

n∑
j=1

∇jϕ
ĪjK =

∑
j

∂ϕĪjK

∂zj
+
∑
j,k

Γjjkϕ
ĪkK . (5.25)

Then, one proves ∑
j

Γjjk =
1

deth
∂ deth
∂zk

(5.26)

to deduce the identity from (5.24) and (5.25). Because the metric tensor hjk̄
commutes with the covariant derivative ∇i, one can lower the indices as one
wishes.

To prove (5.26), one knows that ∂ deth
∂hij̄

is the cofactor of hij̄ so that it is
equal to (det h)hı̄j . Then

∂ det h
∂zi

=
∑
k,l

∂ deth
∂hkl̄

∂hkl̄
∂zi

=
∑
k,l

(deth)hl̄k
∂hkl̄
∂zi

= (det h)
∑
l

Γlil.

Since h is kählerian, Γlil = Γlli, and we obtain (5.26).
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5.3.3 The operator Λ

The operator Λ is the contraction by the Kähler form.
One has for ϕ ∈ Ep,qM (M)

ϕ =
1
p!q!

∑
ϕIJ̄ dz

I ∧ dz̄J

the definition:

Λϕ =
1

(p− 1)!(q − 1)!

∑
u,j̄

K,L

ihj̄iϕij̄KL dz
K ∧ dz̄L (5.27)

where |K| = p− 1, |L| = q − 1. In particular

(Λϕ)KL = (−1)p−1
∑
i,j̄

ihj̄iϕiKj̄L. (5.28)

It is obvious that Λ is a real operator

Λϕ = Λϕ.

Theorem 5.3. One has the relations

[∂,Λ] = iϑ
[
∂̄,Λ

]
= −iϑ̄. (5.29)

Proof. The second relation is a consequence of the first.

1) We calculate ∂Λϕ using (5.21)

(∂Λϕ)IL = ∇i1 (Λϕ)i2...ipL −∇i2 (Λϕ)i1i3...ipL + · · · .

Here |L| = q − 1, |I| = p. Then we use (5.28)

(∂Λϕ)IL = i(−1)p−1
∑
i,j

[
∇i1h

j̄iϕii2...ip j̄L −∇i2h
j̄iϕii1i3...ip j̄L + · · ·

]
.

But ∇ commutes with the metric tensor h, so that:

(∂Λϕ)IL =

i(−1)p−1
∑
i,j

hj̄i
[
∇i1ϕii2...ip j̄L −∇i2ϕii1i3...ip j̄L + · · ·

]
. (5.30)

2) Then we calculate Λ∂ϕ. We use (5.21)

(∂ϕ)KJ̄ = ∇k0ϕk1...kpJ̄ −∇k1ϕk0k2...kpJ̄ + · · ·
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with |K| = p+ 1, |J | = q. Then we apply (5.28)

(Λ∂ϕ)IL = (−1)pi
∑
i,j

hj̄i (∂ϕ)iIj̄L |I| = p, |L| = q − 1

so

(Λ∂ϕ)IL = (−1)pi
∑
i,j

hj̄i
[
∇iϕIj̄L −∇i1ϕii2...ip j̄L + · · ·

]
. (5.31)

So from (5.30), (5.31)

(∂Λϕ− Λ∂ϕ)IL = (−1)p+1i
∑
i,j

hj̄i∇iϕIj̄L

which by (5.23) of lemma 5.7 is exactly

i (ϑϕ)IL .

5.3.4 The equality of the De Rham-Hodge Laplacians

We come finally to the main theorem.

Theorem 5.4. On a kählerian manifold one has

1
2

Δ = � = � . (5.32)

In particular Δ, its Green operator G and its harmonic projector H respect
the type of forms.

Proof. We use the relations of theorem 5.3 to replace ϑ in � and ϑ̄ in � by
their expressions in term of ∂, Λ, ∂̄

� = ∂̄ϑ+ ϑ∂̄ = −i [∂̄ (∂Λ − Λ∂) + (∂Λ − Λ∂) ∂̄
]

= −i [∂̄∂Λ − ∂̄Λ∂ + ∂Λ∂̄ − Λ∂∂̄
]

and in the same way

� = ∂ϑ̄+ ϑ∂̄ = −i [∂̄∂Λ + ∂Λ∂̄ − ∂̄Λ∂ − Λ∂∂̄
]

so � = �.
Then we use

δ = ϑ+ ϑ̄ d = ∂ + ∂̄

to deduce
Δ = � + � +∂ϑ+ ϑ∂ + ∂̄ϑ̄+ ϑ̄∂̄.
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But then again by theorem 5.3

∂ϑ+ ϑ∂ = i [∂ (∂Λ − Λ∂) + (∂Λ − Λ∂) ∂] ≡ 0

so
Δ = 2� = 2 � .

5.4 The Hodge decomposition on compact kählerian man-
ifolds

5.4.1 Harmonic forms on compact kählerian manifolds

Theorem 5.5. Let M be a compact kählerian manifold.

1) Let ω ∈ Ek

M (M) be a harmonic form of degree k and let ω =
∑

p+q=k ω
(p,q)

be its decomposition in pure types. Then the ω(p,q) are harmonic forms
which are ∂̄-closed and ϑ-closed.

2) If ω(p,q) is a harmonic form of pure type (p, q) for � (or �), then it is a
harmonic form for Δ.

Proof. 1) is a consequence of the fact that Δ preserves the types (see theorem
5.4 ), so if Δω = 0

(Δω)(p,q) = Δω(p,q) = 0

and thus �ω(p,q) = �ω(p,q) = 0.
2) is a consequence of 2� = Δ.

Theorem 5.6. One can write

Hk(M) =
⊕
p+q=k

H(p,q)(M) (5.33)

with an orthogonal decomposition. Moreover

H(p,q)(M) = H(q,p)(M) (5.34)

Proof. The orthogonal decomposition is a trivial consequence of theorem 5.5,
while (5.34) is obtained by the isomorphism

ω(p,q) ∈ H(p,q)(M) → ω(p,q) ∈ H(q,p)(M)

because � = �.
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We can rephrase theorem 5.6 as follows.

Theorem 5.7. Let M be a compact kählerian manifold

1) If [ϕ] ∈ Hk(M,C), and ϕ ∈ [ϕ] is a d-closed form, then there exists a form
ψ such that in the decomposition:

ϕ+ dψ =
∑
p+q=k

ω(p,q)

the ω(p,q) are both d-closed and ∂̄-closed and thus define cohomology classes
for the ∂̄-operator.

2) If [ϕ(p,q)] ∈ Hp,q(M) is a class of ∂̄-cohomology of pure type (p, q), there
exists ψ of type (p, q − 1) such that ϕ + ∂̄ψ is ∂̄-closed and d-closed and
thus defines a cohomology class for d.

Proof. 1) Start with [ϕ]. There exists a form ω ∈ [ϕ] which is harmonic. So
ω = ϕ+ dψ and its decomposition in pure types has the required property.
2) Start with a class of ∂̄-cohomology [ϕ(p,q)]. There exists ω(p,q) ∈ [ϕ(p,q)

]
which is harmonic for � but also for Δ = 1

2�. So ω(p,q) is d-closed.

Corollary 5.1. Let M be a compact kählerian manifold. Any holomorphic
form ϕ ∈ H0 (M,ΩpM ) is d-closed and harmonic.

Proof. The form ϕ is of type (p, 0), so ϑϕ = 0 trivially. But ϕ is holomorphic
so ∂̄ϕ = 0. Thus �ϕ = 0, so Δϕ = 0 and ϕ is harmonic and d-closed.

5.5 The pure Hodge structure on cohomology

Let us recall from chapter 2 the definition of the Hodge filtration F and its
conjugate F . If M is a complex manifold, one can write a k-differential form
ϕ on M in local complex coordinates as

ϕ =
∑

|I|+|J|=k
ϕIJ̄ dz

I ∧ dz̄J (5.35)

We say that ϕ has type ≥ p, if one has |I| ≥ p in in the sum (5.35) (for every
system of complex coordinates on M). We define F pEkM as the subsheaf of
EkM of k-forms of type ≥ p. This defines a decreasing filtration and d respects
this filtration:

d(F pEkM ) ⊂ F pEk+1
M

The conjugate filtration is defined by saying that ϕ ∈ F qEkM if |J | ≥ q in the
sum (5.35) or in other words

F qEkM = F qEkM .
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The above filtrations induce filtrations on the cohomology Hk(M,C), which
we still denote F p and F q.

Theorem 5.6 and theorem 5.7 can be restated as

Theorem 5.8. Let M be a compact Kähler manifold. The cohomology groups
Hk(M,C), equipped with the Hodge filtrations F p and F q, carry a pure Hodge
structure of weight k:

Hk(M,C) =
⊕
p+q=k

Ap,q(M)

where Ap,q(M) = F pHk(M,C)∩F qHk(M,C) are isomorphic to the Dolbeault
groups Hp,q(M).

Proof. The natural linear map

H(p,q)(M) → F pHk(M,C) ∩ F qHk(M,C)

is injective because of theorem 5.6, and is surjective because the harmonic
projector H respects the types of the forms (theorem 5.4). The theorem
follows from theorem 5.6.

5.5.1 Strictness for d

Theorem 5.9. Let M be a compact Kähler manifold. The differential

d : Γ
(
M, EkM

)→ Γ
(
M, Ek+1

M

)
is strict for the Hodge filtration F pΓ

(
M, E·M

)
.

Proof. The statement means that if ω ∈ F pΓ
(
M, Ep+qM

)
and ω = dψ, ψ ∈

Γ
(
M, Ep+q−1

M

)
, one can find φ ∈ F pΓ

(
M, Ep+q−1

M

)
with ω = dφ. By hypoth-

esis, we can write
ω =

∑
k≥0

ωp+k,q−k

where ωp+k,q−k is of type (p+ k, q − k); also ψ decomposes as

ψ =
∑

r+s=p+q−1

ψr,s

into forms of type (r, s). Then the equation ω = dψ reads as

ωp,q = ∂ψp−1,q + ∂̄ψp,q−1 (5.36)
0 = ∂ψp−2,q+1 + ∂̄ψp−1,q (5.37)

0 = ∂ψp−3,q+2 + ∂̄ψp−2,q+1 (5.38)
· · ·

0 = ∂ψ0,p+q−1 + ∂̄ψ1,p+q−2 (5.39)
0 = ∂̄ψ0,p+q−1 (5.40)
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By (5.40), ψ0,p+q−1 defines a ∂̄-cohomology class of H0,p+q−1(M), hence by
theorem 5.8, an element of Hp+q−1(M,C); which means that ψ0,p+q−1 can be
written as the sum of the ∂̄ of a form of type (0, p+ q−2) and a d-closed form
of type (0, p+ q − 1):

ψ0,p+q−1 = α0,p+q−1 + ∂̄θ0,p+q−2, dα0,p+q−1 = 0 (5.41)

It follows that

ω = d
(
ψ − α0,p+q−1

)
= d

(
ψ − ψ0,p+q−1 + ∂̄θ0,p+q−2

)
(5.42)

Now, α0,p+q−1 is d-closed, so for degree reasons ∂α0,p+q−1 = dα0,p+q−1 = 0,
and from (5.39) and (5.41) we deduce

0 = ∂∂̄θ0,p+q−2 + ∂̄ψ1,p+q−2 = ∂̄
(−∂θ0,p+q−2 + ψ1,p+q−2

)

so that again there exists a d-closed form α1,p+q−2 and a form θ1,p+q−3 such
that

−∂θ0,p+q−2 + ψ1,p+q−2 = α1,p+q−2 + ∂̄θ1,p+q−3 (5.43)

so that using (5.42) and (5.43)

ω = d
(
ψ − α0,p+q−1 − α1,p+q−2

)
= d

(
ψ − ψ0,p+q−1 − ψ1,p+q−2 + ∂̄θ1,p+q−3

)

etc. · · · .
Finally, we arrive at

ω = d
(
ψ − ψ0,p+q−1 − ψ1,p+q−2 + · · · − ψp−1,q + ∂̄θp−1,q−1

)

= d

(∑
k≥1

ψp+k−1,q−k + ∂̄θp−1,q−1

)

But
d∂̄θp−1,q−1 = −d∂θp−1,q−1

so that
ω = dφ

with
φ =

∑
k≥1

ψp+k−1,q−k − ∂θp−1,q−1 ∈ F pΓ
(
M, Ep+q−1

M

)

By theorem 1.1 of chapter 1 the above theorem can be restated as

Theorem 5.10. Let M be a compact Kähler manifold. The spectral se-
quence associated to the Hodge filtration F on the complex of global sections
Γ
(
M, E·M

)
degenerates at E1.
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5.5.2 The case of closed forms of pure type

Theorem 5.11. Let M be a compact Kähler manifold. If ω is a form on M
of type (p, q) which is d-exact, there exists a form α of type (p− 1, q− 1) such
that

ω = ∂∂̄α (5.44)

In particular, we can write

ω = dβ, β of type (p, q − 1) (5.45)
ω = dγ, γ of type (p− 1, q) (5.46)

Proof. Equations (5.45) and (5.46) follow from (5.44), taking β = −∂α and
respectively γ = ∂̄α. Let us start with ω of type (p, q) which is d-exact, so
that it is ∂- and ∂̄-closed. Using harmonic theory (theorem 4.5 of chapter 4)
one decomposes ω as

ω = hp,q + ∂̄ϑGω (5.47)

where hp,q is harmonic, ϑ is the adjoint of ∂̄ and G is the Green operator.
Since the harmonic forms are orthogonal to the d-exact and the ∂̄-exact forms,
one has hp,q = 0, so

ω = ∂̄ψp,q−1, ψp,q−1 = ϑGω (5.48)

(we recall that G and ϑ respect types). Using the fact that ω is ∂-closed, and
(5.48) , we find that ∂ψp,q−1 is ∂̄-closed, so we write the Hodge decomposition
of ∂ψp,q−1 as

∂ψp,q−1 = hp+1,q−1 + ∂̄ψp+1,q−2

with hp+1,q−1 harmonic, hence orthogonal to the images of ∂ and of ∂̄, so that
hp+1,q−1 = 0 in the previous equation. Then

∂ψp,q−1 = ∂̄ψp+1,q−2 (5.49)

It follows that ∂ψp+1,q−2 is ∂̄-closed, so by the same reasoning

∂ψp+1,q−2 = ∂̄ψp+2,q−3

until we obtain
∂ψp+q−2,1 = ∂̄ψp+q−1,0 (5.50)

Then ∂ψp+q−1,0 is a form of type (p+q, 0) which is ∂̄-closed by the above equa-
tion; such a form is holomorphic, and thus harmonic for � and �, by corollary
5.1; and in particular it is orthogonal to the image of ∂. But ∂ψp+q−1,0 is also
in the image of ∂, so it is zero:

∂ψp+q−1,0 = 0

Using Hodge decomposition for ψp+q−1,0 we deduce

ψp+q−1,0 = hp+q−1,0 + ∂φp+q−2,0 (5.51)



Hodge theory on compact kählerian manifolds 101

Then, using (5.50) and (5.51)

∂ψp+q−2,1 = ∂̄ψp+q−1,0 = ∂̄∂φp+q−2,0

(harmonic forms are ∂-closed) so

∂
(
ψp+q−2,1 + ∂̄φp+q−2,0

)
= 0

so again
ψp+q−2,1 + ∂̄φp+q−2,0 = hp+q−1,1 + ∂φp+q−3,1 (5.52)

etc. · · · so finally, using (5.49) we arrive at

∂ψp,q−1 = ∂̄∂φp,q−2

so that
∂
(
ψp,q−1 + ∂̄φp,q−2

)
= 0

and using Hodge decomposition

ψp,q−1 + ∂̄φp,q−2 = hp,q−1 + ∂φp−1,q−1 (5.53)

so by (5.53) and (5.48)

ω = ∂̄ψp,q−1 = ∂̄∂φp−1,q−1

which completes the proof.





Chapter 6

The theory of residues on a smooth
divisor

6.1 Introduction

In this chapter, we shall explain the theory of residues for a smooth hyper-
surface. The theory has a long history. It starts from the Cauchy formula
in classical holomorphic function theory. In the 19th century, it is used to
construct the theory of abelian integrals of the 1st, 2nd and 3rd kinds on a
compact Riemann surface. The idea is to realize the compact Riemann sur-
face as an algebraic curve in P2, possibly with “standard” singularities and
to obtain the various differentials of degree 1 as residues. From that con-
struction, one could deduce all the classical theory of algebraic curves. Picard
and Poincaré defined the notion of residue of rational forms on algebraic sur-
faces, in particular studied the periods of rational differentials and proved that
they are periods of abelian integrals on the polar curve. The modern theory
was defined by Leray to study the Cauchy problem of holomorphic partial
differential equations. Actually, Leray constructed a residue theory for a hy-
persurface which is the union of divisors with normal crossing. But the main
result, namely that the cohomology of the complementary of a hypersurface
can be realized with forms with poles of order at most 1 was proved by Leray
only for a smooth hypersurface.

6.2 Forms with logarithmic singularities

Definition 6.1. Let M be a complex manifold of dimension n, and D be
a smooth hypersurface. Let ϕ be a C∞ k-form on M \ D. We say that ϕ
has logarithmic singularities on D if for any point m0 ∈ D, there exists a
neighborhood U of m0 in M , where D is defined by a local equation s = 0:

D ∩ U =
{
m ∈ U

∣∣ s(m) = 0
}

(6.1)
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and the form ϕ can be written in U \D as

ϕ =
ds

s
∧ ω + θ (6.2)

where ω and θ are C∞ forms on U of degree k − 1 and k respectively.
We denote EkM 〈logD〉 the sheaf on M of C∞ k-forms, which have logarith-

mic singularities on D (and are C∞ outside D).

One has obviously

Lemma 6.1. Let m be a point of M .

(i) If m �∈ D, EkM,m〈logD〉 = EkM,m.

(ii) If m ∈ D, EkM,m〈logD〉 is the E0
M,m-module generated by the kth exterior

products of the differentials, dz1
z1

, dz2,. . ., dzn, dz̄1,. . ., dz̄n where z1 = 0
is a local equation of D near m.

Definition 6.2 (of the residue form). Let ϕ ∈ Γ
(
M, EkM 〈logD〉) be a k-form

with logarithmic singularities on D. One writes locally ϕ as in (6.2). Then
one defines

Resϕ = ω|D.
Lemma 6.2.

(i) Resϕ is well defined as an element Resϕ ∈ Γ
(
D, Ek−1

D

)
.

(ii) Res commutes with d: Res dϕ = dResϕ.

Proof.

(i) If s′ = 0 is another equation of D, then s = s′f where f is holomorphic
and invertible. But

ds

s
=
ds′

s′
+
df

f
so

ϕ =
ds

s
∧ ω + θ =

ds′

s′
∧ ω +

df

f
∧ ω + θ.

Hence ϕ = ds′
s′ ∧ ω+ θ′ with the same ω. Suppose now that one has two

decompositions of ϕ, namely

ϕ =
ds

s
∧ ω + θ =

ds

s
∧ ω′ + θ′.

Then one deduces
ds

s
∧ (ω − ω′) = θ′ − θ

and thus ds
s ∧(ω − ω′) is a smooth form. Choose a system of coordinates

(z1, . . . , zn) where s = z1; an easy calculation shows that ω−ω′ is a linear
combination of dz1 ∧ α, z1β, so that ω|D = ω′|D.
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(ii) We write ϕ as in (6.2). Then

dϕ =
ds

s
∧ dω + dθ

hence Res dϕ = dω|D = dResϕ.

As a consequence of (ii) we deduce

Lemma 6.3. Let ϕ ∈ Γ
(
M, EkM 〈logD〉).

(i) If ϕ is a d-closed form (on M \D), then Resϕ is a d-closed form on D.

(ii) If ϕ is in dΓ
(
M, Ek−1

M 〈logD〉), then Resϕ is exact on D.

(iii) Res induces a morphism in cohomology.

Res :
ker
{
d : Γ

(
M, EkM 〈logD〉)→ Γ

(
M, Ek+1

M 〈logD〉)}
dΓ
(
M, Ek−1

M 〈logD〉) → Hk−1 (D,C)

6.3 The long exact homology residue sequence

We choose a riemannian metric on M . Let m0 ∈M and u an unit tangent
vector at m0; we denote by γ (s | u,m0) the geodesic through m0 tangent to
u (where s is the arc length).

Definition 6.3 (of tubular neighborhoods). Let D be a hypersurface of M .
We define a tubular neighborhood Tε as the set of points of M which are at

a distance < ε of D. This neighborhood can be described as follows: from any
point m0 ∈ D, we draw the geodesic γ (s | u,m0) where u is an unit tangent
vector orthogonal to D. We assume that ε is less than the injectivity radius
of the exponential maps at all points m0 ∈ D. Then, T ε is the set of all points
γ (t | u,m0) for t ≤ ε, u orthogonal to D at m0, and m0 ∈ D.

There is an obvious retraction

r : T ε → D (6.3)

such that
r (γ (t | u,m0)) = m0

and a retraction
ρ : M \D →M \ Tε (6.4)

which associates to any point γ (t | u,m0) ∈ T ε with t �= 0 the point γ (ε | u,m0)
and to any point of M \ T ε the same point.
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6.3.1 The long exact homology sequence

Theorem 6.1. One has a long exact homology sequence

· · · Hp (M \D,C)
i∗

Hp (M,C)
q

Hp−2 (D,C) δ

Hp−1 (M \D,C)
i∗ · · ·

(6.5)

We give only the description of the morphisms

(i) The morphism i∗ is induced by the canonical embedding i : M \D → M .

(ii) To define q, consider a p-singular cycle C on M . Then one takes the
intersection class [C.D], which has dimension p− 2.

(iii) Finally to define the morphism δ, one starts with a (p−2)-cycle C on D.
It induces a p-chain in T ε by taking all the arcs (γ (t | u,m0)) for t ≤ ε,
m0 ∈ C and u orthogonal to m0 (and unit length). This defines a chain
C̃ in T ε and one takes the boundary ∂C̃ in ∂T ε. Then by definition:

δ[C] = [∂C̃].

6.3.2 The residue formula

Theorem 6.2. Let [γ] ∈ Hp(S) be a homology class and ϕ be a d-closed
(p + 1)-form on M \ D, which has polar singularities of order at most 1 on
D. Then one has ∫

δ[γ]

ϕ = 2iπ
∫
γ

Resϕ. (6.6)

Proof. We can assume that ϕ has a logarithmic singularity. It is sufficient to
prove (6.6) for a simplex σ which is contained in a sufficiently small open set
so that D has the equation z1 = 0, (z1, . . . , zn) being holomorphic coordinates.
Hence we can write

ϕ =
dz1
z1

∧ ω + θ.

Locally we can use the standard hermitian metric, so that δεσ becomes a
union of circles with center in σ and radius ε in a certain z1-plane. Moreover
ε is as small as we wish. Now, one has :

δεσ − δε′σ = ∂C

where C is a union of annuli centered on points of σ in the corresponding z1-
plane between the radius ε and ε′ and thus

∫
δεσ

ϕ−
∫
δε′σ

ϕ =
∫
∂C

ϕ =
∫
C

dϕ = 0.



The theory of residues on a smooth divisor 107

But

lim
ε→0

∫
δεσ

θ = 0

and for ε→ 0

lim
ε→0

∫
δεσ

dz1
z1

∧ ω = 2iπ
∫
σ

ω = 2iπ
∫
σ

Resϕ.

6.4 The residue sequence in cohomology and the Gysin
morphism

6.4.1 Definition of the sequence

Taking the transpose of the long exact residue sequence in homology (the-
orem 6.2), we deduce

Theorem 6.3. Let D be a smooth hypersurface in M ; one has a long exact
sequence

· · · Hp−1 (M \D,C) res
Hp−2 (D,C)

tq
Hp (M,C) i∗

Hp (M \D,C) res · · ·
(6.7)

Proof. We have just to identify the transpose of the morphisms of the sequence
(6.5); i∗ is the induced morphism in cohomology by the embedding i : M \D →
M .

The morphism res is the transpose of the morphism δ of the sequence (6.5).
In particular if [ϕ] is a class of cohomology given by a d-closed form on M \D
which has logarithmic singularities on D, we have

res[ϕ] = 2iπ [Resϕ] (6.8)

because of the residue formula (6.6) and the realization of the duality between
homology and De Rham cohomology using the integration on chains. Finally
tq is the transpose of the intersection morphism q : Hp(M,C) → Hp−2(D,C).

Definition 6.4. tq : Hp(D,C) → Hp+2(M,C) is called the Gysin morphism.
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6.4.2 Construction of the Gysin morphism

We consider the line bundle L(D) → M associated to D. Then, by defini-
tion, there exists a holomorphic section σ : M → L(D) such that

D =
{
m ∈M

∣∣ σ(m) = 0
}
. (6.9)

We can also introduce a hermitian metrics denoted ‖ ‖ on L(D) and we define

ηD = − 1
2iπ

∂ log ‖σ‖2
. (6.10)

In a small neighborhoodU ofm0 ∈ D where one can find coordinates (z1, . . . , zn)
on U such that z1 = 0 is the equation of D in U , we see that

ηD|U = − 1
2iπ

dz1
z1

+ η′D (6.11)

where η′D is C∞ in U . We also define

ΩD = − 1
2iπ

∂̄∂ log ‖σ‖2 = ∂̄η′D. (6.12)

This form is a (1, 1)-form on M (it is C∞ because of (6.11)) and it represents
the Chern class c1 (L(D)) of the bundle L(D).

Let us now define

γD,M : Hp(D,C) → Hp+2(M,C)

We start from a cohomology class [α] ∈ Hp(D,C) and a d-closed p-form α ∈
[α]. Because the tubular neighborhood Tε retracts on D, so that Hp (Tε,C) �
Hp(D,C), there exists a d-closed p-form α′ in Tε such that α′|D = α. Using
a function χ which is 1 on Tε/2 and which has its support in Tε, one can find
an extension α̃ = χα′ of α to M , which is d-closed in Tε/2. Now we define

β = d (α̃ ∧ ηD)
= dα̃ ∧ ηD + (−1)pα̃ ∧ ΩD.

(6.13)

This is a (p+ 2)-form on M . Because dα̃ = 0 on Tε/2, β has no singularities
on D and is d-closed, so it induces an element

[β] ∈ Hp+2 (M,C)

and we define
[β] = γD,M ([α]) . (6.14)

Lemma 6.4. γD,M is exactly tq, namely if Γ ∈ Hp(M,C) then
∫

Γ.D

α =
∫

Γ

γD,M (α). (6.15)
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Proof. Because α̃ has its support in Tε, β has also its support in Tε, so that
the integral

I =
∫

Γ

γD,M (α) =
∫

Γ

d (α̃ ∧ ηD)

depends only on the relative homology class of Γ mod M \T ε, i.e. it depends
only on the image Γ′ of Γ in Hp

(
M,M \ T ε,C

)
. Moreover the retraction

r : T ε → D induces an isomorphism in homology. So finally Γ′ is homologous
to Γ̃.D where Γ̃.D is obtained as the union of small disks of radius ε centered
on Γ.D. So

I =
∫
�Γ.D

d (α̃ ∧ ηD) = lim
ε′→0

∫
�Γ.D\Tε′

d (α̃ ∧ ηD) .

But ∂
(

Γ̃.D \ T ε′
)

is contained in ∂Tε′ ∪∂Tε. The part in ∂Tε gives 0 because
α̃|M\Tε

= 0. So

I = lim
ε′→0

(
−
∫
�Γ.D∩∂Tε′

α̃ ∧ ηD
)
.

Then using (6.11), we obtain

I =
∫

Γ.D

α

which proves (6.15).

Theorem 6.4. Let M be a Khälerian manifold, D a smooth hypersurface
of M , j : D → M the natural embedding. The Gysin morphism γD,M :
Hp(D,C) → Hp+2(M,C) can be obtained via Poincaré duality from the pull-
back

j∗ : H2n−p−2(M,C) → H2n−p−2(D,C)

It follows that γD,M is real, commutes to conjugation, and is a morphism of
pure Hodge structures of degree 1.

Proof. The first assertion is a consequence of lemma 6.4 and the definition
of the mapping q in (6.5). Using Serre duality we find that the dual of j∗

sends Hr,s(D) to Hr+1,s+1(M), which implies that γD,M is a morphism of
pure Hodge structures of degree 1.





Chapter 7

Complex spaces

7.1 Complex analytic varieties and complex spaces

We refer to [GF], [GR] for generalities and details on complex spaces.
Let U ⊂ Cn be an open set, and OU be the sheaf of holomorphic functions
on U : for V open in U , by definition

OU (V ) = { f : V → C holomorphic }
Then OU is a sheaf of local C-algebras.

Theorem 7.1 (Oka’s theorem). The sheaf OU is coherent.

Definition 7.1. A (complex) analytic subset of U ⊂ Cn is a closed subset
S ⊂ U with the following property; for every x ∈ S there exist a neighborhood
V of x in U and a finite number of holomorphic functions f1, . . . , fp on V such
that S ∩ V =

{
z ∈ V

∣∣ f1(z) = · · · = fp(z) = 0
}

.

An intersection, or a finite union, of analytic subsets of U is analytic. Note
also that U itself is, trivially, an analytic subset. An analytic subset S ⊂ U
is globally defined in U if it is the set of the zeroes of holomorphic functions
defined on all of U : S =

{
z ∈ U

∣∣ g1(z) = · · · = gs(z) = 0
}

where g1, . . . , gs
are holomorphic on U .

To an analytic subset S ⊂ U we associate a subsheaf of local C-algebras
IS ⊂ OU defined as

IS(V ) =
{
f ∈ OU (V )

∣∣ f |S∩V ≡ 0
}

in other words, the subsheaf of holomorphic functions vanishing on S.

Theorem 7.2 (Cartan coherence theorem). The sheaf IS is coherent, or
equivalently, finitely generated.

We define
OS = (OU/IS) |S

which is a coherent sheaf of local rings on S. It is easy to see that OS injects
into the sheaf CS of continuous functions on S as a subsheaf. The coherent C-
ringed space (S,OS) is called a complex analytic variety, or simply a complex
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variety. A section of OS on an open subset Z ⊂ S is called a holomorphic
function on Z. If Z is an open subset of S, the C-ringed space (Z,OZ) where
OZ = OS |Z , is a complex variety.

Let S ⊂ U be a complex variety. An analytic subset of S is a closed
subset T such that for every x ∈ T there exist a neighborhood V of x in
S and a finite number of holomorphic functions f1, . . . , fp on V such that
T ∩ V = { z ∈ V : f1(z) = · · · = fp(z) = 0 }.

Then T is an analytic subset of U .
To an analytic subset T ⊂ S we associate the subsheaf of rings IT ⊂ OS

defined as
IT (V ) = { f ∈ OS(V ) : f |T∩V ≡ 0 }

that is, the subsheaf of holomorphic functions on S vanishing on T . Then
T , equipped with the sheaf OT = (OS/IT ) |T is a complex variety, called
a complex closed subvariety of S. Let us remark that T is also a complex
subvariety of U .

Definition 7.2. A complex (analytic) space X is a C-ringed space (X,OX)
with the following properties.

(1) X is a metrizable, countable at infinity, topological space.

(2) For every x ∈ X there exist an open neighborhood V of x in X and an
isomorphism of ringed spaces (V,OX |V ) � (S,OS), where S is a complex
variety.

In other words, a complex space behaves locally as a complex variety. The
sheaf OX is coherent; it injects into the sheaf CX of continuous functions on
X as a subsheaf.

A section of OX on an open subset V ⊂ S is called a holomorphic function
on V .

A morphism f : X → Y of complex spaces is by definition a morphism of
ringed spaces f : (X,OX) → (Y,OY ), so that if g : V → C is a holomorphic
function on an open set V ⊂ Y , g ◦ f : f−1(V ) → C is holomorphic.

Theorem 7.3 (Examples).

(1) A complex manifold M , equipped with the sheaf OM of holomorphic func-
tions on M , is a complex space. We refer to a complex manifold also as
a smooth complex space.

(2) A complex variety is a complex space.

(3) (Complex open subspaces). An open subset V of a complex space X is a
complex space (the sheaf being the restriction OX |V to V ).

(4) (Complex closed subspaces). Let X be a complex space. An analytic sub-
set of X is a closed subset E such that for every x ∈ E there exist a



Complex spaces 113

neighborhood V of x in X and a finite number of holomorphic functions
f1, . . . , fp on V such that E ∩ V =

{
z ∈ V

∣∣ f1(z) = · · · = fp(z) = 0
}
.

The subsheaf of ideals IE ⊂ OX is defined as

IE(V ) =
{
f ∈ OX(V )

∣∣ f |E∩V ≡ 0
}

Then E, equipped with the sheaf OE = (OX/IE) |E is a complex space,
called a complex closed subspace of X.

(5) An intersection, or a finite union, of complex subspaces of X is a complex
subspace.

(6) (The support of a coherent OX-module is a complex subspace.) Let X be
a complex space and F be a coherent OX -module. Then supp (F) is a
complex closed subspace of X.

(7) (The subspace defined by an ideal of finite type.) Let X be a complex
space and J ⊂ OX be an ideal of finite type. The subspace defined by
J is by definition the support Y = supp (OX/J ). Let V be an open
subset of X such that J is generated on V by the holomorphic functions
g1, . . . , gs; then Y ∩ V = { x ∈ V : g1(x) = · · · = gs(x) = 0 }. The ideal
J is contained in the ideal IY , but in general is different. The ideal IY
appears as the maximal coherent ideal which defines Y .

(8) Let f : X → Y be a morphism of complex spaces. If T is a subspace of Y ,
f−1(T ) is a subspace of X.

Remark. By definition, our complex spaces are reduced, that is, for every
open set V ⊂ X the ring OX(V ) has no nilpotents elements (because it
is a subring of CX(V )), so that holomorphic functions on V are continuous
functions. We do not need the general notion of complex space, which allows
nilpotent elements in the structure sheaf. When referring to a complex space,
we always mean a reduced complex space.

One of the main properties of (reduced) complex spaces is that they are
generically smooth. More precisely, we say that a point x of a complex space
X is smooth (or simple, or regular) if there is an open neighborhood of x
which is a manifold, and singular otherwise. Then

Theorem 7.4. Let X be a complex space. The subset U of the smooth points
of X is open and dense in X. Moreover its complement sing (X) (the set of
singular points) is a nowhere dense complex subspace of X.

A complex space X is reducible if there are two proper, nonempty complex
subspaces X1, X2, with X = X1 ∪X2, and irreducible otherwise. Any space
X has a decomposition into irreducible components:

Theorem 7.5. Let X be a complex space, U = X \ singX. Let U =
⊔
j Uj

be the decomposition into distinct connected components. Then
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(1) the closure Xj of Uj in X is an irreducible complex subspace of X;

(2) X =
⋃
jXj;

(3) every irreducible complex subspace of X is contained in one of the Xj;

(4) X is irreducible if and only if there is only one Xj, or if and only if
X \ singX is connected.

The spaces Xj are called the irreducible components of X.

If X is compact, the number of irreducible components is finite.
Let f : X → Y be a proper surjective morphism of complex spaces. If X is

irreducible, Y is irreducible.
The dimension dimX of an irreducible complex space X is the dimension

of the connected manifold X \ singX ; in general dimX is the supremum of
the dimensions of its irreducible components.

If Y ⊂ X is a nowhere dense complex subspace, dimY < dimX .
Throughout all the present book we will make the assumption that all the

complex spaces we are considering have finite dimension. Nevertheless, many
results hold also for complex spaces whose dimension is not finite.

7.2 Coherent sheaves on complex spaces

If (X,OX) is a complex space, by a coherent sheaf on X we mean a coherent
sheaf of OX -modules.

Theorem 7.6 (Grauert’s direct image theorem). Let f : X → Y be a proper
morphism of complex spaces, F a coherent sheaf on X. The higher direct image
sheaves Rkf∗F are coherent OY -modules for any k ≥ 0.

If f : X → Y is a proper morphism of complex spaces and Z is a subspace
of X , f(Z) is a subspace of Y (it is in fact the support of the sheaf f∗OZ ,
which is coherent by the above theorem).

Corollary 7.1. Let X be a compact complex space, F a coherent sheaf on X.
The cohomology groups Hp (X,F) are finite dimensional C-vector spaces.

In fact, we consider the trivial morphism f : X → {∗}, where {∗} is a
point. Then the direct images of the sheaf F on X are the cohomology groups
Hp (X,F). For them, the coherence means that they are finite dimensional
C-vector spaces.
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7.3 Modifications and blowing-up

Definition 7.3. A modification is a morphism f : X̃ → X of complex spaces
with the following properties:

(1) f is proper and surjective;

(2) there exists a nowhere dense subspace E ⊂ X such that the restriction
f |X̃\f−1(E) is an isomorphism X̃\f−1(E) � X\E. The space Ẽ = f−1(E)
is called the exceptional space of the modification.

We will often denote a modification as f : (X̃, Ẽ) → (X,E).

Definition 7.4. Let X be a complex space, J ⊂ OX an ideal of finite type,
Y the subspace of X defined by J . The blowing-up of X centered at J is
the complex space X̃, provided with a morphism f : X̃ → X , characterized
by the following properties:

(a) the ideal f∗ (J )OX̃ ⊂ OX̃ generated by the functions {s ◦ f, s ∈ J } is an
invertible sheaf; in particular the subspace of X̃ defined by f∗ (J )OX̃ ,
that is, f−1(Y ), is a divisor;

(b) if h : Z → X is a morphism of complex spaces such that the ideal h∗ (J )OZ

of OZ is invertible, there exists a unique morphism g : Z → X̃ with
f ◦ g = h.

The property (a) implies that f induces an isomorphism X̃\f−1(Y ) � X\Y ;
hence f is a modification whose exceptional space is Ỹ = f−1(Y ).

When the ideal J is the ideal IY of the holomorphic functions on X van-
ishing on Y , we say also that f (or X̃) is the blowing-up of X along Y .

The blowing-up of a manifold M along a submanifold N (see chapter 2) is
a particular case af the above definition; in this case the ideal J is the ideal
IN of the holomorphic functions vanishing on N .

The property (b) implies that the blowing-up, if it exists, is unique. Hence
the existence and the construction of the blowing-up are a local problem onX :
if we construct the blowing-up Ũj centered at J |Uj of every open set Uj of a
covering ofX , then the Ũj will glue together to form the blowing-up X̃. Hence,
it is sufficient to construct the blowing-up on an open neighborhood U of a
point of X where the ideal J |U is generated by a finite number of functions
f0, . . . , fr ∈ Γ (U,J ). We consider the sheaf of algebras A =

⊕
m≥0 Jm

(by definition J 0 = OX). A is an algebra over OX , generated on U , as an
algebra, by f0, . . . , fr. Precisely there is a surjective morphism of OU -algebras
φ : OU [T0, . . . , Tr] → A|U sending Tj to fj . Let M be the kernel of φ, so that
we have an exact sequence

0 −→ M −→ OU [T0, . . . , Tr] −→ A|U −→ 0
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It can be proved that, after replacing U by a smaller neighborhood, M is gen-
erated as an OU [T0, . . . , Tr]-algebra by a finite set g1 = g1 (x, T0, . . . , Tr) , . . . ,
gs = gs (x, T0, . . . , Tr) ∈ Γ (U,OU [T0, . . . , Tr]), homogeneous with respect to
the variables T0, . . . , Tr.

Let Pr be the complex projective space with coordinates t0, . . . , tr. An
element g = g (x, T0, . . . , Tr) ∈ Γ (U,OU [T0, . . . , Tr]) detects a holomorphic
polynomial g (x, t0, . . . , tr) on Pr, homogeneous with respect to the variables
t0, . . . , tr and depending holomorphically on x ∈ U . Let Ũ ⊂ U × Pr be the
subspace defined by

Ũ =
{

(x, t) ∈ U × P
r
∣∣ g1 (x, t0, . . . , tr) = · · · = gs (x, t0, . . . , tr) = 0

}

Then Ũ , equipped with the first projection f : Ũ → U , is the blowing-up of
U centered at J |U . In order to understand better the construction, let us
note that the polynomials fiTj − fjTi ∈ OU [T0, . . . , Tr] are mapped to zero
through φ, so that they belong to M; hence Ũ is contained in the space

Ũ ′ =
{

(x, t) ∈ U × P
r
∣∣ fi(x)tj − fj(x)ti = 0, 0 ≤ i, j ≤ r

}

In general, Ũ is smaller than Ũ ′. But if U is smooth and we are blowing up
U along a smooth submanifold, the polynomials fiTj − fjTi generate M and
we find Ũ = Ũ ′; that is we recover the blowing-up introduced in chapter 2.

Another important notion in the theory of the blowing-up is the strict
transform, which relates the blowing-up of a space X and the blowing-up of
a subspace Y along the same subspace Z (Z ⊂ Y ⊂ X).

Theorem 7.7. Let f : X̃ → X be the blowing-up of X along a subspace Y
(i.e. the blowing-up of X centered at the ideal IY of holomorphic functions
vanishing on Y ). Let Z ⊂ X be a subspace such that Y ⊂ Z. Let Z̃ be
the closure of f−1 (Z \ Y ) in X̃. Then Z̃ is a complex subspace of X̃, called
the strict transform of Z through f . Then f(Z̃) = Z, and the restriction
f |Z̃ : Z̃ → Z is the blowing-up of Z along Y .

There are examples of modifications which are not blowing-up. The next
theorem relates the modifications to the blowing-up.

We say that a sequence of morphisms of complex spaces

· · · Xk
fk

Xk−1
fk−1 · · · f1

X0 = X

is locally finite if over each relatively compact open subset of X , all but finitely
many fk are isomorphisms. It is easy to see that a composition of a locally
finite sequence of morphisms is a well defined morphism f : X ′ → X , where
X ′ is a complex space. If each fk is a modification, f is also a modification.
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Theorem 7.8 (Hironaka Chow lemma). Let f : X ′ → X be a modification.
There is a commutative diagram

X ′′

p

q
X ′

f

X

where p and q are the composition of locally finite sequences of blowing-up
along smooth centers. In particular every modification f is dominated by a
locally finite sequence of blowing-up. If X is compact, or a relatively compact
open set of a complex space, p and q are obtained by finite sequences of blowing-
up along smooth centers.

The following is one of the most celebrated and difficult results in the theory
of complex spaces.

Theorem 7.9 (Hironaka desingularization theorem). Let X be a complex
space. There exists a modification f : (X̃, Ẽ) → (X, sing (X)) such that X̃ is
smooth (i.e. a complex manifold), Ẽ ⊂ X̃ is a divisor with normal crossing,
and f is the composition of a locally finite sequence of blowing-up along smooth
subspaces. In particular if X is compact, or a relatively compact open set of a
complex space, f is obtained by a finite sequence of blowing-up along smooth
subspaces.

Another useful result is that every coherent ideal J ⊂ OX on a complex
space X can be made invertible on a suitable modification of X , which implies
also that any subspace Y ⊂ X can be transformed into a divisor with normal
crossing.

Theorem 7.10. Let X be a complex space, J ⊂ OX a coherent ideal.
There exists a modification f : X̃ → X, which is the composition of a lo-
cally finite sequence of blowing-up along smooth subspaces, such that the ideal
f∗ (J )OX̃ ⊂ OX̃ is invertible. In particular, if Y ⊂ X is a subspace, there
is a modification f as above, such that X̃ is smooth, and f−1 (Y ) is a divisor
with normal crossing. If X is compact, or a relatively compact open set of
a complex space, f can be obtained by a finite sequence of blowing-up along
smooth subspaces.

Let us finally state a result, which can be useful in the sequel, which is a
simple consequence of the construction of the blowing-up.

Lemma 7.1. Let f : X ′ → X be a surjective morphism of complex spaces,
I ⊂ OX a coherent ideal, J = f∗ (I)OX′ ⊂ OX′ the lifted ideal, g : X̃ → X
(resp. g′ : X̃ ′ → X ′) the blowing-up of X (resp. X ′) centered at I (resp. J ).
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Then there is a commutative diagram

X̃ ′ f̃

g′

X̃

g

X ′ f
X

We remark that if I = IY is the ideal of a subspace Y ⊂ X , so that g is the
blowing-up of X along Y , we cannot conclude that g′ is the blowing-up of X ′

along f−1(Y ), because the ideal J defines f−1(Y ), but does not necessarily
coincide with the ideal of functions vanishing on f−1(Y ).

7.4 Algebraic and projective varieties, Moishezon spaces

Algebraic varieties (over the complex numbers) can be considered as par-
ticular complex spaces, whose local equations are polynomials. Actually, the
very definition requires the use of the Zariski topology instead of the usual
one (the strong topology). On Cn it is the topology whose closed sets are the
algebraic subsets, defined as the set of common zeroes of a finite number of
polynomials: {

z ∈ C
n
∣∣ p1(z) = · · · = pk(z) = 0

}
.

The Zariski topology is quasi-compact, non Hausdorff. Closed and open sub-
sets, neighborhoods. . . for the Zariski topology will be called Z-closed, Z-open,
Z-neighborhoods. . . ; they are obviously close, open, neighborhoods . . . in the
strong topology. Let U be a Z-open subset of Cn; a rational function on U is
a holomorphic function f on U which is locally a quotient of polynomials: for
every point x ∈ U there exist a Z-neighborhood V of x and polynomials p(z),
q(z) (with q(z) 
= 0 on V ) such that f |V = p/q. The restriction of a rational
function to Z-open subsets is rational, so that we can define the sheaf of the
rational functions on U , which we denote AU .

The sheaf AU is coherent.
An algebraic subset of U ⊂ Cn is a Z-closed subset S ⊂ U . Then it is

automatically locally defined by rational functions: for every x ∈ S there
exist a Z-neighborhood V of x in U and a finite number of rational functions
f1, . . . , fp on V such that S ∩ V =

{
z ∈ V

∣∣ f1(z) = · · · = fp(z) = 0
}

. An
intersection, or a finite union, of algebraic subsets of U is algebraic. Note
that U itself is, trivially, an algebraic subset. An algebraic subset S ⊂ U is
globally defined in U if it is the set of the zeroes of rational functions defined on
all of U : S =

{
z ∈ U

∣∣ g1(z) = · · · = gs(z) = 0
}

where g1, . . . , gs are rational
on U .
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To an algebraic subset S ⊂ U we associate a subsheaf of rings IS ⊂ AU

defined as
IS(V ) =

{
f ∈ AU (V )

∣∣ f |S∩V ≡ 0
}

The sheaf IS is coherent, or equivalently, finitely generated.
Hence the quotient AU/IS is a coherent sheaf of local rings on U . On the

other hand, if x ∈ U \ S, we have by definition IS,x = AU,x, so that the
restriction of AU/IS to U \ S is identically zero. We define

AS = (AU/IS) |S
which is a coherent sheaf of local C-algebras on S. The coherent C-ringed
space (S,AS) is called an algebraic affine variety, or simply an affine variety.
A section of AS on an open subset T ⊂ S is called a rational function on T .
If T is an open subset of S, the C-ringed space (T,AT ) where AT = AS |T , is
an affine variety.

Let S ⊂ U be an affine variety. An algebraic subset of S is a Z-closed
subset T ; this is equivalent to saying that for every x ∈ T there exist a Z-
neighborhood V of x in S and a finite number of rational functions f1, . . . , fp
on V such that T ∩ V =

{
z ∈ V

∣∣ f1(z) = · · · = fp(z) = 0
}

.
Then T is an algebraic subset of U .
An algebraic variety X is a ringed space (X,AX) with the following proper-

ties. X is a quasi compact topological space, and for every x ∈ X there exist
an open neighborhood V of x in X and an isomorphism of C-ringed spaces
(V,AX |V ) � (S,AS), where S is an affine algebraic variety.

A section of AX on a Z-open subset V ⊂ S is called a rational function on
V .

One has also obvious notions of algebraic subvariety of an algebraic variety
and of morphism between two algebraic varieties.

The projective spaces Pn
C

are algebraic varieties. A projective (algebraic)
variety is an algebraic variety isomorphic to an algebraic subvariety of some
Pn

C
.
As we have seen, the general definitions on algebraic varieties as C-ringed

spaces and those on complex spaces are similar. The holomorphic functions
must be replaced by the rational functions, and the strong topology by the
Zariski topology. Everybody knows that there are huge differences between
the two theories; however, for the purposes of the present book, an algebraic
variety will be considered as an important special case of complex space, which
enjoys particularly good properties. Strictly speaking, to any algebraic variety
(X,AX) we can associate a (unique) complex space (Xan ,Aan

X ). Going back
to the beginning, if U is a Zariski open subset of C

n, Uan is the set U equipped
with the strong topology, and Aan

U is the sheaf OU of holomorphic functions.
If X is an algebraic subvariety S of U , then S is also a complex subspace
of Uan , which we denote San when provided with the strong topology; in
this case Aan

S is OSan , the sheaf of holomorphic functions on San . Finally, in
the general case we cover X with open sets V isomorphic to affine algebraic
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varieties, so that (V an ,OV an ) have been defined, and we construct (Xan ,Aan
X )

by gluing together the V an and the OV an . Analogously, to every morphism
f : X → Y of algebraic varieties we associate a (unique) morphism of complex
spaces fan : Xan → Y an .

Hence when dealing with an algebraic variety, we will leave in the back-
ground the sheaf AX . By an algebraic variety we will always mean a complex
space of type (Xan ,Aan

X ), and by an algebraic morphism between algebraic
varieties a morphism of the type f an : Xan → Y an . Analogously, a projective
variety is a complex space (Xan ,Aan

X ) such that X is projective.
In our language, we can state the following properties and definitions.

• A Zariski open set of an algebraic variety Xan is an open set of type
Uan , where U is a Z-open set of X .

• An algebraic variety is compact if it is compact as a complex space
(strong topology). A projective variety is compact.

• A quasi-projective variety is an algebraic variety isomorphic to a Z-open
set of a projective variety.

• Every affine, or quasi-projective variety X can be compactified: there
exists a compact algebraic variety X̄ such that X is isomorphic to a
Z-open subset of X̄ .

• The product of two algebraic (resp. projective) varieties is algebraic
(resp. projective).

• Any complex subspace of a projective variety is a projective variety
(theorem of Chow).

• The irreducible components of an algebraic (resp. projective) variety
are algebraic (resp. projective).

• If f : X → Y is an algebraic morphism of algebraic varieties, for T ⊂ Y
algebraic subvariety, f−1(T ) is algebraic subvariety of X ; if f is proper
and Z is an algebraic subvariety of X , f(Z) is an algebraic subvariety
of Y .

• The subspace sing (X) of the singular points of an algebraic (resp. pro-
jective) variety X is an algebraic (resp. projective) subvariety, in par-
ticular is Z-closed. An algebraic manifold is an algebraic variety with
no singularities.

• The blowing-up of an algebraic (resp. projective) variety along an al-
gebraic (resp. projective) subvariety is algebraic (resp. projective). An
analogous result holds for the strict transforms.

There are algebraic versions of the Hironaka Chow lemma, the Hironaka desin-
gularization theorem, and of theorem 7.10. They are even stronger, because
the algebraic varieties are quasi compact for the Zariski topology.
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Theorem 7.11 (Algebraic Chow lemma). Let f : X ′ → X be an algebraic
modification of algebraic varieties. There is a commutative diagram

X ′′

p

q
X ′

f

X

of algebraic varieties and morphisms, where p and q are the composition of
finite sequences of blowing-up along smooth algebraic subvarieties. Moreover
X ′′ can be taken quasi projective (projective if X is compact).

Theorem 7.12 (Hironaka algebraic desingularization theorem). Let X be an
algebraic variety. There exists a modification f : (X̃, Ẽ) → (X,E) of algebraic
varieties and morphisms such that X̃ is smooth (i.e. an algebraic manifold),
Ẽ ⊂ X̃ is a divisor with normal crossing, E = sing(X) and f is the compo-
sition of a finite sequence of blowing-up along smooth algebraic subvarieties.
Moreover X̃ can be taken quasi projective (projective if X is compact).

Theorem 7.13. Let (X,AX) be an algebraic variety, J ⊂ AX a coherent
ideal. There exists a modification f : X̃ → X, which is the composition of a
finite sequence of algebraic blowing-up, such that the ideal f∗ (J )AX̃ ⊂ OX̃

is invertible. In particular, if Y ⊂ X is an algebraic subvariety, there is a
modification f as above, such that X̃ is a quasi projective (projective if X is
compact) manifold and f−1(Y ) is a divisor with normal crossing.

One has to be very careful in dealing with algebraic varieties as complex
spaces. In particular let us point out the following fact.

Let f : X → Y be a modification of complex spaces. If X is algebraic, Y is
not necessarily algebraic, and conversely. Neither projectivity or compactness
can help in this context. That means in particular that there are compact
complex spaces X , not necessarily algebraic, such there exists a modification
f : X ′ → X where X ′ is algebraic (or even projective, after the algebraic
Chow lemma). Such spaces are called Moishezon spaces (they where defined
by Moishezon in [M] as compact complex spaces carrying many global mero-
morphic functions; the original definition is equivalent to ours).

Compact algebraic varieties are obviously Moishezon spaces.
One of the main theorems proved by Moishezon is the following.

Theorem 7.14. Let X ′ be a compact Moishezon space, X a complex space,
f : X ′ → X a morphism of complex spaces. Then f (X ′) is a Moishezon space.

• A complex space is Moishezon if and only if each irreducible component
of X is Moishezon.

• If g : X̃ → X is a modification, X̃ is Moishezon if and only if X is
Moishezon.
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• Every subspace of a Moishezon space is Moishezon.

• Every Moishezon space has a projective desingularization.

7.5 (B)-Kähler spaces

In the present paragraph we deal with a class of compact complex spaces
(the Kähler spaces) which carry some properties of compact Kähler mani-
folds especially useful in the theory of mixed Hodge structures. The class has
been introduced by Fujiki [F] with the name class C , as the class of com-
pact complex spaces bimeromorphic to a compact Kähler manifold. On the
other hand, a definition of Kähler space can be given by means of plurisubhar-
monic functions on X , mimicking one of the definitions of a Kähler manifold.
Fortunately, Varouchas in [V] has proved that all the possible reasonable de-
finitions of a Kähler space coincide. The fundamental theorem of Varouchas
is the following.

Theorem 7.15. Let M be a compact Kähler manifold, X a complex space,
f : M → X a surjective morphism. There exists a compact Kähler manifold
X ′ and a modification g : X ′ → X.

Let us recall the following

Theorem 7.16. The blowing-up of a compact Kähler manifold along a sub-
manifold is a Kähler manifold.

(In the case of a blowing-up at a point, an easy proof can be found in [BL]).

Definition 7.5. A (B)-Kähler space is a compact complex space X such that
there exists a modification X ′ → X where X ′ is a compact Kähler manifold,
or, equivalently, there exists a surjective morphism M → X , M a compact
Kähler manifold.

Remark. We have decided (following [A1]) to use the expression “(B)-Kähler
space” (whose meaning is: bimeromorphic to a Kähler manifold) instead of
“belonging to the class C ” because it is clearly simpler. Note that the simplest
expression “Kähler space” would be misleading. In fact the compact Kähler
manifolds are obviously (B)-Kähler spaces, but a (B)-Kähler space which is a
manifold is not necessarily a Kähler manifold.

Examples.

1. A complex space is (B)-Kähler if and only if each irreducible component
of X is (B)-Kähler.
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2. A compact algebraic variety X , or a Moishezon space, is a (B)-Kähler
space: there is a modification X ′ → X , X ′ being a projective, hence
Kähler, manifold.

3. If f : X → Y is a surjective morphism of compact complex spaces and
X is (B)-Kähler, Y is (B)-Kähler.

Theorem 7.17. Let X be a (B)-Kähler space.

(i) If g : X̃ → X is a modification, X̃ is (B)-Kähler.

(ii) Every subspace Y of X is (B)-Kähler.

Proof. Let f : M → X be a modification, M being a compact Kähler manifold.
By Hironaka-Chow lemma there is a commutative diagram

M1

p

q
M ′

f

X

where p and q are the composition of finite sequences of blowing-up along
smooth centers. At each step, the blowing-up in the sequence defining q is a
Kähler manifold, so by theorem 7.16M1 is a Kähler manifold. Hence replacing
M by M1 and f by p we can suppose that f itself is the composition of finite
sequence of blowing-up along smooth centers.

We prove (i). It is easy (for example using lemma 7.1) to construct a
commutative diagram

T
f̃

g′

X̃

g

M
f

X

where g′ and f̃ are modifications. By Hironaka-Chow lemma there is a com-
mutative diagram

M ′

v

u
T

g′

X

where u and v are compositions of finite sequences of blowing-up along smooth
centers. It follows by theorem 7.16 that M ′ is a compact Kähler manifold.
The composition f̃ ◦ u : M ′ → X̃ is a modification, hence X̃ is (B)-Kähler.

Next we prove (ii). We can suppose that Y is irreducible. By theorem 7.10
there is a modification h : M̃ → M obtained by a finite sequence of blowing-
up along smooth subspaces, such that D = h−1

(
f−1(Y )

)
is a divisor with
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normal crossing. Then, M̃ is a compact Kähler manifold, and the irreducible
components Dj of D, as submanifolds of M̃ , are Kähler. There is a j such
that (f ◦ h) (Dj) = Y , hence Y is (B)-Kähler.

The strictness of the differential d on global differential forms with respect
to the Hodge filtration and the equivalent degeneration at E1 of the Hodge
spectral sequence holds for manifolds which are (B)-Kähler.

Theorem 7.18. Let X be a compact (B)-Kähler manifold. The differential

d : Γ
(
X, EkX

)→ Γ
(
X, Ek+1

X

)

is strict for the Hodge filtration F pΓ
(
X, EkX

)
. Equivalently, the spectral se-

quence associated to filtration F pΓ
(
X, E·X

)
on the complex Γ

(
X, E·X

)
degen-

erates at E1.

Proof. We prove the degeneration of the spectral sequence. There exists a
modification f : X̃ → X such that X̃ is a compact Kähler manifold. The first
term of the spectral sequence

(
Em,kr (X), dr

)
is:

Em,k1 (X) = Hk
(
X,Ω−m

X

)

Let us consider also the spectral sequence (Em,kr (X̃), d̃r) for X̃, with Em,k1 (X̃) =
Hk(X̃,Ω−m

X̃
). There are linear mappings fm,kr : Em,kr (X) → Em,kr (X̃), in-

duced by the pullback f∗, which commute with dr and d̃r. By theorem 5.10
of chapter 5, Em,kr (X̃) degenerates at E1, that is, d̃r = 0, for r ≥ 1 and
Em,kr (X̃) = Em,k1 (X̃), for r ≥ 1.

The mappings fm,k1 : Em,k1 (X) → Em,k1 (X̃) coincide with the pullback,
through f , of cohomology classes: Hk

(
X,Ω−m

X

)→ Hk(X̃,Ω−m
X̃

), hence they
are injective by theorem 4.8 of chapter 4.

It follows that d1 is the restriction of d̃1 to a subspace, so that d1 = 0. We
deduce that Em,k2 (X) = Em,k1 (X) and fm,k2 = fm,k1 , so that fm,k2 is injective
too. Again we find d2 = 0. Continuing in the same way we prove by induction
that fm,kr is injective and dr = 0 for every r ≥ 1.

7.6 Semianalytic and subanalytic sets

Let U ⊂ R
n be an open set, and OR

U be the sheaf of real analytic functions
on U : for V open in U , by definition

OR

X(V ) = { f : V → R analytic }

Then OR

X is a sheaf of local R-algebras.
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A (real) analytic subset of U ⊂ Rn is a closed subset S ⊂ U with the
following property; for every x ∈ S there exist a neighborhood V of x in
U and a finite number of real analytic functions f1, . . . , fp on V such that
S ∩ V =

{
z ∈ V

∣∣ f1(z) = · · · = fp(z) = 0
}

.
An intersection, or a finite union, of analytic subsets of U is analytic. Note

also that U itself is, trivially, an analytic subset.
To an analytic subset S ⊂ U we associate a subsheaf of local R-algebras

IS ⊂ OR

U defined as

IS(V ) =
{
f ∈ OR

U (V )
∣∣ f |S∩V ≡ 0

}

in other words, the subsheaf of analytic functions vanishing on S.
The quotient OR

U/IS is a sheaf of local R-algebras on U . On the other
hand, if x ∈ U \ S, we have by definition IS,x = OR

U,x, so that the restriction
of OR

U/IS to U \ S is identically zero. We define

OR

U =
(OR

U/IS
) |S

which is a sheaf of local rings on S. It is easy to see that OR

U injects into CS
as a subsheaf. The R-ringed space

(
S,OR

S

)
is called a real analytic variety,

or simply an analytic variety. A section of OR

S on an open subset Z ⊂ S is
called an analytic function on Z. A (real) analytic space X is a R-ringed
space

(
X,OR

X

)
with the following property. For every x ∈ X there exist

an open neighborhood V of x in X and an isomorphism of R-ringed spaces(
V,OR

X |V
) � (S,OR

S

)
, where S is an analytic variety.

In other words, an analytic space behaves locally as an analytic variety.
A section of OR

X on an open subset V ⊂ S is called an analytic function on
V .

A morphism f : X → Y of analytic spaces is by definition a morphism of
R-ringed spaces f :

(
X,OR

X

)→ (
Y,OR

Y

)
.

A real analytic manifold is a real analytic space.
Let X be a complex space. A real analytic function on an open set U ⊂ X

can be defined as the real (or the imaginary) part of a holomorphic function
on U . The analytic functions on open sets of X form a sheaf, which we denote
OR

X . It is a sheaf of local R-algebras. It is easy to see that
(
X,OR

X

)
is a real

analytic space, the analytic space underlying the complex space X .

Remark. The structure sheaf of an analytic space is not necessarily coherent.
It is coherent if the space is a manifold.

Let X be an analytic space. For each x ∈ X , let S(x) be the smallest family
of germs at x of subsets of X such that:

(1) A, B ∈ S(x) implies A ∪B and A \B ∈ S(x);

(2) if f is an analytic function on a neighborhood of x, the germ at x of the
subset {f > 0} belongs to S(x).
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A subset M of X is called semianalytic if its germ at every x ∈ X belongs
to S(x). Roughly speaking, a semianalytic set is, in a neighborhood of every
point x ∈ X , a finite union of subsets defined by analytic inequalities and
equalities.

Locally finite unions and intersections, complements, closures, interiors and
boundaries of semianalytic sets are semianalytic. Analytic subspaces are semi-
analytic.

Let M be a semianalytic subset of X . A point of M is q-simple, or q-regular

if there is a neighborhood U of x in M such that the ringed space
(
M,OR

X|M

)

is isomorphic to
(
V,OR

Rq|V

)
, V an open subset of Rq. In other words, U is in

a natural way a real analytic manifold.
The set M∗ of simple points of M is a real analytic manifold, open and

dense in M . The dimension of M is, by definition, the dimension of the
manifold M∗.

Suppose dimM = p. Then dimM = p, dimM \M < p. The semianalytic
set bM = M \M is called the border of M ; bM is closed, if M is locally
closed. If M∗ is the set of p-simple points of M , then

(
M∗,OR

X|M∗

)
is a real

analytic manifold of dimension p, and sing (M) = M \M∗ is semianalytic in
X , dim sing (M) < p.

We point out that if M is an analytic space, by the above assertion sing (M)
is a semianalytic subset; but it is not analytic in general. Nevertheless, there
exists a nowhere dense analytic subspace Y of M , such that sing (M) ⊂ Y .

One of the deepest results about the topology of semianalytic subsets is the
theorem of �Lojasiewicz [�Lo] [Gi]. We need it in the following form.

Theorem 7.19. Let X be an analytic space, M ⊂ X a semianalytic subset.
There exists a triangulation of X compatible with M . That is, there exists a
locally finite simplicial complex V in an affine space R

m and a homeomorphism
τ : V → X such that

(a) for any open simplex σ ∈ V, τ(σ) is is semianalytic in X and has only
simple points;

(b) M is the image of a subcomplex M ⊂ V.

As an important consequence we obtain

Theorem 7.20. Let X be an analytic space (in particular a complex space).

(i) Let M ⊂ X be a semianalytic subset. There exists a fundamental system
of neighborhoods V of M in X such that M is a deformation retract of
V .

(ii) Every point of X has a fundamental system of contractible neighbor-
hoods.
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In fact, the properties (i) and (ii) go back, through the above theorem, to
analogous, well known properties of simplicial complexes.

Let f : X → Y be a morphism of analytic spaces. The inverse image of
a semianalytic subset of Y is easily seen to be semianalytic in X . On the
contrary, there are examples of proper mappings f as above, and analytic
subspaces Z of X such that f(Z) is not semianalytic in Y . For this reason
Hironaka [H3] has introduced the notion of subanalytic subset of an analytic
space. We do not give here the exact definition, instead we collect the main
properties of the subanalytic subsets. Roughly speaking, the family of suban-
alytic subsets of an analytic space X is the smallest family S of subsets of X ,
such that

1. S contains all the images f(T ), where f : Z → X is a proper morphism
of analytic spaces and T ⊂ Z is a semianalytic subset.

2. S is stable with respect to the following operations: locally finite unions
and intersections, complement, closure, interior and boundary, inverse
images and images by proper morphisms of analytic spaces.

A semianalytic subset is subanalytic. A subanalytic subset of X is locally
connected, its connected components are subanalytic and form a locally finite
family in X . Let M be a subanalytic subset of X . A point of M is q-simple,
or q-regular if there is a neighborhood U of x in M such that the ringed space(
M,OR

X |M
)

is isomorphic to
(
V,OR

Rq |V
)
, V an open subset of R

q.
The set M∗ of simple points of M is a real analytic manifold, open and

dense in M . The dimension of M is, by definition, the dimension of the
manifold M∗.

Suppose dimM = p. Then dimM = p, dimM \M < p. The subanalytic
set bM = M \M is called the border of M ; bM is closed, if M is locally
closed. If M∗ is the set of p-simple points of M , then

(
M∗,OR

X |M∗
)

is a real
analytic manifold of dimension p, and sing (M) = M \M∗ is subanalytic in
X , dim sing (M) < p.

Hence the family of the subanalytic subsets has all the good properties of
the semianalytic subsets (including the triangulation theorem 7.19: see [Ve])
and furthermore the images of subanalytic sets by proper analytic morphisms
are subanalytic.

7.7 The Borel-Moore homology of a complex space

We refer to [BHae], [BMo] for more details on the contents of the present
section.

We denote by K the ring Z or one of the fields Q, R, C. Let X be a para-
compact, locally compact topological space; KX (or simply K if no confusion
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arises) will denote the corresponding constant sheaf. Then for a family of
supports Φ in X the cohomology groups Hk

Φ (X,K) are defined. On the other
hand, there are many interesting cohomology groups defined on X , which
share the same notations Hk, like the singular cohomology groups and the
Borel-Moore cohomology groups. For a general X , such cohomology spaces
do not necessarily coincide with each other. Fortunately, it is the case if X
is a locally closed subanalytic subset of some analytic space, in particular if
X is a real or complex analytic space, and this is essentially a consequence of
the triangulation theorem 7.19 and its generalization to subanalytic subsets
[Ve].

Given a paracompact, locally compact topological space X and a family of
supports Φ inX the Borel-Moore homology modules with coefficients inK and
supports in Φ consist of K-modules HΦ

k (X,K) (simply Hk(X) = Hk (X,K)
if Φ is the family of all closed subsets of X) whose main properties are:

(1) If U ⊂ V are open subsets of X , there are restrictions jV,U : Hk (V,K) →
Hk (U,K), so that the assignment U �→ Hk (U,K) is a presheaf. If A is
closed in X , there is a natural morphism iA,X : Hk (A,K) → Hk (X,K).

(2) If A is a closed subset of X and U = X \ A there is a natural exact
sequence

· · ·Hk (A,K)
iA,X

Hk (X,K)
jX,U

Hk (U,K)
∂U,A

Hk−1 (A,K) · · · (7.1)

where ∂U,A is called the boundary, or connecting, homomorphism.

(3) Every continuous map f : X → Y induces a natural push-down morphism
f∗ : Hc

k (X,K) → Hc
k (Y,K), (where c means compact supports); if f is

proper, it induces also f∗ : Hk (X,K) → Hk (Y,K).

(4) If X is a differentiable manifold, the Borel-Moore homology modules with
compact supports Hc

k (X,K) coincide with the k-th modules of singular
homology; in particular they are homotopy invariants.

(5) If X is a connected differentiable manifold of dimension p, the presheaf
U �→ Hp (U,K) is a sheaf K, which turns out to be locally isomorphic
to the constant sheaf K, and it is globally isomorphic to the constant
sheaf if and only if X is orientable. The module Hp (X,K) is 0 if X
is non orientable, and it is isomorphic to K if X is orientable. In the
orientable case, a nonzero element of Hp (X,K) defines an orientation
and a multiplicity (i.e. a constant) on X .

Let X be as in (5), ω a (real or complex) differential form of degree p on X ,
and c a class in Hp (X,K). Then either c = 0 or c defines an orientation on
X and a multiplicity k ∈ K. We define the integral of ω on c by the formula∫

c

ω = k

∫
X

ω
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where the integral in the second member is performed according to the defined
orientation. If X is not connected, we define

∫
c ω as a sum over the connected

components of X . The above integral converges under some conditions on ω,
for example if ω has compact support.

Let X be an analytic manifold, M a locally closed subanalytic set of X
of dimension p, c a class in Hp (M,K). Let ω be a p-form defined on an
open neighborhood U of M . Then we can define

∫
c
ω as follows. Let M∗ be

the sap of p-regular points of M , which is open and dense in M . M∗ is an
analytic manifold of dimension p, and it embeds into U : i : M∗ → U . Then
we consider the class c∗ = jM,M∗

(c) ∈ Hp (M∗,K) and the p-form i∗ω on M∗

and we define ∫
c

ω =
∫
c∗
i∗ω

We point out that if ω has compact support, the support of i∗ω is not
necessarily compact. The following theorem, which goes back to Lelong [Le],
Herrera [He] and Dolbeault and Poly [DP], ensures the convergence of the
integral.

Theorem 7.21. Let M ′ ⊂ M be closed subanalytic subsets of an analytic
variety X, such that M \M ′ is a smooth, closed submanifold of X \M ′. Let c
be a class in Hp (M \M ′,K) and ω a differentiable p-form on X. We suppose
that either ω has compact support, or M is compact. Then the integral

∫
c
i∗ω,

where i is the embedding of M \M ′ into X \M ′, converges.

The above theorem clearly applies to locally closed subanalytic sets M ′, M ,
replacing X by any open set U such that M is contained and closed in U ,
provided that the restriction of ω to U has compact support.

7.8 Subanalytic chains

Let X be an analytic space, M a closed subanalytic subset of X (possibly
M = X), p a nonnegative integer. A p-subanalytic prechain on M with
coefficients in K is a pair (N, c), where N is a locally closed subanalytic
subset of X contained in M , dimN ≤ p, and c ∈ Hp(N) = Hp (N,K). The
set of the p-subanalytic prechains on M with coefficients in K will be denoted
PSp(M) (or PSp(M,K) if it is necessary to mention K). Let us remark that
if dimN < p, then necessarily c = 0.

We define commutative and associative operations on PSp(X) as follows.

(N1, c1) + (N2, c2) =
(
N, c1 + c2

)
(7.2)
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where N = N1 ∪ N2 \ L, L = bN1 ∪ bN2 and cs is the image of cs by the
compositions

Hp (Ns)
jNs,Ns\L

Hp (Ns \ L)
iNs\L,N

Hp(N) (7.3)

The above maps are defined because Ns \L is open in Ns, and is closed in N .
The product by elements k ∈ K is defined by k(N, c) = (N, kc).
We define on PSp(M) the following equivalence relation:

(N1, c1) ≡ (N2, c2) ⇐⇒ (N1, c1) + (N2,−c2) = (N, 0)

The quotient Sp(M) (also denoted by Sp(M,K)) of PSp(M) by ≡ carries
an induced K-module structure. The elements of Sp(M,K) are called p-
subanalytic chains of M with coefficients in K.

Using the exact sequence (7.1) corresponding to the pair
(
N, bN

)
we obtain

maps
PSp(M,K) → PSp−1(M,K), (N, c) �→ (bN, ∂N,bN(c))

which are linear and compatible with the relation ≡, so that they induce
boundary homomorphisms

∂ : Sp(M,K) → Sp−1(M,K)

satisfying ∂ ◦ ∂ = 0. We obtain the complex (S·(M,K), ∂) of the subanalytic
chains on M .

Let now V ⊂ M be an open subset of M and U any open set in X such
that U ∩M = V . Then V is a closed subanalytic subset of the analytic space
U , so that the complex S·(V,K) is defined and does not depend on the choice
of U . If W ⊂ V is also open in M , a restriction morphism rV,W : Sp(V,K) →
Sp(W,K), compatible with boundaries, is induced by the maps

PSp(V,K) → PSp(W,K), (N, c) �→ (
N ∩W, jN,N∩W (c)

)

The assignment V �→ Sp(U,K) defines a presheaf on M , which can be proved
to be a sheaf. We obtain a complex of sheaves (S·, ∂) on M . The sheaf Sp
will be denoted by SM,p when we need to mention the space M , and will be
called the sheaf of germs of subanalytic p-chains on M .

For an open set U of M let Sp(U) = Sp(U,K) = Γc (U,SM,p) be the K-
module of the chains with compact support in U . Let (N, c) be a p-subanalytic
chain in U ; then c is a section on N of the sheaf K defined by K(W ) = Hp(W ),
hence its support is defined. The class of (N, c) in SM,p(U) has compact
support in U if the support of c is relatively compact in U ; this happens
in particular if N is relatively compact in U . If c has relatively compact
support, there exists a chain (N ′, c′), equivalent to (N, c), such that N ′ is
relatively compact. Hence we are allowed to deal only with chains (N, c) with
N compact in U .
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If V ⊂ U is also open, there is an obvious injection (the extension by zero)
Sp(V ) → Sp(U). If α ∈ Sp(U), then ∂α ∈ Sp−1(U).

The presheaf on M defined by U �→ homK (Sp(U,K),K) is a sheaf, which
we denote by Sp. An element of Sp(V ) is called a p-subanalytic cochain on
U with coefficients in K. The boundaries ∂ give by transposition differentials
δ : Sp → Sp+1 such that δ ◦ δ = 0, hence

(S·, δ) is a complex. The duality
between the Sp(U) and Sp(U) is given by a bilinear K-valued pairing: 〈 , 〉,
such that (by definition of δ)

〈α, δω〉 = 〈∂α, ω〉 (7.4)

for α ∈ Sp+1(U) and ω ∈ Sp(U). The sheaf Sp will be denoted by SpM when
we need to mention the space M , and will be called the sheaf of germs of sub-
analytic p-cochains on M . The main results of [BH], [DP] can be summarized
in the following

Theorem 7.22. Let M be a closed subanalytic subset of an analytic space X,
and Φ a paracompactifying family of supports on M . Then

(1) The sheaves SM,p are soft, and the sheaves SpM are flabby.

(2) There are natural isomorphisms

HΦ
p (M,K) � Hp (ΓΦ (M,SM,·))

between the Borel-Moore homology of M with supports in Φ and the ho-
mology of the complex of global sections with supports in Φ of (SM, ·, ∂).

(3) If K is a field, the complex
(S·M , δ) is a resolution of the constant sheaf

KM , so that there are isomorphisms

Hp
Φ(M,K) � Hp

(
ΓΦ

(
M,S·M

))

where the right hand side is the cohomology of the complex
(
ΓΦ

(
M,S·M

)
, δ
)

of global sections with supports in Φ. In this case, the pairing 〈 , 〉 on
Sp × Sp induces a nondegenerate pairing

Hc
p(M,K) ×Hp(M,K) → K (7.5)

The original proof of [BH] deal with semianalytic chains. The advantage
of considering subanalytic chains is that the sheaves Sp of subanalytic chains
behave well with respect to proper mappings. In fact, let f : X → Y be a
proper morphism of analytic spaces. If (N, c) is a subanalytic p-prechain on
X , f(N) is a subanalytic closed subset of Y and the push-down f∗c is a class in
Hp (f(N)), hence (f(N), f∗c) is subanalytic p-prechain on Y ; the construction
passes to subanalytic p-chains, so that f induces morphisms

f∗ : f∗SX,p → SY,p
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of sheaves of K-modules, commuting with boundaries.
If f : X → Y is a not necessarily a proper morphism, it is possible to define

the push-down for chains with compact support. Such chains have repre-
sentative prechains (N, c) with N̄ compact. Then (f(N), f∗c) is subanalytic
p-prechain on Y with compact support, since f |N is proper. We obtain mor-
phisms

f∗ : SX,p
(
f−1(V )

)→ SY,p(V )

for any an open set V in Y . By duality we also obtain pullback

f∗ : SpY → f∗SpX
commuting with δ. In particular

〈c, f∗ω〉 = 〈f∗c, ω〉
for any c ∈ SX,p

(
f−1(V )

)
and ω ∈ SpY (V ), V an open set in Y .

7.9 Integration of forms on complex subanalytic chains

Let (N, c) be a p-subanalytic prechain of an analytic manifold X with coef-
ficients in C, and ω a p-differential form on X . Let N∗ be the set of p-regular
points of N , i : N∗ → X the embedding. Let c∗ = jN,N

∗
(c) ∈ Hp (N∗,C).

Then we define ∫
(N,c)

ω =
∫
c

ω =
∫
c∗
i∗ω ∈ C

which converges, by theorem 7.16, if N is relatively compact in X , or c, or
ω, has compact support. If (N1, c1) is a p-subanalytic prechain equivalent
to (N, c), the integrals

∫
(N,c)

ω and
∫
(N1,c1)

ω are equal. This means that for
every chain with compact support η ∈ Sp (X,C) with coefficients in C, the
integral

∫
η
ω is well defined. Moreover:

Theorem 7.23 (Stokes formula). Let η be p-subanalytic chain with coeffi-
cients in C and compact support of an analytic manifold X, ω a p-differential
form on X. Then ∫

η

dω =
∫
∂η

ω.

The Stokes theorem can be given the following interpretation. The inte-
gration of differential forms on chains with compact support is a morphism
of sheaves jp : EpX → SpX which turns out to be injective. The Stokes formula
reads as jp+1 (dω) = δjp (ω), that is j· : E·X → S·X is a morphism of complexes
of sheaves. Since both the complexes are resolutions of CX , we conclude that
the pairing (7.5) between homology and cohomology is also given by integra-
tion of forms on chains with compact support.
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7.10 The Mayer-Vietoris sequence for modifications

Let us consider a modification of complex (or real analytic) spaces given by
the commutative diagram :

Ẽ
i

q

X̃

π

E
j

X

where E ⊂ X is a nowhere dense closed subspace, j : E → X is the natural
inclusion, and π is a proper modification inducing an isomorphism X̃ \ Ẽ �
X \E. Let K be the ring Z or one of the fields Q, R, C. We want to introduce
the Mayer-Vietoris sequence for cohomology and prove that it is exact. We
apply formula (3.20) of chapter 3 to the constant sheaf K and to the pairs
(E,X) and (Ẽ, X̃), and we relate them with natural pullback maps, obtaining
a commutative diagram with exact rows:

· · ·Hk(X̃,K)
i∗

Hk(Ẽ,K)
δ̃

Hk+1
φ (X̃ \ Ẽ,K)

ρ̃∗
Hk+1(X̃,K) · · ·

· · ·Hk(X,K)

π∗

j∗
Hk(E,K)

q∗

δ
Hk+1
φ (X \ E,K)

g

ρ∗
Hk+1(X,K) · · ·

π∗

where g = (π|X̃\Ẽ)∗ is an isomorphism, and Φ is the family of closed sets in
X̃ contained in X̃ \ Ẽ, which is also the family of closed sets in X contained
in X \ E. We define the Mayer-Vietoris sequence:

· · · Hk(X,K)
(π∗,j∗)

Hk(X̃,K) ⊕Hk(E,K)
Θ

Hk(Ẽ,K)
Ψ

Hk+1(X,K) · · ·
(7.6)

where:
Ψ = ρ∗ ◦ g−1 ◦ δ̃, Θ = (−1)k (i∗ − q∗)

It is easy to see that the above sequence is exact. For example we prove that
ker (π∗, j∗) = im Ψ. Let ξ ∈ Hk+1(X,K) such that π∗ (ξ) = 0 and j∗ (ξ) = 0;
from the second equality we find ξ = ρ∗ (μ) for some μ ∈ Hk+1

Φ (X \ E,K);
let μ̃ = g (μ); we have ρ̃∗ (μ̃) = π∗ (ρ∗ (μ)) = π∗ (ξ) = 0; hence there exists
θ ∈ Hk(Ẽ,K) with δ̃ (θ) = μ̃; it follows ξ = ρ∗

(
g−1 (μ̃)

)
= Ψ (θ). Conversely,

if ξ = Ψ (θ) for some θ ∈ Hk(Ẽ,K), π∗ (ξ) = (π∗ ◦ ρ∗ ◦ g−1 ◦ δ̃) (θ) = (ρ̃∗ ◦ g ◦
g−1 ◦ δ̃) (θ) = (ρ̃∗ ◦ δ̃) (θ) = 0, and j∗ (ξ) = (j∗ ◦ ρ∗ ◦ g−1 ◦ δ̃) (θ) = 0.
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Chapter 1

The basic example

1.1 Introduction

Let X be a complex space. We denote by CX the constant sheaf on X .
When X is smooth we denote by E·X the De Rham complex of differential
forms on X . There exists a resolution of singularities of X , i.e. a commutative
diagram:

Ẽ
i

q

X̃

π

E
j

X

(1.1)

where E ⊂ X is a nowhere dense closed subspace, containing the singularities
of X , j : E → X is the natural inclusion, X̃ is a smooth manifold and π is a
proper modification inducing an isomorphism X̃ \ Ẽ � X \ E.

Throughout all the present chapter we will consider a complex space X
with the following property. There exists a resolution of singularities of X as
in the diagram (1.1) with the additional assumption that E and Ẽ are smooth
manifolds. For simplicity we will call such an X a quasi-smooth complex space.
In the case of a quasi-smooth space X it is quite easy to understand how to
construct a complex Λ·

X of “differential forms” on X which is a resolution of
the constant sheaf CX . The main idea is very simple. On the manifolds X̃,
E and Ẽ everything is well known: the definition of differential forms, of the
differential of a form, the theorem of De Rham, the notion of pullback of forms
(together with its important property of commuting with differentials), and
classical Hodge theory. Then the diagram (1.1) allows us to give definitions
for X and prove the expected theorems. Roughly speaking, an object on X is
triple of objects on X̃, E and Ẽ. The manifold Ẽ plays a role different from
X̃ and E, in the sense that the object which is the Ẽ-component must be
“shifted” by one. We will say that X̃ and E have rank 0, while Ẽ has rank 1.
For example, a k-differential form on X is a triple of forms: a k-form on X̃,
a k-form on E and a (k − 1)-form on Ẽ. Of course X is not a “direct sum”
(whatever this could mean) of X̃ , E and Ẽ, so, in order to describe properties
of X we have to perturb the triples by using the maps i, j, q, π in the diagram
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(1.1). In the case of differential forms, it is the definition of the differential
d of a form which encodes the relations among X̃, E and Ẽ in the above
mentioned diagram, by means of the two pullback i∗ and q∗.

As we will see in the next chapter, the differential forms we introduce here
for a quasi-smooth X are a particular case. On one hand, they suffice to
describe De Rham theory and Hodge-Deligne theory on X ; on the other hand,
if we consider a map f : X → Y of complex spaces, X and Y quasi-smooths,
we are not able in general to pullback to X the forms on Y . In fact if

F̃ Ỹ

F Y

(1.2)

is a diagram for Y corresponding to (1.1), in general the morphism f does
not extend to a morphism f̃ : X̃ → Ỹ , and moreover there is no relationship
between f−1(F ) and E.

Neverthless, by means of the (particular) forms we consider in this chapter
we can define two filtrations on the cohomology of X , W and F , such that
Hk (X,C) carries a mixed Hodge structure (under the assumption that X̃,
E and Ẽ are compact Kähler manifolds). This is a consequence of the fol-
lowing important property: the spectral sequence of the cohomology spaces,
corresponding to the filtration W , degenerates at level 2. The proof of this
property in our basic situation is simply due to degree reasons, while the
analogous result in the general case (see chapter 3) will require much more
work.

1.2 A resolution of CX

Let X be a complex space. We denote by CX the constant sheaf on X .
When X is smooth we denote by E·X the De Rham complex of differential
forms on X .

Let us consider a commutative diagram (1.1).
In the above situation one has

Proposition 1.1. Let U ⊂ X be an open neighborhood of a point x ∈ E.

1. Let η1, η2 ∈ Hk
(
π−1(U),C

)
be two cohomology classes whose restric-

tions to Hk
(
π−1(U) ∩ Ẽ,C

)
coincide. There exists an open neighbor-

hood V ⊂ U of x such that the restrictions of η1, η2 to Hk
(
π−1(V ),C

)
coincide.

2. Let θ ∈ Hk
(
π−1(U) ∩ Ẽ,C). There exists an open neighborhood V ⊂ U

of x and η ∈ Hk
(
π−1(V ),C

)
inducing θ|π−1(V )∩Ẽ.
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Proof. We treat the case k ≥ 1 (the case k = 0 being trivial). Let us consider
the diagram

π−1(U) ∩ Ẽ i

q

π−1(U)

π

U ∩ E j
U

(1.3)

induced by the diagram (1.1). The Mayer-Vietoris sequence associated to
(1.3) is

· · · Hk (U,C) Φ
Hk (U ∩ E,C) ⊕Hk

(
π−1(U),C

) Θ

Hk
(
π−1(U) ∩ Ẽ,C) Ψ

Hk+1 (U,C) · · ·
(1.4)

Let us remember that if σ ∈ Hk (U,C) (resp. α ∈ Hk (U ∩E,C)) with k ≥ 1,
there is a smaller neighborhood V of x, such that σ|V = 0 (resp. α|V ∩E = 0).

First we prove 1. By assumption we have Θ (0, η1) = Θ (0, η2) hence by the
exactness of the sequence (1.4) there is σ ∈ Hk (U,C) such that η1−η2 = Φ(σ).
Since σ|V = 0 on a smaller neighborhood V of x, it follows that the restrictions
of η1, η2 to Hk

(
π−1(V ),C

)
coincide.

Next we prove 2. Let σ = Ψ(θ). Again σ|W = 0 on a smaller neighborhood W
of x so that by (1.4) there exists (α, β) ∈ Hk (W ∩E,C) ⊕Hk

(
π−1(W ),C

)
with Θ (α, β) = θ. Let V ⊂ W be an open neighborhood of x such that
α|V ∩E = 0. It follows that θ|π−1(V )∩Ẽ is the restriction of β|V .

From now on let us consider a quasi-smooth complex space X , that is, in the
diagram (1.1) E and Ẽ are smooth manifolds. In the case of a quasi-smooth
space X it is easy to construct a complex Λ·

X of “differential forms” on X
which is a resolution of the constant sheaf CX . The complex Λ·

X is defined
by

Λ·
X = π∗E·̃X ⊕ j∗E·E ⊕ (j ◦ q)∗E·̃E(−1)

More precisely, let U be an open set of X , Ũ = π−1(U) ⊂ X̃; then

ΛkX(U) = Ek
X̃

(
Ũ
)⊕ EkE (U ∩ E) ⊕ Ek−1

Ẽ

(
Ũ ∩ Ẽ)

that is, a k-differential form on U is nothing else that a triple of forms (ω, σ, θ)
on Ũ ⊂ X̃, U ∩ E ⊂ E, Ũ ∩ Ẽ ⊂ Ẽ respectively, such that ω and σ have the
same degree k, while θ has degree k − 1. The definition makes sense because
X̃, E and Ẽ are smooth, so the notion of differential form on them is well
known.
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The differential is defined by

d : ΛkX → Λk+1
X with

ΛkX = π∗EkX̃ ⊕ j∗EkE ⊕ (j ◦ q)∗ Ek−1

Ẽ
,

Λk+1
X = π∗Ek+1

X̃
⊕ j∗Ek+1

E ⊕ (j ◦ q)∗ EkẼ ,
d (ω, σ, θ) =

(
dω, dσ, dθ + (−1)k (i∗ω − q∗σ)

)
(1.5)

where i∗ : Ek
X̃

→ Ek
Ẽ

and q∗ : EkE → Ek
Ẽ

are the usual pullback of forms.
A trivial computation shows that d2 = 0 so that Λ·

X is a complex.
We define the natural augmentation

CX → Λ0
X

c 
→ (c, c, 0)

which will make Λ·
X a resolution of CX .

Notation. From now on we will write for simplicity Λ·
X = E·̃

X
⊕ E·E ⊕ E·̃

E
(−1)

instead of π∗E·̃X ⊕ j∗E·E ⊕ (j ◦ q)∗ E·̃E(−1).

Theorem 1.1. The complex Λ·
X = E·̃

X
⊕ E·E ⊕ E·̃

E
(−1) is a resolution of CX .

Moreover each ΛkX = Ek
X̃
⊕ EkE ⊕ Ek−1

Ẽ
is a fine sheaf.

Proof. Let x ∈ X ; if x /∈ E, X is smooth in a neighborhood of x and Λ·
X

coincides near x with the De Rham complex E·X , and the conclusion follows
from Poincaré lemma.

Let x ∈ E; let (ω, σ, θ) ∈ ΛkX(U), i.e. ω ∈ EkX
(
π−1(U)

)
, σ ∈ EkE (U ∩ E),

θ ∈ Ek−1

Ẽ

(
π−1(U) ∩ Ẽ

)
, with

(
dω, dσ, dθ + (−1)k (i∗ω − q∗σ)

)
= (0, 0, 0).

Then dσ = 0 implies, by Poincaré lemma on E, that σ = dσ′ (after pos-
sibly shrinking U). Then we have

d
(
θ − (−1)kq∗σ′) = −(−1)ki∗(ω)

which implies, because dω = 0, that ω gives a class in Hk
(
π−1(U),C

)
whose

restriction to Hk
(
π−1(U) ∩ Ẽ,C

)
is zero; by proposition 1.1 (after shrinking

U) we can write ω = dω′ with ω′ ∈ Ek−1

X̃

(
π−1(U)

)
; it follows

d
[
θ + (−1)ki∗ω′ − (−1)kq∗σ′] = 0

thus θ+(−1)ki∗ω′− (−1)kq∗σ′ gives a class in Hk−1
(
π−1(U) ∩ Ẽ,C

)
. Again

by proposition 1.1 (after possibly shrinking U once more) we can write

θ + (−1)ki∗ω′ − (−1)kq∗σ′ = (−1)k−1i∗ω′′ + dθ′
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where ω′′ ∈ Ek−1

X̃

(
π−1(U)

)
, dω′′ = 0, and θ′ ∈ Ek−2

Ẽ

(
π−1(U) ∩ Ẽ

)
(here we

suppose of course k ≥ 2: the case k ≤ 1 needs minor modifications). As a
consequence

(ω, σ, θ) = d
(
ω′ + ω′′, σ′, θ′

)
Finally, for every k , ΛkX = Ek

X̃
⊕EkE⊕Ek−1

Ẽ
is a fine sheaf; in fact it is a direct

sum of direct images of fine sheaves.

It follows from the above theorem that the cohomology of X can be de-
scribed by means of sections of the complex Λ·

X :

Hk (X,C) =
ker
{
d : Γ

(
X,ΛkX

)→ Γ
(
X,Λk+1

X

)}
dΓ
(
X,Λk−1

X

) (1.6)

Definition 1.1. The triple
(
X̃, E, Ẽ

)
is called the hypercovering of the quasi

smooth space X corresponding to the diagram (1.1). We say that X̃ and E
have rank 0, while Ẽ has rank 1.

The above description of the cohomology by means of sections of the com-
plex Λ·

X is strictly related to the Mayer-Vietoris sequence associated to the
diagram (1.1). In fact we define morphisms of complexes

Ψ: θ ∈ Ek−1

Ẽ

→ (0, 0, θ) ∈ ΛkX

Φ: (ω, σ, θ) ∈ ΛkX 
→ (ω, σ) ∈ Ek
X̃
⊕ EkE

Θ: (ω, σ) ∈ Ek
X̃
⊕ EkE 
→ (−1)k (i∗ω − q∗σ) ∈ Ek

Ẽ

The above morphisms commute with the respective differentials, so that they
induce morphisms in cohomologies. Then

Theorem 1.2. The morphisms Ψ, Φ, Θ induce in cohomology the Mayer-
Vietoris sequence:

· · · Hk (X,C) Φ
Hk(X̃,C) ⊕Hk (E,C)

Θ

Hk(Ẽ,C)
Ψ

Hk+1 (X,C) · · ·
(1.7)

Proof. The proof is trivial.

Remark. The projection

(ω, σ, θ) ∈ ΛkX 
→ θ ∈ Ek−1

Ẽ

does not commute to differentials.
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1.3 The weight filtration W

Let M be a complex manifold. The weight filtration on the De Rham
complex E·M is the trivial increasing filtration

WmEkM = EkM for m ≥ 0, WmEkM = 0 for m < 0

Let X be a quasi-smooth space. We define an increasing weight filtration Wm

on Λ·
X = E·̃

X
⊕ E·E ⊕ E·̃

E
(−1) by

WmΛkX = WmEk
X̃
⊕WmEkE ⊕Wm+1Ek−1

Ẽ
(1.8)

The filtration Wm has the following properties :

i. WmΛkX = ΛkX for m ≥ 0.

ii. WmΛkX = 0 for m < −2.

iii.
(
Λ·
X , d

)
is a filtered complex, namely

d
(
WmΛkX

) ⊂WmΛk+1
X

The fact that d respects the filtration is a consequence of the formula (1.5)
for d, and the fact that the pullback i∗ and q∗ preserve the filtration.

From the definition (1.8) we deduce immediately:

Lemma 1.1. We have

WmΛkX =

⎧⎪⎨
⎪⎩

ΛkX if m ≥ 0

(0) ⊕ (0) ⊕ Ek−1

Ẽ
if m = −1

0 if m ≤ −2.

(1.9)

Hence the graded complex with respect the filtration Wm is given by

WmΛkX
Wm−1ΛkX

=

⎧⎪⎪⎨
⎪⎪⎩

Ek
X̃
⊕ EkE if m = 0

(0) ⊕ (0) ⊕ Ek−1

Ẽ
if m = −1

0 if m �= 0,m �= −1.

(1.10)

The filtration Wm induces a filtration, still denoted W , on the complex of
global sections:

WmΓ
(
X,ΛkX

)
= Γ

(
X,WmΛkX

)
(1.11)

Since the sheaves WmΛ·X
Wm−1Λ·X are fine, we have the natural isomorphism of com-

plexes
Γ
(
X,WmΛ·

X

)
Γ (X,Wm−1Λ·

X)
= Γ

(
X,

WmΛ·
X

Wm−1Λ·
X

)
(1.12)
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The filtration W passes to the the cohomology:

WmH
k (X,C) =

ker
{
d : Γ

(
X,WmΛkX

)→ Γ
(
X,WmΛk+1

X

) }
dΓ
(
X,Λk−1

X

) ∩ Γ
(
X,WmΛkX

) (1.13)

Then

Theorem 1.3. The morphisms Φ and Θ in the Mayer-Vietoris sequence (1.7)
are morphisms of filtered spaces for the filtration W ; moreover Φ is a strict
morphism for the shifted filtrations WmH

k
(
Ẽ,C

)→Wm−1H
k+1 (X,C).

Proof. The proof is trivial. The morphisms Φ, Θ respect the filtration W
because that they do so at level of complexes (as to Θ, we recall that the pull-
back respect the degrees of the forms). The fact that Φ is a strict morphism
for the shifted filtrations is obvious by the definition.

As a consequence:

Theorem 1.4. For X quasi-smooth:

WmH
k (X,C) = Hk (X,C) for m ≥ 0

W−1H
k (X,C) = im

{
Ψ: Hk−1

(
Ẽ,C

)→ Hk (X,C)
}

=
Hk−1

(
Ẽ,C

)
im Θ

WmH
k (X,C) = 0 for m ≤ −2

while the graded cohomology is:

W0H
k (X,C)

W−1Hk (X,C)
=
Hk (X,C)

im Ψ

W−1H
k (X,C)

W−2Hk (X,C)
=
Hk−1

(
Ẽ,C

)
im Θ

and zero otherwise.

Proof. The classes of Hk (X,C) which are in W−1H
k (X,C) have, by defin-

ition, a representative of the type (0, 0, θ), where θ is a (k − 1)-form on Ẽ.

Hence it is clear that W−1H
k (X,C) = im Ψ =

Hk−1(Ẽ,C)
imΘ . The rest of the

statement follows from theorem 1.3.

1.4 The spectral sequence of the filtration W

For the complex Γ
(
X,Λ·

X

)
and its filtration Wm as in (1.11), we can con-

struct the corresponding spectral sequence denoted by Em,kr with first term

Em,k1 = Hk

(
X,

WmΛ·
X

Wm−1Λ·
X

)
= Hk

(
Γ
(
X,WmΛ·

X

)
Γ (X,Wm−1Λ·

X)

)
(1.14)
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where the second equality follows from (1.12).
Then Em,k1 appears as the cohomology of degree k of the complex

· · · Γ
(
X,WmΛkX

)
Γ
(
X,Wm−1ΛkX

) Γ
(
X,WmΛk+1

X

)
Γ
(
X,Wm−1Λk+1

X

) · · ·

whose differential is induced by d. By lemma 1.1, formula (1.10), the above
complex is identically 0 for m �= 0,−1, and E0,k

1 is the cohomology of degree
k of the complex

· · · Γ
(
X̃, Ek

X̃

)⊕ Γ
(
E, EkE

)
Γ
(
X̃, Ek+1

X̃

)⊕ Γ
(
E, Ek+1

E

) · · · (m = 0)

where the differentials are the direct sums of the differentials on each term;
while E−1,k

1 is the cohomology of degree k − 1 of the complex

· · · Γ
(
Ẽ, Ek−1

Ẽ

)
Γ
(
Ẽ, Ek

Ẽ

) · · · (m = −1)

where the differentials are the De Rham differentials on Ẽ. As a consequence:

Em,k1 =

⎧⎪⎨
⎪⎩

0 if m �= 0,−1

Hk
(
X̃,C

)⊕Hk (E,C) if m = 0

Hk−1
(
Ẽ,C

)
if m = −1

(1.15)

Hence the only nonzero differential d1 is

d1 : E0,k
1 = Hk

(
X̃,C

)⊕Hk (E,C) → E−1,k+1
1 = Hk

(
Ẽ,C

)
(1.16)

It is clear that

d1 ([ω], [σ]) =
[
(−1)k (i∗ω − q∗σ)

]
= Θ ([ω], [σ]) (1.17)

where Θ appears in the Mayer-Vietoris sequence (1.7).
The second term of the spectral sequence is

Em,k2 =
ker
{
d1 : Em,k1 → Em−1,k+1

1

}
im
{
d1 : Em+1,k−1

1 → Em,k1

}
hence from above we easily get

Em,k2 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 if m �= 0,−1

W0H
k (X,C)

W−1Hk (X,C)
=
Hk (X,C)

im Ψ
= ker Θ if m = 0

W−1H
k (X,C)

W−2Hk (X,C)
=
Hk−1

(
Ẽ,C

)
im Θ

if m = −1

(1.18)
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where Ψ, Θ are morphisms in the Mayer-Vietoris sequence (1.7), so that

Em,k2 =
WmH

k (X,C)
Wm−1Hk (X,C)

(1.19)

For degree reasons, d2 : Em,k2 → Em−2,k+1
2 is always zero. Still for degree

reasons we have:

Theorem 1.5. The differential

dr : Em,kr → Em−r,k+1
r

is identically zero for r ≥ 2, that is, the spectral sequence degenerates at the
level 2, in particular

Em,kr = Em,k2 for r ≥ 2.

1.5 The filtrations F p and F̄ q

In this section, we define the filtration by the types on the complexes Λ·X .
We define a decreasing filtration (the Hodge filtration, or the filtration by

the types) F p on Λ·
X , by the formula

F p
(
ΛkX
)

= F p
(Ek
X̃

)⊕ F p
(EkE)⊕ F p

(Ek−1

Ẽ

)
(1.20)

where F p
(Ek
X̃

)
, F p

(EkE), F p(Ek−1

Ẽ

)
are the standard Hodge filtrations for the

usual De Rham complex on a manifold.
F p defines a decreasing filtration and a filtered complex for d

· · · ⊂ F p+1
(
ΛkX
) ⊂ F p

(
ΛkX
) ⊂ · · ·

d
(
F p
(
ΛkX
)) ⊂ F p

(
Λk+1
X

) (1.21)

The conjugate filtration F̄ q is defined as

F̄ qΛkX = F qΛkX (1.22)

The formula (1.5) for d proves that d preserves F p, using the fact that i∗ and
q∗ preserve F p and that d preserves F p in the standard De Rham case.
F p, F̄ q induce filtrations on the complex Γ

(
X,Λ·

X

)
and also filtrations on

the cohomology Hk (X,C).
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1.6 Mixed Hodge structures on the cohomology and on
the spectral sequence

In this section, we consider a quasi-smooth complex space X such that X̃,
E and Ẽ in the diagram (1.1) are compact Kähler manifolds.

Lemma 1.2. The filtrations F p, F̄ q induce on E0,k
1 , E−1,k

1 , a pure Hodge
structure of weights k and k − 1:

Em,k1 =
⊕

p+q=k+m

(
Em,k1 (X)

)p,q

where

(
Em,k1 (X)

)p,q
=

⎧⎪⎪⎨
⎪⎪⎩

0 if m �= 0,−1

Hp,q
(
X̃
)⊕

Hp,q(E) (p+ q = k) if m = 0

Hp,q
(
Ẽ
)

(p+ q = k − 1) if m = −1

(1.23)

Moreover the (only non zero) differential d1 : E0,k
1 → E−1,k+1

1 is a morphism
of pure Hodge structures of weight k, and so is a strict morphism for the
filtrations F p (or F̄ q).

Proof. The proof follows immediately from the formula (1.15) and the stan-
dard Hodge theory for the compact Kähler manifolds X̃, E and Ẽ.

Theorem 1.6. Under the assumptions that X̃, E and Ẽ are compact Kähler
manifolds, the cohomology spaces Hk (X,C), provided with the weight filtration
W shifted by −k, carry a mixed Hodge structure whose graded quotients are
given by the formula (1.18).

(The shift of W by −k is needed to normalize (1.18); in the shifted filtration
W ′
m = Wm−k the quotient W ′

mH
k(X,C)

W ′
m−1H

k(X,C) has weight m, as expected).

The term Em,k2 of the spectral sequence associated to the filtration Wm

on Γ
(
X,Λ·

X

)
has a pure Hodge structure of weight m+ k for the filtrations

induced by Em,k1 :

Em,k2 =
⊕

p+q=k+m

(
Em,k2

)p,q

where
(
Em,k2

)p,q
=

ker
{
d1 :

(
Em,k1

)p,q → (
Em−1,k+1

1

)p,q }

im
{
d1 :

(
Em+1,k−1

1

)p,q → (
Em,k1

)p,q }
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Since the spectral sequence degenerates at the level 2 (by theorem 1.5 or
simply by (1.18)), we have

Em,k2 =
WmH

k (X,C)
Wm−1Hk (X,C)

which implies that Hk (X,C) has a mixed Hodge structure.
To be more precise, the morphism

Θ = (−1)k (i∗ − q∗) : Hk
(
X̃,C

)⊕Hk (E,C) → Hk
(
Ẽ,C

)

respects the type of forms so that it induces morphisms

Θp,q : Hp,q
(
X̃
)⊕Hp,q(E) → Hp,q

(
Ẽ
)

and gives the decompositions

ker Θ =
⊕
p+q=k

ker Θp,q

im Θ =
⊕
p+q=k

im Θp,q

so that by (1.18) we obtain:

W0H
k (X,C)

W−1Hk (X,C)
=
⊕
p+q=k

ker Θp,q

and
W−1H

k (X,C)
W−2Hk (X,C)

=
⊕

p+q=k−1

Hp,q
(
Ẽ)

im Θp,q

Remark. We point out that the statement of theorem 1.6 is not yet complete.
More precisely, the graded spaces WmH

k(X,C)
Wm−1Hk(X,C)

are isomorphic to Em,k2 (X),
which carry a pure Hodge structure of weight m + k for the filtration F
induced by Em,k1 (X) (Em,k2 (X) is a quotient of a subspace of Em,k1 (X)) .
On the other hand, the filtration F on Hk (X,C) induces a filtration on the
quotient WmH

k(X,C)
Wm−1Hk(X,C)

. We have not shown that the the two filtrations, under
the isomorphism (1.19), coincide (and the same for F̄ ). This will be made
clear in the general case (chapter 3).

As it will be seen in chapter 3, the mixed Hodge structure in the above
theorem 1.6 is unique.
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1.7 Chains and homology

For any real analytic space M we denote by SM,k the sheaf of germs of
subanalytic k-chains on M (with coefficients in C), and ∂ : SM,k → SM,k−1

the boundary operator.
Let X be a quasi-smooth complex space, with the corresponding diagram

(1.1). We define the sheaf of k-chains dual to ΛkX = Ek
X̃
⊕ EkE ⊕ Ek−1

Ẽ
as

CX,k = π∗SX̃,k ⊕ j∗SE,k ⊕ (j ◦ q)∗SẼ,k−1

which we simply write

CX,k = SX̃,k ⊕ SE,k ⊕ SẼ,k−1

and the boundary operator as

∂ : CX,k → CX,k−1 with
CX,k = SX̃,k ⊕ SE,k ⊕ SẼ,k−1,

CX,k−1 = SX̃,k−1 ⊕ SE,k−1 ⊕ SẼ,k−2,

∂(α, β, γ) =
(
∂α+ (−1)ki∗γ, ∂β − (−1)kq∗γ, ∂γ

)
(1.24)

where i∗ and q∗ are the push-down of chains. It is clear that ∂∂ = 0, so that
we obtain a co-complex (CX,·, ∂).

For an open set U of X let Ck(U) = Γc (U, CX,k) be the C-module of the
chains with compact support in U . Then

Ck(U) = SX̃,k
(
Ũ
)⊕ SE,k (U ∩E) ⊕ SẼ,k−1

(
Ũ ∩ Ẽ)

where SX̃,k
(
Ũ
)
, SE,k (U ∩ E), SẼ,k−1

(
Ũ ∩ Ẽ) are the respective chains with

compact support.

Theorem 1.7. The homology of the complex of global sections (C·(X), ∂) is
the Borel-Moore homology with compact supports of X:

Hc
k (X,C) =

ker { ∂ : Ck(X) → Ck−1(X) }
∂Ck+1(X)

(1.25)

Proof. The presheaf on X defined by U 
→ homC (Ck (U,C)) is a sheaf, which
we denote by CkX . The boundaries ∂ give by transposition differentials δ : CkX →
Ck+1
X such that δ ◦ δ = 0, hence

(C·X , δ) is a complex. It is enough to prove
that

(C·X , δ) is a resolution of CX .
The sheaf CkX decomposes as

CkX = Sk
X̃
⊕ SkE ⊕ Sk−1

Ẽ
(1.26)
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and by part I, chapter 7, S·̃
X

, S·E and S·̃
E

are resolutions of the constant sheaf
on X̃, E and Ẽ respectively.

The augmentation CX → C0
X is given by c 
→ (c, c, 0).

The duality between (ω, σ, θ) ∈ CkX and (α, β, γ) ∈ CX,k is given by

〈(ω, σ, θ), (α, β, γ)〉 = 〈ω, α〉 + 〈σ, β〉 + 〈θ, γ〉 (1.27)

and δ is defined by

〈δ(ω, σ, θ), (α, β, γ)〉 = 〈(ω, σ, θ), ∂(α, β, γ)〉 (1.28)

By (1.24), (1.27), (1.28) and using the pullback-pushdown formula

〈i∗ω, γ〉 = 〈ω, i∗γ〉, 〈q∗σ, γ〉 = 〈σ, q∗γ〉

we easily obtain

δ(ω, σ, θ) = (δω, δσ, δθ + (−1)k(i∗ω − q∗σ) (1.29)

The above formula looks exactly like the formula for d in (1.5). Hence, mutatis
mutandis, the proof that (C·X , δ) is a resolution of CX follows almost word by
word the proof of theorem 1.1.

1.8 Integration of forms on chains

There is a duality between forms in ΛkX and chains in CX,k, given by inte-
gration: for (α, β, γ) ∈ CX,k and (ω, σ, θ) ∈ ΛkX we put

∫
(α,β,γ)

(ω, σ, θ) =
∫
α

ω +
∫
β

σ +
∫
γ

θ (1.30)

where the terms on the right hand side are the usual integrals of forms on
subanalytic chains on the manifolds X̃, E, Ẽ.

Lemma 1.3 (Stokes theorem). Let λ ∈ Γ
(
X,ΛkX

)
and η ∈ Γ (X, CX,k) such

that λ, or η, has compact support. Then
∫
η

dλ =
∫
∂η

λ (1.31)

Proof. Let λ = (ω, σ, θ), η = (α, β, γ); we must prove:
∫

(α,β,γ)

d(ω, σ, θ) =
∫
∂(α,β,γ)

(ω, σ, θ) (1.32)
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In fact∫
(α,β,γ)

d(ω, σ, θ) =
∫
α

dω +
∫
β

dσ +
∫
γ

(
dθ + (−1)k (i∗ω − q∗σ)

)

By Stokes theorem for the manifolds X̃, E and Ẽ
∫
α

dω =
∫
∂α

ω,

∫
β

dσ =
∫
∂β

σ,

∫
γ

dθ =
∫
∂γ

θ

on the other hand∫
∂(α,β,γ)

(ω, σ, θ) =
∫
∂α

ω + (−1)k
∫
i∗γ

ω +
∫
∂β

σ − (−1)k
∫
q∗γ

σ +
∫
∂γ

θ =

=
∫
∂α

ω + (−1)k
∫
γ

i∗ω +
∫
∂β

σ − (−1)k
∫
γ

q∗σ +
∫
∂γ

θ

which implies (1.32).

As a consequence we obtain the following analogous of one of the classical
theorems of De Rham.

Theorem 1.8. Let X be a quasi-smooth complex space. Then the integration
formula (1.30) induces the natural duality between the cohomology Hk (X,C)
and the homology Hc

k (X,C).



Chapter 2

Differential forms on complex spaces

2.1 Introduction

By a complex space we mean a reduced, not necessarily irreducible, complex
analytic space.

Let X be a complex space. We denote by CX the constant sheaf on X .
When X is smooth we denote by E·X the De Rham complex of differential
forms on X . Our goal is to define a complex Λ·

X on X (in fact, as we shall
see, a family of complexes) which replaces, in the singular case, the De Rham
complex. Let us consider a resolution of singularities of X , i.e. a commutative
diagram:

Ẽ
i

q

X̃

π

E
j

X

(2.1)

where E ⊂ X is a nowhere dense closed subspace, containing the singularities
of X , j : E → X is the natural inclusion, X̃ is a smooth manifold and π is a
proper modification inducing an isomorphism X̃ \ Ẽ � X \ E.

In chapter 1 we have treated the case where E and Ẽ are smooth, so that on
them the De Rham complexes E·E and E·̃

E
are available, and we have defined

a section of Λ·
X as a triple of forms: a p-form on on X̃, a p-form on E and

a (p − 1)-form on Ẽ. In the general case it is then natural to proceed as
follows. First we define the complexes Λ·

E on E, and Λ·̃
E

on Ẽ by induction
on the dimension of the spaces (the dimensions of E and Ẽ are strictly less
than dimX). Then we define a section of ΛpX as a triple (ω, σ, θ) where ω is
a section of Ep

X̃
, σ a section of ΛpE , and θ a section of Λp−1

Ẽ
.

The next step would be to define the differential d(ω, σ, θ), mimicking the
definition in formula (1.5) of chapter 1. We run immediately into the first
difficulty, since we need to be able to pull back a section ω ∈ Ep

X̃
(resp.

σ ∈ ΛpE) to i∗ω ∈ Λp
Ẽ

(resp. q∗σ ∈ Λp
Ẽ

), such that d commutes to the
pullback.

In general the above requirement cannot be fulfilled. The complexes Λ·
E and

Λ·̃
E

have been constructed from a desingularization E1 of E, and, respectively,

151
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Ẽ1 of Ẽ, hence there are no a priori relationships among X̃, E1 and Ẽ1.
On the other hand, the diagram (2.1) is not unique, as well as the analogous

diagrams for E and Ẽ. Therefore we are led naturally to introduce, for every
space X , a family R(X) of complexes Λ·

X instead of a single one, so that, once
a diagram (2.1) has been fixed, we can choose suitable complexes Λ·

E ∈ R(E)
and Λ·̃

E
∈ R(Ẽ) such that the pullback E·̃

X
→ Λ

Ẽ
and Λ·

E → Λ·̃
E

exist
and commute to differentials. In the end we can define Λ·

X together with
d : ΛpX → Λp+1

X and prove that it is a resolution of CX .
Because we are working by induction on dimX , we must build a consistent

set of properties, definitions, constructions, existence and uniqueness theo-
rems for spaces and mappings, concerning the families R(X) of admissible
complexes Λ·

X , and the families R(f) of admissible pullback Λ·
Y → Λ·

X for
maps f : X → Y .

It is important to remark that the definition of the complexes Λ·
X and the

definition of the pullback Λ·
Y → Λ·

X must be given step by step, during the
induction procedure.

Let us be more precise. For everyX we define a family of complexes R(X) ={
Λ·
X

}
and for every morphism f : X → Y a family R(f) of morphisms of

complexes between the Λ·
Y ∈ R(Y ) and some of the Λ·

X ∈ R(X), more
precisely morphisms Λ·

Y → f∗Λ·
X which we simply denote Λ·

Y → Λ·
X and call

(admissible) pullback with the following properties.

(I) Λ·
X is a fine resolution of CX .

(II) For p > 2 dimX , ΛpX = 0.

(III) If X is smooth, the ordinary De Rham complex E·X belongs to R(X),
and for every morphism f : X → Y between smooth complex mani-
folds the ordinary De Rham pullback f∗ : E·Y → f∗E·X is an admissible
pullback.

(IV) There exists a smooth, open, dense analytic subset U ⊂ X such that the
restriction Λ·

X |U is the ordinary De Rham complex E·U . Here analytic
means that the complement of U in X is an analytic subspace of X .

The family of pullback will satisfy the following properties.

(C) (Composition). Let g : Z → X , f : X → Y be two morphisms, α : Λ·
Y →

Λ·
X , β : Λ·

X → Λ·
Z two pullback; then the composition β ◦ α : Λ·

Y → Λ·
Z

is again a pullback.

For future induction procedure we denote by (C)k,m,n the property (C)
when dimZ ≤ k, dimX ≤ m, dimY ≤ n.

(EP) (Existence of pullback). Let f : X → Y be a morphism, and fix Λ·
Y ∈

R(Y ); then there exists a Λ·
X ∈ R(X) and a pullback Λ·

Y → Λ·
X .

As above we denote by (EP)m,n the property (EP) when dimX ≤ m,
dimY ≤ n.
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(U) (Uniqueness of pullback). Let f : X → Y be a morphism, and α : Λ·
Y →

Λ·
X , β : Λ·

Y → Λ·
X two pullback corresponding to f ; then α = β.

We denote by (U)m,n the property (U) when dimX ≤ m, dimY ≤ n.

(F) (Filtering). If Λ·,1X , Λ·,2
X ∈ R(X), there exists a third Λ·

X ∈ R(X) and
two pullback Λ·,1

X → Λ·
X , Λ·,2

X → Λ·
X corresponding to the identity.

We denote by (F)m the property (F) when dimX ≤ m.

As noted above, since the definition of the complexes Λ·X uses the definition
and the existence of the pullback, we shall be forced to construct both at the
same time. This will be done by a recursion on the dimensions of the complex
spaces involved.

2.2 Definitions and statements

2.2.1 Definition of the family R(X)

We denote by Λ·
X(−1) the complex obtained by shifting the degree in Λ·X :

more precisely ΛpX(−1) = Λp−1
X .

We define the family R(X) by induction on n = dimX . If dimX = 0,
R(X) contains only the complex C·

X with C0
X = CX and C

p
X = 0 for p > 0.

We suppose R(Y ) to be known for complex spaces Y of dimension < n; then:

Definition 2.1 ((D)n). LetX be a complex space of dimension n. An element
Λ·
X ∈ R(X) is the assignment of the following data:

i. a nowhere dense closed subspace E ⊂ X , sing (X) ⊂ E and a proper
modification

Ẽ
i

q

X̃

π

E
j

X

where j : E → X is the natural inclusion, X̃ is a smooth manifold, Ẽ =
π−1(E) and π induces an isomorphism X̃ \ Ẽ � X \ E;

ii. there exist Λ·
E ∈ R(E), Λ·̃

E
∈ R(Ẽ), and two pullback

φ : Λ·
E → Λ·̃

E

ψ : E·̃
X

→ Λ·̃
E

(corresponding respectively to q and i);
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iii. the complex Λ·
X is defined by

Λ·
X = π∗E·̃X ⊕ j∗Λ·

E ⊕ (j ◦ q)∗Λ·̃
E

(−1) (2.2)

with differential given by

d : ΛpX → Λp+1
X with

ΛpX = π∗EpX̃ ⊕ j∗ΛpE ⊕ (j ◦ q)∗Λp−1

Ẽ
,

Λp+1
X = π∗Ep+1

X̃
⊕ j∗Λp+1

E ⊕ (j ◦ q)∗Λp
Ẽ
,

d(ω, σ, θ) =
(
dω, dσ, dθ + (−1)p(ψ(ω) − φ(σ))

)
(2.3)

iv. the augmentation
CX → Λ0

X

c 	→ (c, c, 0)

makes Λ·
X a resolution of CX ;

v. there is a uniquely determined family (Xl, hl)l∈L of smooth manifolds Xl

and proper maps hl : Xl → X such that

ΛpX =
⊕
l

hl∗E
p−q(l)

Xl

where q(l) is a nonnegative integer; and there exist mappings hlm : Xl →
Xm, commuting with hl and hm, such that the differential ΛpX → Λp+1

X

is given by

d (⊕lωl) =

(
⊕l
[
dωl +

∑
m

ε
(p)
lmh

∗
lmωm

])

where ε(p)lm can take the values 0,±1.

The pullback φ : Λ·
E → Λ·̃

E
and ψ : E·̃

X
→ Λ·̃

E
in (ii) are called inner pullback

of the complex Λ·
X .

The family (Xl, hl)l∈L will be called the hypercovering of X associated to
Λ·
X , and q(l) = qX(l) will be the rank of Xl.

Explanation 2.1. In order to understand the above definition, we must
assume that we already know, by induction:

• the family of the Λ·
Y ∈ R(Y ) for any space Y with dimY < dimX (so

that we understand Λ·
E and Λ·̃

E
).

• For every morphism f : Y → Z with dimY < dimX , dimZ < dimX
the notion of pullback Λ·

Z → Λ·
Y in R(f); if moreover Y is smooth

of dimension ≤ dimX , and dimZ < dimX , the notion of pullback
Λ·
Z → E·Y .
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• If U ⊂ X is an open set, and Ũ = π−1(U), an element of ΛpX(U)
is a triple of forms (ω, σ, θ) with ω ∈ Γ

(
Ũ , Ep

X̃

)
, σ ∈ Γ (U ∩ E,ΛpE),

θ ∈ Γ
(
Ũ ∩ Ẽ,Λp−1

Ẽ

)
, and the differential is given by the formula (2.3).

• Also the hypercovering (Xl)l∈L of Λ·
X comes by induction. If (Em)m∈M

is the hypercovering of Λ
.

E and (Ẽs)s∈S is the hypercovering of Λ·̃
E

, (Xl)

is the family
(
X̃, Em, Ẽs

)
m∈M,s∈S

. The rank of X̃ is 0, the rank of Em

in X is the same as its rank in E; but the rank of Ẽs in X is given by

qX(s) = qẼ(s) + 1

i.e. Ẽ plays a 1-shifted role in Λ·
X .

To simplify the notations, in the sequel we will write ΛpX =
⊕

l Ep−q(l)Xl

instead of
⊕

l hl∗Ep−q(l)Xl
.

2.2.2 Construction-existence theorem

Theorem 2.1 ((E)n). Let X be a complex space of dimension ≤ n. Let
E ⊂ X be a nowhere dense closed subspace with sing (X) ⊂ E, j : E → X the
natural inclusion, and

Ẽ
i

q

X̃

π

E
j

X

be a proper desingularization. Let Λ·
E ∈ R(E). There exists Λ·̃

E
∈ R(Ẽ), a

pullback φ : Λ·
E → Λ·̃

E
(corresponding to q), a pullback ψ : E·̃

X
→ Λ·̃

E
(corre-

sponding to i) with the following property: the complex

Λ·
X = π∗E·̃X ⊕ j∗Λ·

E ⊕ (j ◦ q)∗Λ·̃
E

(−1)

whose differential is by definition

d : ΛpX → Λp+1
X with

ΛpX = π∗EpX̃ ⊕ j∗ΛpE ⊕ (j ◦ q)∗Λp−1

Ẽ
,

Λp+1
X = π∗Ep+1

X̃
⊕ j∗Λp+1

E ⊕ (j ◦ q)∗Λp
Ẽ
,

d(ω, σ, θ) =
(
dω, dσ, dθ + (−1)p(ψ(ω) − φ(σ))

)
(2.4)

is a fine resolution of CX .

Notation. Throughout all the book we will write for simplicity E·̃
X

⊕ Λ·
E ⊕

Λ·̃
E

(−1) instead of π∗E·̃X ⊕ j∗Λ·
E ⊕ (j ◦ q)∗Λ·̃

E
(−1).
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2.2.3 Definition of a primary pullback for irreducible spaces

Let f : X → Y be a morphism of irreducible complex spaces, dimX ≤ m,
dimY ≤ n, ΛpX = Ep

X̃
⊕ ΛpE ⊕Λp−1

Ẽ
, ΛpY = Ep

Ỹ
⊕ ΛpF ⊕ Λp−1

F̃
, with Λ·

X ∈ R(X)
and Λ·

Y ∈ R(Y ). Let us consider the corresponding diagrams

Ẽ X̃ F̃ Ỹ

E
j

X F
k

Y

In order to define a primary pullback φ : Λ·
Y → Λ·

X we proceed by double
induction on (m,n), i.e. (DP)m,n−1 and (DP)m−1,n =⇒ (DPP)m,n (for
(DP)m,n see the definition 2.4 below).

Definition 2.2 ((DPP)m,n). We say that φ is a primary pullback (corre-
sponding to f) if it satisfies the following properties:

P0) φ is a morphism of complexes, i.e. it commutes with differentials.

P1) Let (Xl, hl)l∈L, (Ys, gs)s∈S be the hypercoverings associated to Λ·
X ,Λ

·
Y ,

i.e.
ΛpX =

⊕
l

Ep−q(l)Xl
, ΛpY =

⊕
s

Ep−q(s)Ys

For every Xl there exist at most one Ys, having the same rank q as Xl,
and a commutative diagram

Xl
fls

hl

Ys

gs

X
f

Y

such that the composition

Ep−qYs
ΛpY

φ
ΛpX Ep−qXl

is either identically zero for every p, or coincides with the De Rham
pullback f∗

ls.

P2) Let α : E·̃
Y
→ E·̃

X
be induced by φ. Then α ≡ 0 if and only if f(X) ⊂ F ;

moreover in this case φ is the composition Λ·
Y → Λ·

F → Λ·
X where

Λ·
Y → Λ·

F is the projection onto the summand Λ·
F and Λ·

F → Λ·
X is a

pullback (inductively defined) corresponding to the induced morphism
X → F .

P3) If α : E·̃
Y
→ E·̃

X
is not identically zero, then, according to P2, f(X) 
⊂ F ;

in that case we assume the following properties:
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i. f−1(F ) ⊂ E;

ii. the morphism f extends to a morphism f̃ : X̃ → Ỹ and α = f̃∗ is
the ordinary De Rham pullback;

iii. the morphism φ is given by

E·̃
Y

α
β

⊕ Λ·
F

γ

⊕ Λ·̃
F

(−1)

δ
ε

E·̃
X

⊕ Λ·
E ⊕ Λ·̃

E
(−1)

where (β, γ, δ) : Λ·
Y → Λ·

E is a pullback corresponding to the com-
position f ◦ j : E → Y (inductively defined).

Explanation 2.2. In the above definition, we must assume that we already
know, by induction:

• the family of the Λ·
Y ∈ R(Y ) for any space Y with dim Y ≤ dimX ;

• for every morphism f : T → Z with dim T ≤ dimX , dimZ < dimX the
notion of pullback Λ·

Z → Λ·
T ;

• for every morphism f : T → Z with dimT < dimX , dimZ ≤ dimX ,
the notion of pullback Λ·

Z → Λ·
T .

Remark. Note that the property i): f−1(F ) ⊂ E, in the situation P3, cannot
be forgotten. As an important example let us consider a complex Λ·

X =
E·̃
X
⊕ Λ·

E ⊕ Λ·̃
E

(−1) as in the definition 2.1. The projection Λ·X → E·̃
X

is not
a pullback corresponding to the map π : X̃ → X , because π−1(E) 
⊂ ∅. Here
E·̃
X

must be understood as the complex attached to the trivial diagram

∅ X̃

∅ X̃

2.2.4 Definition of a pullback morphism: the general case

Let X be a complex space of dimension m.
Let X =

⋃
iXi be the decomposition of X into its irreducible components.

Let E ⊂ X be a closed subspace such that X \ E is smooth and dense in
X , and f :

(
X̃, Ẽ

) → (X,E) be a proper desingularization. Then: X̃ =⊔
i X̃i, Ẽ =

⊔
i Ẽi, Ẽi = Ẽ ∩ X̃i (here

⊔
denotes disjoint union); moreover,

f |X̃i
:
(
X̃i, Ẽi

) → (Xi, Ei) is a desingularization. Let Λ·
X = E·̃

X
⊕ Λ·

E ⊕
Λ·̃
E

(−1) ∈ R(X); let us denote by φ : Λ·
E → Λ·̃

E
, ψ : E·̃

X
→ Λ·̃

E
the inner

pullback of Λ·
X (see definition 2.1 (D)m).
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Then E·̃
X

=
⊕

i E·̃Xi
, Λ·̃

E
=
⊕

i Λ·
Ẽi

.

Let us denote by pi : E·̃X → E·̃
Xi

, qi : Λ·̃
E
→ Λ·

Ẽi
the projections.

Definition 2.3. A morphism of complexes ζ : Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1) →
Λ·
Xi

corresponding to the inclusion Xi → X is called a natural pullback if
Λ·
Xi

= E·̃
Xi

⊕ Λ·
Ei

⊕ Λ·,1
Ẽi

with Λ·
Ei

∈ R(Ei), Λ·,1
Ẽi

∈ R(Ẽi) and there exists a
commutative diagram of pullback

Λ·
E

ηi

φ

Λ·
Ei

E·̃
X

ψ

pi

Λ·̃
E

qi

φi

E·̃
Xi

ψi Λ·̃
Ei

μi Λ·,1
Ẽi

(2.5)

such that

ζ(ω, σ, θ) = (pi(ω), ηi(σ), μi(qi(θ)) (2.6)

Let f : X → Y be a morphism between (reducible) complex spaces, X =⋃
j Xj, Y =

⋃
k Yk be the respective decompositions into irreducible compo-

nents. Let Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1), Λ·
Y = E·̃

Y
⊕ Λ·

F ⊕ Λ·̃
F

(−1).
For a given j two cases can occur:

(a) f(Xj) ⊂ F ;

(b) f(Xj) 
⊂ F , and there exists a unique Yk with f(Xj) ⊂ Yk (because F
contains, by definition, the singularities of Y ).

Definition 2.4 ((DP)m,n). A morphism of complexes φ : Λ·
Y → Λ·

X is called
a pullback corresponding to f if

• it satisfies P0 and P1 in definition (DPP)m,n (definition 2.2);

• (P4) the composition Λ·
Y → Λ·

X → Λ·
E (where the second morphism is

the projection onto the summand) is a pullback corresponding to the
composition f ◦ j : E → Y (inductively defined);

• for every component Xj of X there exists:
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- in case (a) (f(Xj) ⊂ F ): a commutative diagram

Λ·
Y Λ·

X

Λ·
F

Λ·
Xj

Λ·,0
Xj

(2.7)

where Λ·
F → Λ·,0

Xj
is a pullback corresponding to f |Xj : Xj → F (induc-

tively defined), Λ·
X → Λ·

Xj
and Λ·

Xj
→ Λ·,0

Xj
are natural pullback;

- in case (b) (f(Xj) 
⊂ F ): a commutative diagram

Λ·
Y Λ·

X

Λ·
Yk

Λ·
Xj

Λ·,0
Xj

(2.8)

where Λ·
Y → Λ·

Yk
, Λ·

X → Λ·
Xj

and Λ·
Xj

→ Λ·,0
Xj

are natural pullback,
and Λ·

Yk
→ Λ·,0

Xj
is a primary pullback corresponding to f |Xj : Xj → Yk.

Explanation 2.3. In the above definition, we must assume that we already
know, by induction:

• for every morphism f : T → Z with dimT < dimX , dimZ ≤ dimX ,
the notion of pullback Λ·

Z → Λ·
T ;

• for every morphism f : T → Z with T irreducible, dimT ≤ dimX ,
dimZ < dimX the notion of pullback Λ·

Z → Λ·
T ;

• for every morphism f : T → Z with T and Z irreducible, dimT ≤ dimX ,
dimZ ≤ dimX the notion of primary pullback Λ·Z → Λ·

T .

Remark.

i. In the above definition we can take Λ·Xj
= Λ·,0

Xj
, because by the proposi-

tion 2.1 below the composition Λ·
X → Λ·

Xj
→ Λ·,0

Xj
is a natural pullback;
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ii. when X and Y are irreducible, we obtain a definition of pullback which is
more general that the one in definition (DPP)m,n. Although we conjec-
ture that every pullback between irreducible spaces is primary, the reader
should keep in mind that a priori there are pullback between irreducible
spaces which are not primary.

2.2.5 Existence of primary pullback (the irreducible case)

Theorem 2.2 ((EPP)m,n). Let f : X → Y be a morphism between irreducible
complex spaces, dimX = m, dimY = n and fix Λ·

Y ∈ R(Y ); there exists a
Λ·
X ∈ R(X) and a primary pullback Λ·

Y → Λ·
X .

Remark 2.1. In the particular case X = Y, f = id, m = n it will follow from
the proof that in order to obtain (EPP)m,n (i.e. (EPP)m,m) we do not need
the assumptions (F)m, (EP)m,n−1, (U)m,n−1 (i.e. (EP)m,m−1, (U)m,m−1).

As a consequence of the proof of the theorem we will obtain the following
more precise statement.

Theorem 2.3. Let f : X → Y be a morphism between irreducible complex
spaces, dimX = m, dimY = n and fix Λ·

Y = E·̃
Y
⊕ Λ·

F ⊕ Λ·̃
F

(−1) ∈ R(Y ); let
E be a nowhere dense subspace of X, such that

i. f−1(F ) ⊂ E;

ii. there are two commutative diagrams

F̃ Ỹ

p

F Y

Ẽ X̃

h

f̃

Ỹ

p

E X
f

Y

Then there exists a Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1) ∈ R(X) and a primary
pullback Λ·

Y → Λ·
X .

Remark 2.2. In particular, if we already know that there is a pullback

Λ·
Y = E·̃

Y
⊕ Λ·

F ⊕ Λ·̃
F

(−1) → Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1)

then for any Λ·,1
Y of the form E·̃

Y
⊕ Λ·,1

F ⊕ Λ·,1
F̃

(−1) there exist a Λ·,1
X = E·̃

X
⊕

Λ·,1
E ⊕ Λ·,1

Ẽ
(−1) and a pullback Λ·,1

Y → Λ·,1
X .
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2.2.6 Uniqueness of primary pullback (the irreducible case)

Theorem 2.4 ((UP)m,n). Let f : X → Y be a morphism between irreducible
complex spaces, dimX ≤ m, dimY ≤ n and let φj : Λ·

Y → Λ·
X , j = 1, 2 be two

primary pullback corresponding to f ; then φ1 = φ2.

2.2.7 Existence of pullback: the general case

Theorem 2.5 ((EP)m,n). Let f : X → Y be a morphism between complex
spaces, dimX ≤ m, dimY ≤ n and fix Λ·

Y ∈ R(Y ); then there exist a Λ·
X ∈

R(X) and a pullback Λ·
Y → Λ·

X .

Remark 2.3. In the particular case X = Y, f = id, m = n it follows from
the proof that in order to obtain (EP)m,n (i.e. (EP)m,m) we do not need the
assumptions (EP)m,n−1, (U)m,n−1, (i.e. (EP)m,m−1, (U)m,m−1); moreover we
need (F)m only for the (irreducible) Xj.

2.2.8 Uniqueness of pullback: the general case

Theorem 2.6 ((U)m,n). Let f : X → Y be a morphism between complex
spaces, dimX ≤ m, dimY ≤ n and let φj : Λ·

Y → Λ·
X , j = 1, 2 be two pullback

corresponding to f ; then φ1 = φ2.

2.2.9 Composition of primary pullback (the irreducible case)

Theorem 2.7 ((CP)k,m,n). Let Z, X, Y , be irreducible complex spaces,
dimZ ≤ k, dimX ≤ m, dimY ≤ n, g : Z → X, f : X → Y two mor-
phisms, ψ : Λ·

X → Λ·
Z , φ : Λ·

Y → Λ·
X be two primary pullback corresponding

to g and f respectively. Then the composition ψ ◦ φ : Λ·
Y → Λ·

Z is a primary
pullback corresponding to f ◦ g.

2.2.10 Composition of pullback: the general case

Theorem 2.8 ((C)k,m,n). Let Z, X, Y , be complex spaces, dimZ ≤ k,
dimX ≤ m, dimY ≤ n, g : Z → X, f : X → Y two morphisms, ψ : Λ·

X →
Λ·
Z , φ : Λ·

Y → Λ·
X be two pullback corresponding to g and f respectively. Then

the composition ψ ◦ φ : Λ·
Y → Λ·

Z is a pullback corresponding to f ◦ g.

2.2.11 The filtration property

Theorem 2.9 ((F)m). Let X be a complex space, dimX ≤ m. If Λ·,1
X ,

Λ·,2
X ∈ R(X), there exists a third Λ·

X ∈ R(X) and two pullback Λ·,1
X → Λ·

X ,
Λ·,2
X → Λ·

X .

Remark 2.4. If Λ·,1
X = E·

X̃1
⊕ Λ·,1

E ⊕ Λ·,1
Ẽ1

(−1), Λ·,2
X = E·̃

X2
⊕ Λ·,2

E ⊕ Λ·,2
Ẽ2

(−1),

then it is possible to choose Λ·,3
X = E·̃

X3
⊕ Λ·,3

E ⊕ Λ·,3
Ẽ3

(−1).
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2.3 The induction procedure

Let s, t ∈ N × N, s = (m,n), t = (p, q). We define the following order on
N × N: s > t if sup(m,n) > sup(p, q) or sup(m,n) = sup(p, q) and (m,n) >
(p, q) in the lexicographic order.

We write (EP)s, (U)s,. . . instead of (EP)m,n, (U)m,n.
Then we prove the following implications:

(E)p + (F)q + (EP)t + (U)t for p < n, q < n, t < (0, n) =⇒ (E)n
(E)p + (F)q + (EP)t + (U)t for p < n, q < n, t < (n, 0) =⇒ (F)n
(E)p + (F)q + (EP)t + (U)t for (0, p) ≤ s, (q, 0) ≤ s, t < s =⇒ (EPP)s and
(EP)s
(E)p + (F)q + (EP)t + (U)t for (0, p) ≤ s, (q, 0) ≤ s, t < s =⇒ (UP)s and
(U)s

Also the definitions (D)t, (DPP)t, (DP)t, are given by induction. Their
order is as follows: (U)r for r < t, (D)t, (DPP)t, (DP)t, (E)t.

Finally, (CP)m,n,k preceeds (C)m,n,k, and (CP)m,n,k (resp. (C)m,n,k) must
be proved after (DPP)(m,n), (DPP)(n,k), (DPP)(m,k) (resp. (DP)(m,n), (DP)(n,k),
(DP)(m,k)). The induction scheme is
(C)k−1,m,n + (C)k,m−1,n + (C)k,m,n−1 =⇒ (CP)k,m,n and (C)k,m,n.

In the course of each proof the corresponding induction assumptions will
be made more explicit.

2.4 The proofs

Proposition 2.1. We suppose that (EP)m−1,m−1, (F)m−1, (U)m−1,m−1, (E)m
are already proved. Let X be a complex space of dimension m, Xi an irre-
ducible component of X.

i. Given Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1) there exists a natural pullback ζ : Λ·
X →

Λ·
Xi

.

ii. Let ζ1 : Λ·
X → Λ·,1

Xi
, ζ2 : Λ·

X → Λ·,2
Xi

two natural pullback; then there exist
Λ·,3
Xi

and pullback β1 : Λ·,1
Xi

→ Λ·,3
Xi

, β2 : Λ·,2
Xi

→ Λ·,3
Xi

such that β1 ◦ ζ1 =
β2 ◦ ζ2 and the composition Λ·

X → Λ·,3
Xi

is a natural pullback.

Proof.

i. By (EP)m−1,m−1 there exist pullback ηi : Λ·
E → Λ·

Ei
, a : Λ·

Ei
→ Λ·,2

Ei

and b : Λ·
Ẽi

→ Λ·,3
Ẽi

; by (F)m−1 there are pullback c : Λ·,2
Ẽi

→ Λ·,1
Ẽi

and

e : Λ·,3
Ẽi

→ Λ·,1
Ẽi

; if we apply (U)m−1,m−1 to the pullback from Λ·
E to Λ·,1

Ẽi
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we obtain c ◦ a ◦ ηi = e ◦ b ◦ qi ◦ φ. Putting φi = c ◦ a and μi = e ◦ b we
obtain a commutative diagram like (2.5) and we define ζ by the formula
(2.6).

ii. Let Λ·,j
Xi

= E·,j
X̃i

⊕Λ·,j
Ei

⊕Λ·,j
Ẽi

(−1), j = 1, 2; the two pullback ζ1 and ζ2 differ

only by the morphisms Λ·
E → Λ·,j

Ei
and Λ·̃

E
(−1) → Λ·,j

Ẽi
(−1). Arguing as

in i), we find Λ·,3
Ei

and Λ·,3
Ẽi

and commutative diagrams

Λ·,j
Ei

Λ·,3
Ei

Λ·,j
Ẽi

Λ·,3
Ẽi

(j = 1, 2) from which we easily construct the morphisms β1 and β2.

Lemma 2.1. Let Λ·
Y → Λ·

X be a pullback corresponding to f : X → Y ,
dimX = m, dimY = n. We suppose that (EP)m−1,n−1, (U)m−1,n−1, (F)q,
(E)q q = sup{m,n} are already proved, as well as (EPP)m,n and (UP)m,n
(for morphisms between irreducible spaces). Then

(a) If f(Xj) ⊂ F , for any natural pullback Λ·
X → Λ·

Xj
there exists a commu-

tative diagram (2.7).

(b) If f(Xj) 
⊂ F and f(Xj) ⊂ Yk, for every natural pullback Λ·
X → Λ·

Xj

and every natural pullback Λ·
Y → Λ·

Yk
there exists a commutative diagram

(2.8).

Proof. We check b), leaving to the reader the proof of a), which is similar. By
definition there exists a commutative diagram

Λ·
Y Λ·

X

Λ·,1
Yk

Λ·,1
Xj

Λ·,2
Xj

(2.9)

where Λ·
Y → Λ·,1

Yk
, Λ·

X → Λ·,1
Xj

and Λ·,1
Xj

→ Λ·,2
Xj

are natural pullback, and
Λ·,1
Yk

→ Λ·,2
Xj

is a pullback corresponding to f |Xj : Xj → Yk. By proposition

2.1, (ii), we find pullback Λ·,1
Yk

→ Λ·,3
Yk

and Λ·
Yk

→ Λ·,3
Yk

such that their com-
positions Λ·

Y → Λ·,3
Yk

are identical, and are natural pullback. It is clear that
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for our purposes we can replace Λ·
Yk

by Λ·,3
Yk

hence we can suppose from the
beginning that Λ·

Y → Λ·
Yk

decomposes through Λ·
Y → Λ·,1

Yk
→ Λ·

Yk
; the same

argument shows that we can suppose that the morphism Λ·
X → Λ·

Xj
decom-

poses through Λ·
Y → Λ·,1

Xj
→ Λ·

Xj
. We apply (EPP)m,n to f |Xj : Xj → Yk

and we get a pullback Λ·
Yk

→ Λ·,4
Xj

; moreover by the remark 2.2 we can
suppose Λ·,4

Xj
= E·̃

Xi
⊕ Λ·,4

Ei
⊕ Λ·,4

Ẽi
(−1); by (F)m and remark 2.4 (for Xj)

there are natural pullback Λ·,2Xj
→ Λ·,0

Xj
and Λ·,4

Xj
→ Λ·,0

Xj
; finally we apply

(UP)m,n to f |Xj : Xj → Yk: the two compositions Λ·,1
Yk

→ Λ·,2
Xj

→ Λ·,0
Xj

and

Λ·,1
Yk

→ Λ·
Yk

→ Λ·,4
Xj

→ Λ·,0
Xj

coincide. This completes the proof.

Corollary 2.1.

i. If Λ·
Y → Λ·

X is a pullback, and Λ·
X → Λ·

Xj
is a natural pullback, the

composition Λ·
Y → Λ·

Xj
is a pullback.

ii. Conversely let Λ·
Y → Λ·

X be a morphism of complexes satisfying (P0),
(P1), (P4) in definition 2.4, and suppose that for every irreducible com-
ponent Xj of X there exists a natural pullback Λ·

X → Λ·
Xj

such that the
composition Λ·

Y → Λ·
Xj

is a pullback; then Λ·
Y → Λ·

X is a pullback.

2.4.1 Proof of theorem 2.7: composition of primary pullback
(the irreducible case)

The proof is by triple induction on (k,m, n) where dimZ ≤ k, dimX ≤
m, dimY ≤ n. More precisely we prove
(C)k−1,m,n and (C)k,m−1,n and (C)k,m,n−1 =⇒ (CP)k,m,n for primary pull-
back.

It is obvious that ψ ◦ φ commutes to differentials and satisfies the property
(P1) in the definition 2.2. Let Λ·

Z = E·̃
Z
⊕ Λ·

G ⊕ Λ·̃
G

(−1), Λ·
X = E·̃

X
⊕ Λ·

E ⊕
Λ·̃
E

(−1), Λ·
Y = E·̃

Y
⊕ Λ·

F ⊕ Λ·̃
F

(−1), α : E·̃
Y

→ E·̃
X

, α′ : E·̃
X

→ E·̃
Z

, be induced
by φ and ψ respectively.

1) Case α 
= 0, α′ 
= 0. Then we find a commutative diagram

E·̃
Y

α
β

⊕ Λ·
F

γ

⊕ Λ·̃
F

(−1)

ε
δ

E·̃
X

α′ β′

⊕ Λ·
E

γ′

⊕ Λ·̃
E

(−1)

ε′
δ′

E·̃
Z

⊕ Λ·
G ⊕ Λ·̃

G
(−1)
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Since α 
= 0, α′ 
= 0, f and g extend respectively to f̃ : X̃ → Ỹ and
g̃ : Z̃ → X̃ so that f ◦ g extends to f̃ ◦ g̃ : Z̃ → Ỹ , and α′ ◦α is the ordinary
De Rham pullback (f̃ ◦ g̃)∗. Hence it remains to check that ψ ◦ φ satisfies
(P3) (i) (iii) in definition 2.2.

We check (P3) (i). Since α 
= 0, α′ 
= 0, we see that φ and ψ satisfy (P3)
(i); hence f−1(F ) ⊂ E, g−1(E) ⊂ G and finally (f ◦ g)−1(F ) ⊂ G.

The morphism Λ·
Y → Λ·

G is the composition Λ·
Y → Λ·

X → Λ·
G; by (P3)

(iii) applied to ψ, Λ·
X → Λ·

G is a pullback; since dimG ≤ k − 1, it follows
by (C)k−1,m,n that Λ·

Y → Λ·
G is a pullback, which is (P3) (iii).

2) Case α = 0. In this case α′ ◦ α = 0 so we must check P2 for ψ ◦ φ.
α = 0 implies f(X) ⊂ F , hence (f ◦ g)(Z) ⊂ F ; the morphism Λ·

Y → Λ·
X

decomposes through Λ·
Y → Λ·

F → Λ·
X . The composition Λ·

F → Λ·
X → Λ·

Z

is a pullback by (C)k,m,n−1, so that Λ·
Y → Λ·

Z decomposes through Λ·
Y →

Λ·
F → Λ·

Z , which is exactly P2.

3) Case α′ = 0, α 
= 0. In this case g(Z) ⊂ E and Λ·
X → Λ·

Z decomposes
through Λ·

X → Λ·
E → Λ·

Z , where Λ·
E → Λ·

Z is a pullback. The composite
mapping Λ·

Y → Λ·
X → Λ·

E is a pullback by (P2) ; finally the composition
Λ·
Y → Λ·

E → Λ·
Z is a pullback by (C)k,m−1,n.

2.4.2 Proof of theorem 2.8: composition of pullback (the
general case)

The proof is by triple induction on (k,m, n) where dimZ ≤ k, dimX ≤
m, dimY ≤ n. More precisely we prove
(C)k−1,m,n and (C)k,m−1,n and (C)k,m,n−1 =⇒ (C)k,m,n.

We already know (CP)k,m,n is true for primary pullback between irreducible
spaces. It is obvious that ψ ◦ φ commutes to differentials and satisfies the
property (P1) in the definition 2.4. Let Λ·

Z = E·̃
Z
⊕Λ·

G⊕Λ·̃
G

(−1), Λ·
X = E·̃

X
⊕

Λ·
E⊕Λ·̃

E
(−1), Λ·

Y = E·̃
Y
⊕Λ·

F⊕Λ·̃
F

(−1); the composition Λ·
X → Λ·

Z → Λ·
G is a

pullback, hence the composite mapping Λ·Y → Λ·
G is a pullback by (C)k−1,m,n.

• Let Zl be an irreducible component of Z; if g(Zl) ⊂ E there exists a
commutative diagram

Λ·
X Λ·

Z

Λ·
E Λ·

Zl

Λ·,0
Zl
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The composition Λ·
Y → Λ·

X → Λ·
E is a pullback because Λ·

Y → Λ·
X is,

hence the composition Λ·
Y → Λ·

E → Λ·,0
Zl

is a pullback by (C)k,m−1,n. If
g(f(Zl)) 
⊂ F , by lemma 2.1, b) (applied to the spaces Zl and Y ) there
exists a commutative diagram

Λ·
Y Λ·,0

Zl

Λ·
Yk

Λ·,1
Zl

Λ·,2
Zl

where Λ·
Yk

→ Λ·,2
Zl

is a primary pullback. So we obtain a commutative
diagram

Λ·
Y Λ·

Z

Λ·
Yk

Λ·,2
Zl

• if g(f(Zl)) ⊂ F arguing in the same way we find a commutative diagram

Λ·
Y Λ·

Z

Λ·
F Λ·,3

Zl

These last two diagrams imply that Λ·
Y → Λ·

Z is a pullback.

• if g(Zl) 
⊂ E there exists a unique irreducible component Xj of X with
g(Zl) ⊂ Xj ; for simplicity we suppose that there is a unique irreducible
component Yk of Y with f(Xj) ⊂ Yk (we leave to the reader the case
f(Xj) ⊂ F ). According to the definition 2.4 there is a commutative
diagram

Λ·
Y Λ·

X

Λ·
Yk

Λ·
Xj

Λ·,0
Xj
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and according to the lemma 2.1 another commutative diagram

Λ·
X Λ·

Z

Λ·,0
Xj

Λ·
Zl

Λ·,0
Zl

The composite morphism Λ·Yk
→ Λ·,0

Xj
→ Λ·,0

Zl
is the composition of two

primary pullback between irreducible spaces, hence it is a pullback by
(CP)m,n. If f(g(Zl)) 
⊂ F the proof is finished. If f(g(Zl)) ⊂ F , then
by definition 2.2 (primary pullback for irreducible spaces) the morphism
Λ·
Yk

→ Λ·
Zl

decomposes as Λ·
Yk

→ Λ·
Fk

→ Λ·,0
Zl

(Fk = F ∩ Yk). Taking
into account the commutative diagram

Λ·
Y Λ·

Yk

Λ·
F Λ·

Fk

we finally get by composition the diagram

Λ·
Y Λ·

Z

Λ·
F Λ·,0

Zl

which concludes the proof.

2.4.3 Proof of theorem 2.1: construction-existence

We suppose that (EP)n−1,n−1, (U)n−1,n−1, (F)n−1, (E)n−1 are already
proved.

Let us establish first the following

Lemma 2.2. Let f : X → Y be a morphism of complex spaces, with Y smooth,
dimX = r ≤ n − 1, dimY ≤ n. We suppose that (C)k,m,l, (EP)m,l, (F)m,
(U)m,l, (E)m are already proved for k < n, m < n, l < n.

i. There exists a Λ·
X ∈ R(X) and a pullback ψ : E·Y → Λ·

X (corresponding
to f).
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ii. Moreover if ψ1 : E·Y → Λ·
X is another pullback corresponding to f then

ψ = ψ1.

The proof of the lemma is by induction on r, the case r = 0 being trivial.
First we check (i). Let E = singX . Since dimE < r there is a Λ·

E ∈ R(E)
and a pullback ρ : E·Y → Λ·

E . Let us take a desingularization π : X̃ → X with
exceptional space Ẽ = π−1(E).

By (E)n−1 we construct Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1). Let us consider the
commutative diagram of pullback

E·Y
ρ

α

Λ·
E

φ

E·̃
X

θ Λ·̃
E

where α = (f ◦ π)∗ is the ordinary De Rham pullback, and φ, θ are the inner
pullback of Λ·

X ; using (ii) in smaller dimension (replace X by E) we see that
φ ◦ ρ = θ ◦ α.

Then we define ψ : E·Y → Λ·
X by ψ(ω) = ((f ◦ π)∗(ω), ρ(ω), 0), which is a

pullback (left to the reader).
We check the uniqueness (ii); we remark that in our situation any pullback

ψ1 : E·Y → Λ·
X is given by

E·Y
(α1,β1,0) E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1)

where α1 = (f ◦ π)∗ and β1 : Λ·
Y → Λ·

E is a pullback corresponding to the
composition f ◦ j : E → Y (inductively defined). Hence we immediately get
α1 = α, and β1 = ρ follows from (U)n−1,n−1.

Let us go back to the construction-existence theorem. First we recall the
proposition 1.1 of the chapter 1.

Proposition 2.2. Let U ⊂ X be an open neighborhood of a point x ∈ E.

i. Let η1, η2 ∈ Hk
(
π−1(U),C

)
be two cohomology classes whose restrictions

to Hk
(
π−1(U)∩Ẽ,C) coincide. There exists an open neighborhood V ⊂ U

of x such that the restrictions of η1, η2 to Hk
(
π−1(V ),C

)
coincide.

ii. Let θ ∈ Hk
(
π−1(U) ∩ Ẽ,C). There exists an open neighborhood V ⊂ U

of x and η ∈ Hk
(
π−1(V ),C

)
inducing θ|π−1(V )∩Ẽ.

By the above lemma there is a pullback ρ : E·̃
X

→ Λ·,1
Ẽ

; by (EP)n−1,n−1

there is a pullback Λ·
E → Λ·,2

Ẽ
; by (F)n−1 and (EP)n−1,n−1 there exist Λ·̃

E
and

morphisms Λ·,1
Ẽ

→ Λ·̃
E

and Λ·,2
Ẽ

→ Λ·̃
E

; by composition we obtain φ : Λ·
E → Λ·̃

E

(corresponding to q), and ψ : E·̃
X

→ Λ·̃
E

(corresponding to i). Let us prove
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that the complex Λ·
X = E·̃

X
⊕Λ·

E ⊕Λ·̃
E

(−1) is a resolution of CX . Let x ∈ X ,
U a neighbhorhood of x in X and (ω, σ, θ) ∈ ΛpX(U), i.e. ω ∈ Ep

X̃

(
π−1(U)

)
,

σ ∈ ΛpE(U ∩ E), θ ∈ Λp−1

Ẽ

(
π−1(U) ∩ Ẽ

)
, with

(
dω, dσ, dθ + (−1)p(ψ(ω) −

φ(σ))
)

= (0, 0, 0). Then dσ = 0 implies by induction on the dimension of X
that σ = dσ′ (after possibly shrinking U). Then we have

dω = 0, d(θ − (−1)pφ(σ′)) = −(−1)pψ(ω)

which implies that ω gives a cohomology class in Hp
(
π−1(U),C

)
whose re-

striction to Hp
(
π−1(U) ∩ Ẽ,C

)
is zero; by proposition 2.2 we can write (after

possibly shrinking U) ω = dω′ where ω′ ∈ Ep−1

X̃

(
π−1(U)

)
; it follows

d
[
θ + (−1)pψ(ω′) − (−1)pφ(σ′)

]
= 0

thus θ+ (−1)pψ(ω′)− (−1)pφ(σ′) gives a class in Hp−1
(
π−1(U) ∩ Ẽ,C

)
. By

proposition 2.2 we can write (again after possibly shrinking U)

θ + (−1)pψ(ω′) − (−1)pφ(σ′) = (−1)p−1ψ(ω′′) + dθ′

where ω′′ ∈ Ep−1

X̃

(
π−1(U)

)
, dω′′ = 0, and θ′ ∈ Λp−2

Ẽ

(
π−1(U) ∩ Ẽ

)
(here we

suppose of course p ≥ 2: the case p ≤ 1 needs minor modifications). As a
consequence

(ω, σ, θ) = d(ω′ + ω′′, σ′, θ′)

Finally, for every p , ΛpX = Ep
X̃

⊕ ΛpE ⊕ Λp−1

Ẽ
is a fine sheaf; in fact it is a

direct sum of direct images of fine sheaves (we use again induction on the
dimension).

2.4.4 Proof of theorem 2.2: existence of primary pullback
(the irreducible case)

We suppose that (EP)m−1,n, (EP)m,n−1, (EP)m−1,m, (U)m−1,n, (F)m, (E)q,
q = sup {m,n} are already proved.

Let ΛpY = Ep
Ỹ
⊕ ΛpF ⊕ Λp−1

F̃
be defined by a desingularization

F̃ Ỹ

p

F Y

with inner pullback given by u1 : E·̃
Y
→ Λ·̃

F
and p1 : Λ·

F → Λ·̃
F

. If f(X) ⊂ F ,
by (EP)m,n−1 there exists a pullback Λ·

F → Λ·
X ; hence we obtain the required

pullback as composition Λ·
Y → Λ·

F → Λ·
X , where Λ·

Y → Λ·
F is the projection

onto the summand.
From now on we suppose f(X) 
⊂ F . Since X is irreducible, the subspace

E ≡ f−1(F ) ∪ singX is nowhere dense in X .



170 Differential forms on complex spaces

Lemma 2.3. We can construct two commutative diagrams

Ẽ X̃

h

f̃

Ỹ

p

E X
f

Y

where h is a desingularization of X.

Proof of the lemma. By Hironaka Chow lemma (part I, chapter 7) the mod-
ification f : Ỹ → Y is dominated by the composition g : Y1 → Y of a locally
finite sequence of blowing-up; following step by step the sequence of blowing-
up, and lifting them by lemma 7.1 of part I, chapter 7, we can extend g to
u : X1 → X : i.e. we obtain a commutative diagram

X1
h1

u

Y1

g

X
f

Y

and, by composition, a diagram

X1
f1

u

Ỹ

p

X
f

Y

We take as X̃ a desingularization of X1. This proves the lemma.

Now, dim F̃ < n, dim f̃−1(F̃ ) < m, so that by (EP)m−1,m and (EP)m−1,n−1

there exist two pullback u2 : E·̃
X

→ Λ·̃
f−1(F̃ )

and p2 : Λ·̃
F
→ Λ·̃

f−1(F̃ )
(here we

need also (F)m−1 in order to insure the same target Λ·̃
f−1(F̃ )

).
By (U)m−1,n

p2 ◦ u1 = u2 ◦ f̃∗

From the trivial proper modification id : (X̃, f̃−1(F̃ )) → (X̃, f̃−1(F̃ )) we build
the complex Λ·̃

X
∈ R(X̃):

Λp
X̃

= Ep
X̃
⊕ Λp

f̃−1(F̃ )
⊕ Λp−1

f̃−1(F̃ )

with inner pullback given by u2 : Ep
X̃

→ Λp
f̃−1(F̃ )

and id : Λp
f̃−1(F̃ )

→ Λp
f̃−1(F̃ )

.
Let us define the morphism

ψ : ΛpY = Ep
Ỹ
⊕ ΛpF ⊕ Λp−1

F̃
→ Λp

X̃
= Ep

X̃
⊕ Λp

f̃−1(F̃ )
⊕ Λp−1

f̃−1(F̃ )

ψ(ω, σ, θ) = (f̃∗ω, (p2 ◦ p1)(σ), p2(θ))
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We check that ψ is a primary pullback (see definition 2.2) corresponding to
the morphism f ◦h : X̃ → Y ; in fact it commutes with the differential because
of p2 ◦ u1 = u2 ◦ f̃∗; the condition P1 on the hypercoverings of X̃ and Y
is clearly satisfied; the condition (f ◦ h)−1(F ) ⊂ f̃−1(F̃ ) is true because of
f ◦ h = p ◦ f̃ ; f ◦ h extends trivially to f̃ : X̃ → Y ; finally the composition
ΛpY → Λp

X̃
→ Λp

f̃−1(F̃ )
coincides with p2 ◦ p1, therefore is a pullback.

Next we define

t : Ep
X̃

→ Λp
X̃

= Ep
X̃
⊕ Λp

f̃−1(F̃ )
⊕ Λp−1

f̃−1(F̃ )

t(ρ) = (ρ, u2(ρ), 0)

which is also a pullback corresponding to the identity id : X̃ → X̃ (left
to the reader). Now we use induction: by (EP)m−1,n there is a pullback
w : Λ·

Y → Λ·
E corresponding to the composite morphism E → X → Y : again

by (EP)m−1,m there is a pullback z : Λ·̃
X

→ Λ·̃
E

corresponding to the embed-
ding Ẽ → X̃; by (EP)m−1,m−1 there is a a pullback q1 : Λ·

E → Λ·,1
Ẽ

corre-
sponding to the morphism Ẽ → E. Using (F)m−1 we can suppose Λ·,1

Ẽ
= Λ·̃

E
.

Because of (U)m−1,n the two pullback z ◦ ψ, q1 ◦ w : Λ·
Y → Λ·̃

E
coincide:

z ◦ ψ = q1 ◦ w
We define

ΛpX = Ep
X̃
⊕ ΛpE ⊕ Λp−1

Ẽ

where the inner pullback are defined by z ◦ t : E·̃
X

→ Λ·̃
E

and q1 : Λ·
E → Λ·̃

E
.

Finally we define

φ : ΛpY = Ep
Ỹ
⊕ ΛpF ⊕ Λp−1

F̃
→ ΛpX = Ep

X̃
⊕ ΛpE ⊕ Λp−1

Ẽ

φ(ω, σ, θ) =
(
f̃∗ω,w(ω, σ, θ), z(0, p2(θ), 0)

)
Here we notice that p2(θ) ∈ Λp−1

f̃−1(F̃ )
, (0, p2(θ), 0) ∈ Λp−1

X so that z(0, p2(θ), 0) ∈
Λp−1

Ẽ
. In order to prove that φ is a primary pullback, the only non trivial

property is that it commutes with differentials. Let us check it.

d(ω, σ, θ) =
(
dω, dσ, dθ + (−1)p(u1(ω) − p1(σ))

)
φ(d(ω, σ, θ)) =

(
f̃∗dω,w(d(ω, σ, θ)), z(0, p2(dθ + (−1)p(u1(ω) − p1(σ)), 0)

)
On the other hand

d(φ(ω, σ, θ)) = d
(
f̃∗ω,w(ω, σ, θ), z(0, p2(θ), 0)

)
=(

df̃∗ω, d(w(ω, σ, θ)), d(z(0, p2(dθ), 0)) + (−1)p
[
(z ◦ t)(f̃∗ω) − q1(w(ω, σ, θ))

])

Since f̃∗dω = df̃∗ω, w(d(ω, σ, θ)) = d(w(ω, σ, θ), it remains to check the equal-
ity of the third components. We must be careful about signs: d(z(0, p2(dθ), 0))
in the above formula(s) is a differential of a (p− 1)-form. Recalling that

ψ(ω, σ, θ) =
(
f̃∗ω, (p2 ◦ p1)(σ), p2(θ)

)
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and
t(f̃∗ω) =

(
f̃∗ω, u2(f̃∗ω), 0

)
=
(
f̃∗ω, (p2 ◦ u1)(ω), 0

)

we obtain

d
(
z(0, p2(dθ), 0)

)
+ (−1)p

[
(z ◦ t)(f̃∗ω

)− q1
(
w(ω, σ, θ)

)]
=

= z
(
0, dp2(θ), (−1)pp2(θ)

)
+ (−1)p

[
(z ◦ t)(f̃∗ω

)− (z ◦ ψ)(ω, σ, θ)
]

=

= z
{(

0, dp2(θ), (−1)pp2(θ)
)

+ (−1)p
[
f̃∗ω − ψ(ω, σ, θ)

]}
=

= z
(

0, dp2(θ) + (−1)p
[
(p2 ◦ u1)(ω) − (p2 ◦ p1)(σ)

]
, 0
)

which gives the result.
It is clear that the above proof implies the more precise statement theorem

2.3 and remarks 2.1 and 2.2.

2.4.5 Proof of theorem 2.4: uniqueness of the primary pull-
back (the irreducible case)

We suppose that (EP)m−1,n, (EP)m,n−1, (EP)n−1,n−1, (U)m−1,n, (U)m,n−1,
(U)n−1,n−1, (F)m, (E)q, q = sup {m,n} are already proved.

Let Λ·
Y = E·̃

Y
⊕ Λ·

F ⊕ Λ·̃
F

(−1), Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1).
We suppose first that f(X) ⊂ F , so that both φ1 and φ2 decompose through

the projection Λ·Y → Λ·
F ; the result follows if we apply (U)m,n−1 to the

induced morphism X → F .
So we assume f(X) 
⊂ F .
According to (P3) in definition 2.2

i. f−1(F ) ⊂ E;

ii. the morphism f extends to a morphism f̃ : X̃ → Ỹ ;

iii. the morphism φj is given by

E·̃
Y

αj

βj

⊕ Λ·
F

γj

⊕ Λ·̃
F

(−1)

δj

εj

E·̃
X

⊕ Λ·
E ⊕ Λ·̃

E
(−1)

(2.10)

where μj = (βj , γj , δj) : Λ·
Y → Λ·

E is a pullback corresponding to the compo-
sition E → X → Y , and αj = f̃∗ is the ordinary De Rham pullback.

It follows α1 = f̃∗ = α2; by (U)m−1,n μ1 = μ2.
The conclusion will follow from the next lemma.

Lemma 2.4. Let φj : Λ·
Y → Λ·

X , j = 1, 2, two primary pullback given by
(2.10), and suppose α1 = α2, β1 = β2, γ1 = γ2, δ1 = δ2. Then also ε1 = ε2.
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In order to prove the lemma we need the following two propositions

Proposition 2.3. Let φ : E·X → Λ·
Z be a pullback corresponding to a mor-

phism f : Z → X, X being smooth, and let (Zs, gs)s∈S be the hypercovering
associated to Λ·

Z . For every Zs of rank 0 in Z the pullback φ induces the De
Rham pullback f∗

s : E·X → E·Zs
.

The proof of proposition 2.3 is by induction on the dimension of Z. Let
Λ·
Z = E·̃

Z
⊕ Λ·

G ⊕ Λ·̃
G

(−1). If Zs appears in the hypercovering of G, we
conclude by induction applied to the pullback E·X → Λ·

G. Otherwise, because
of its rank, Zs cannot appear in the hypercovering of G̃ so it must be a
connected component of the desingularization Z̃, so the result is an immediate
consequence of the definition of pullback.

Proposition 2.4. Let Λ·
X ∈ R(X) and (Xl, hl)l∈L be the associated hyper-

covering. For every Xl of positive rank r > 0 in X there exists Xm of rank
r−1 and an inner differential inducing a De Rham pullback f∗

lm : EpXm
→ EpXl

.

Proof of proposition 2.4. Here, an inner differential is one of the pullback ap-
pearing in the construction of the differential d : Λ·

X → Λ·
X ; more precisely it

is one of the following:

• the pullback E·̃
X

→ Λ·̃
E

;

• the pullback Λ·
E → Λ·̃

E
;

• an inner differential in Λ·E (inductively defined);

• an inner differential in Λ·̃
E

(inductively defined).

The proof is by induction on m = dimX . Since r > 0, Xl appears in the
hypercovering of E or in the hypercovering of Ẽ. If Xl belongs to the hyper-
covering of E, we conclude by induction. If Xl belongs to the hypercovering
of Ẽ, then the rank s of Xl in Ẽ is r− 1; if r > 1, then s > 0 and we conclude
by induction (Ẽ in the place of X); if r = 1, then s = 0, and we apply the
proposition 2.3 to the inner pullback E·̃

X
→ Λ·̃

E
.

Proof of lemma 2.4. By the hypothesis we define α = α1 = α2, β = β1 = β2,
γ = γ1 = γ2, δ = δ1 = δ2.

Let u, p be the inner pullback in Λ·
X , and v, q those in Λ·

Y .
Then φ ◦ d = d ◦ φ implies for ε = ε1 or ε = ε2:

ε(v(ω)) = u
(
f∗(ω)

)− (p ◦ φ)(ω, 0, 0) (2.11)
(ε ◦ d− d ◦ ε)(γ) = (−1)p(p ◦ φ)(0, 0, γ) (2.12)

Let (Xl) and (Ys) be the hypercoverings corresponding to Λ·
X and Λ·

Y ; for
every Xl appearing in Ẽ there is at most a Ys appearing in F̃ such that the
morphism ε1,ls : EpYs

→ EpXl
induced a by ε1 is a De Rham pullback; otherwise
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ε1,ls = 0; the same for ε2,ls. Since ε1,ls and ε2,ls completely determine ε1 and
ε2, it will be enough to prove that ε1,ls = 0 if and only if ε2,ls = 0; more
precisely we check that (2.11) and (2.12) completely determine whether εls is
zero or nonzero.

Let s ≥ 0 be the rank of Xl in Ẽ, so that the rank of Xl in X is r = s+1 > 0.
We proceed by induction on s.

Let first s be 0. We apply proposition 2.3 to the inner pullback v : E·̃
Y
→ Λ·̃

F
;

hence for every s such that Ys appears in F̃ with rank 0 there is ω ∈ E0

Ỹ
such

that v(ω) 
= 0 ∈ E0

Ys
. it follows that εls = 0 or 
= 0 according to the second

member of (2.11) , which is the same for ε1 and ε2.
We consider now the case s > 0. Let us fix l and s; by proposition 2.4 there

exist Yk of rank s − 1 ≥ 0 in F̃ and an inner pullback inducing a De Rham
pullback ask : E·Yk

→ E·Ys
.

Let θ ∈ Λ·̃
F

be defined as θ = (0, . . . , θk, . . . , 0); then (dθ)l = ±ask(θk).
Moreover ε(θ) = (εtk(θk))t where εtk : EpYk

→ EpXt
involves only components

Yk and Xt of rank < s. hence by induction ε1,tk = ε2,tk and dε1(θ) = dε2(θ).
From (2.12) it follows that εsl(ask(θk) is the same for ε1 and ε2. Taking any
θk 
= 0 ∈ E0

Yk
we obtain ask(θk) 
= 0 ∈ E0

Ys
so that ε1,ls = 0 if and only if

ε2,ls = 0.

2.4.6 Proof of theorem 2.5: existence of pullback (the gen-
eral case)

We suppose that (EP)m−1,n, (EP)m−1,m−1, (U)m−1,n, (F)m, (E)q, q =
sup {m,n} are already proved. Moreover we suppose (EPP)m,n true for mor-
phisms between irreducible spaces.

First we deal with the case X irreducible. There exists an irreducible com-
ponent Yk of Y such that f(X) ⊂ Yk; let Λ·

Y → Λ·
Yk

be a natural pullback;
by (EPP)m,n there exists a pullback Λ·

Yk
→ Λ·

X . By composition we get the
required pullback.

Let us consider the case where X is reducible; let X =
⋃
j Xj be the de-

composition of X into its irreducible components. By the above case for every
j there exists a pullback φj : Λ·

Y → Λ·
Xj

. Let Λ·
Xj

= E·̃
Xj

⊕ Λ·
Ej

⊕ Λ·̃
Ej

(−1)

and denote by ρj : Λ·
Ej

→ Λ·̃
Ej

and ηj : E·̃
Xj

→ Λ·̃
Ej

the inner pullback. Then
sing(Xj) ⊂ Ej ; using (F)m and (E)m we can enlarge Ej in order to obtain
sing(X) ∩Xj ⊂ Ej , so that if we define E =

⋃
j Ej we obtain sing(X) ⊂ E.

Let moreover X̃ =
⊔
j X̃j , Ẽ =

⊔
j Ẽj .

By (EP)m−1,n and (EP)m−1,m−1 there are pullback β : Λ·
Y → Λ·

E and
μj : Λ·

E → Λ·,1
Ej

; if we apply (F)m−1 to Ej we find two pullback Λ·
Ej

→
Λ·,0
Ej
,Λ·,1

Ej
→ Λ·,0

Ej
; by (E)m there exists Λ·,0

Xj
= E·̃

Xj
⊕ Λ·,0

Ej
⊕ Λ·,0

Ẽj
(−1) and

a pullback θj : Λ·
Xj

→ Λ·,0
Xj

. Finally, after replacing Λ·Ej
by Λ·,0

Ej
, Λ·

Xj
by
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Λ·,0
Xj

and φj by θj ◦ φj we can assume that μj : Λ·
E → Λ·

Ej
. Let φj be given by

ΛpY → ΛpXj
= Ep

X̃j
⊕ ΛpEj

⊕ Λp−1

Ẽj

ω 	→ (
αj(ω), βj(ω), θj(ω)

)

Recall that by the definition of pullback, βj : Λ·
Y → Λ·

Ej
is a pullback. By

(U)m−1,n

βj = μj ◦ β

We can now define

Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1)

with inner pullback given by

ξ : Λ·
E → Λ·̃

E
= ⊕jΛ·̃

Ej

σ → ⊕jρj(μj(σ))

and

λ : E·̃
X

= ⊕jE·̃Xj
→ Λ·̃

E
= ⊕jΛ·̃

Ej

(τj) → ⊕jηj(τj)

Finally we define the morphism

φ : ΛpY → ΛpX = ⊕jEpX̃j
⊕ ΛpE ⊕⊕jΛp−1

Ẽj

ω 	→ (⊕j αj(ω), β(ω),⊕jθj(ω)
)

We check that φ commutes with differentials. Since φj commutes with differ-
entials, we get for ω ∈ ΛpY :

dαj(ω) = αj(dω)
dβj(ω) = βj(dω)

dθj(ω) = θj(dω) − (−1)p
[
ηj(αj(ω)) − ρj(βj(ω))

]

Using the equality ρj ◦ βj = ρj ◦ μj ◦ β a simple computation shows that φ
commutes to d. It is clear by construction that φ satisfies all the properties
in the definition 2.4 so it is the required pullback.

As to remark 2.3, it is clear from the proof that if X = Y, f = id, m = n
we do not need the assumptions (EP)m,m−1, (U)m,m−1, because for every j,
f(Xj) 
⊂ E; moreover we need (F)m only for the (irreducible) Xj .
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2.4.7 Proof of theorem 2.6: uniqueness of the pullback (the
general case)

We suppose that (U)m−1,n, (F)m, (E)q, q = sup {m,n} are already proved.
Moreover we suppose (UP)m,n true for morphisms between irreducible spaces.

Let f : X → Y be a morphism between (reducible) complex spaces, X =⋃
j Xj, Y =

⋃
k Yk be the respective decompositions into irreducible com-

ponents. Let Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1), Λ·
Y = E·̃

Y
⊕ Λ·

F ⊕ Λ·̃
F

(−1). Let
φi : Λ·

Y → Λ·
X , i = 1, 2 be two pullback. Let u, p be the inner pullback in Λ·

X ,
and v, q those in Λ·

Y .
For (ω, σ, θ) ∈ ΛpY , we have

φi(ω, 0, 0) =
(
αi(ω), βi(ω), 0

)
φi(0, σ, 0) =

(
ρi(σ), γi(σ), ηi(σ)

)
φi(0, 0, θ) =

(
0, δi(θ), εi(θ)

)

In fact the morphism Ep
Ỹ
→ Λp−1

Ẽ
induced by φi is identically zero because the

components of Ỹ have rank 0 in Y , while the components of the hypercovering
of Λ·

X belonging to Λ·̃
E

have strictly positive rank in X ; for an analogous
reason the morphism Λp−1

F̃
→ Ep

X̃
is zero.

By (P4) in the definition 2.4, and (U)m−1,n, we obtain β1 = β2 = β, γ1 =
γ2 = γ, δ1 = δ2 = δ.

Moreover it is clear that αi = 0 on X̃j in case f(Xj) ⊂ F , while αi is an
ordinary De Rham pullback on X̃j if f(Xj) 
⊂ F ; it follows α1 = α2 = α.

For any irreducible component Xj of X we consider a commutative diagram
like (2.8) (or (2.7): left to the reader) for φ1. Because of lemma 2.1 we have
for φ2 an analogous diagram, with the same Λ·,0

Xj
and Λ·

Yk
, and same natural

pullback Λ·
X → Λ·,0

Xj
and Λ·

Y → Λ·
Yk

.
By (UP)m,n applied to the morphism of irreducible spaces Xj → Yk we can

suppose that the diagrams (2.8) for φ1 and φ2 coincide, so that the same is
true for the composite morphisms πi : Λ·

Y → Λ·
Yk

→ Λ·,0
Xj

, i.e. π1 = π2. Since
by construction πi and φi induce the same morphisms Λp

F̃
→ Ep

X̃j
for every j,

we conclude that also ρ1 = ρ2.
Since φi commutes to the differentials we can deduce

εi(v(ω)) = u(α(ω)) − p(β(ω)) (2.13)
(εi ◦ d− d ◦ εi)(θ) = (−1)p(p(δ(θ)) (2.14)

(ηi ◦ d− d ◦ ηi)(σ) = (−1)pεi(q(σ)) + (−1)p
[
u(dρ(σ)) − q(dγ(σ))

]
(2.15)

Arguing as in the proof of lemma 2.4, by (2.13) and (2.14) we obtain ε1 = ε2;
then using (2.15) (instead of (2.12)) again an argument similar to that in the
proof of the lemma 2.4 shows that η1 = η2 (the reader should note that η1
and η2 do not involve Ỹ ).



Differential forms on complex spaces 177

2.4.8 Proof of theorem 2.9: filtering

We suppose that (EP)m−1,m−1, (U)m−1,m−1, (F)m−1, (E)m, are already
proved.

Let Λ·,1
X = E·

X̃1
⊕ Λ·,1

E ⊕ Λ·,1
Ẽ

(−1), Λ·,2
X = E·

X̃2
⊕ Λ·,2

F ⊕ Λ·,2
F̃

(−1).

First we consider the case X̃1 = X̃2 = X̃, E = F, Ẽ = F̃ . By (F)m−1

there are pullback Λ·,1
E → Λ·

E , Λ·,2
E → Λ·

E, Λ·,1
Ẽ

→ Λ·̃
E

, Λ·,2
Ẽ

→ Λ·̃
E

. Using
(EP)m−1,m−1, (U)m−1,m−1 and again (F)m−1 we find a pullback Λ·

E → Λ·̃
E

such that the following two diagrams for j = 1, 2 are commutative

Λ·,j
E

Λ·
E

Λ·,j
Ẽ

Λ·̃
E

where the left vertical arrows come from the inner differentials in Λ·,j
X . Finally

by (E)m we find Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1) and obvious pullback Λ·,j
X → Λ·

X .

Lemma 2.5. Under the assumptions of the theorem, let Λ·
X = E·̃

X
⊕ Λ·

E ⊕
Λ·̃
E

(−1), and let G be a nowhere dense closed subspace of X with E ⊂ G. Then
there exists Λ·,0

X = E·̃
X

⊕ Λ·
G ⊕ Λ·̃

G
(−1) ∈ R(X) and a pullback Λ·

X → Λ·,0
X

corresponding to the identity.

It is now clear how to prove (F)m: we take G = E ∪ F . By the lemma we
find Λ·,0

X = E·̃
X
⊕ Λ·

G ⊕ Λ·̃
G

(−1) and two pullback Λ·,j
X → Λ·,0

X , j = 1, 2.

Sketch of the proof of the lemma. In the case whereX is irreducible, the lemma
is a consequence of the remark 2.1. In the general case it follows from the
remark 2.3, because meanwhile (F)m has been already proved for each irre-
ducible component of X .

2.5 Kähler hypercoverings

We recall that in part I, chapter 7 we have defined a (B)-Kähler space as
a compact complex space X dominated by a compact Kähler manifold, or,
equivalently, there is a modification f : M → X . A (B)-Kähler manifold is
a smooth (B)-Kähler space (it is not necessarily a Kähler manifold). For
a (B)-Kähler space X , we can deal with complexes Λ·

X whose associated
hypercovering is formed by Kähler manifolds. More precisely:

Definition 2.5. The hypercovering (Xl)l∈L associated to Λ·
X is called a

Kähler hypercovering if each Xl is a Kähler manifold.
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Theorem 2.10.

i. Let X be a (B)-Kähler space. Then there exists a Λ·
X ∈ R(X) with a

Kähler hypercovering.

ii. Let f : X → Y be a morphism of (B)-Kähler spaces, and fix Λ·
Y ∈ R(Y )

with a Kähler hypercovering. Then there exists a Λ·
X ∈ R(X) with a

Kähler hypercovering and a pullback Λ·
Y → Λ·

X .

iii. If X is a (B)-Kähler space and Λ·,1
X , Λ·,2

X ∈ R(X) admit a Kähler hy-
percovering, there exists a third Λ·

X ∈ R(X) with a Kähler hypercovering
and two pullback Λ·,1

X → Λ·
X , Λ·,2

X → Λ·
X corresponding to the identity.

This is easily seen by induction on dimX . For example, let us check (i). If
X is (B)-Kähler, there exist diagrams (2.1) where X̃ is Kähler, and E ⊂ X ,
Ẽ ⊂ X̃ (as subspaces of a (B)-Kähler space) are (B)-Kähler. Let Λ·

X =
E·̃
X
⊕Λ·

E ⊕Λ·̃
E

(−1) be obtained from such a diagram (2.1). By induction the
hypercoverings of Λ·

E and Λ·̃
E

can be taken Kähler. Hence the hypercovering
of Λ·

X , which is the union of the hypercoverings of Λ·E , Λ·̃
E

, plus X̃, is Kähler.

2.6 Chains and homology

For any real analytic space M we denote by SM,k the sheaf of germs of
subanalytic k-chains on M (with coefficients in C), and ∂ : SM,k → SM,k−1

the boundary operator (see part I, chapter 7 , section 7.8)
For any complex space X and any Λ·

X = E·̃
X
⊕Λ·

E⊕Λ·̃
E

(−1) (corresponding
to the diagram (2.1)) we introduce the co-complex of sheaves of chains
(CX, ·, ∂) dual to Λ·

X , and for every morphism f : X → Y of complex spaces
and every pullback α : Λ·

Y → Λ·
X a pushdown α∗ : f∗CX, · → CY, · satisfying

the pullback-pushdown formula

〈α(ω), γ 〉 = 〈ω, α∗γ 〉 (2.16)

Inductively we define

CX,k = π∗SX̃,k ⊕ j∗CE,k ⊕ (j ◦ q)∗CẼ,k−1

which we simply write

CX,k = SX̃,k ⊕ CE,k ⊕ CẼ,k−1

and the boundary operator as

∂ : CX,k = SX̃,k ⊕ CE,k ⊕ CẼ,k−1 → CX,k−1 = SX̃,k−1 ⊕ CE,k−1 ⊕ CẼ,k−2

∂(α, β, γ) =
(
∂α+ (−1)kψ∗γ, ∂β − (−1)kφ∗γ, ∂γ

)
(2.17)
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where ψ∗ and φ∗ are the pushdown dual to the inner pullback of Λ·X . It is
clear that ∂∂ = 0, so that we obtain a co-complex

(CX,·, ∂).
For an open set U of X let Ck(U) = Γc

(
U, CX,k

)
be the C-module of the

chains with compact support in U . Then

Ck(U) = SX̃,k
(
Ũ
)⊕ CE,k(U ∩ E) ⊕ CẼ,k−1

(
Ũ ∩ Ẽ)

where SX̃,k
(
Ũ
)
, CE,k(U ∩ E), CẼ,k−1

(
Ũ ∩ Ẽ) are the respective chains with

compact support (inductively defined for E and Ẽ).

Theorem 2.11. The homology of the complex of global sections
(
C·(X), ∂

)
is the Borel-Moore homology with compact supports of X:

Hc
k

(
X,C

)
=

ker { ∂ : Ck(X) → Ck−1(X) }
∂Ck+1(X)

(2.18)

Proof. The presheaf on X defined by U 	→ homC

(
Ck(U),C

)
is a flabby sheaf,

which we denote by CkX . The boundaries ∂ give by transposition differentials
δ : CkX → Ck+1

X such that δ ◦ δ = 0, hence
(C·X , δ) is a complex. It is enough

to prove that
(C·X , δ) is a resolution of CX .

The sheaf CkX decomposes as

CkX = Sk
X̃
⊕ CkE ⊕ Ck−1

Ẽ
(2.19)

and by part I, chapter 7, theorem 7.22, S·̃
X

is a resolution of constant sheaf
on X̃, and by induction on the dimensions, C·E and C·̃

E
are resolutions of the

constant sheaf on E and Ẽ respectively.
The augmentation CX → C0

X is given by c 	→ (c, c, 0).
The duality between (ω, σ, θ) ∈ CkX and (α, β, γ) ∈ CX,k is given by

〈 (ω, σ, θ), (α, β, γ) 〉 = 〈ω, α 〉 + 〈σ, β 〉 + 〈 θ, γ 〉 (2.20)

and δ is defined by

〈 δ(ω, σ, θ), (α, β, γ) 〉 = 〈 (ω, σ, θ), ∂(α, β, γ) 〉 (2.21)

By (2.18), (2.20), (2.21) and using the pullback-pushdown formula (2.16)

〈ψ(ω), γ 〉 = 〈ω, ψ∗γ 〉, 〈φ(σ), γ 〉 = 〈σ, φ∗γ 〉
we easily obtain

δ(ω, σ, θ) =
(
δω, δσ, δθ + (−1)k(ψ(ω) − φ(σ))

)
(2.22)

The above formula looks exactly like the formula for d in (2.3). Hence, mutatis
mutandis, the proof that

(C·X , δ) is a resolution of CX follows almost word by
word that of theorem 2.1.
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2.7 Integration of forms on chains

There is a duality between forms in ΛkX and chains in CX,k, given by inte-
gration: for (α, β, γ) ∈ CX,k and (ω, σ, θ) ∈ Λ

k

X we put∫
(α,β,γ)

(ω, σ, θ) =
∫
α

ω +
∫
β

σ +
∫
γ

θ (2.23)

where the
∫
α ω is the usual integral of a form on a subanalytic chain on the

manifold X̃, and
∫
β σ,

∫
γ θ are defined by induction on the dimensions of

complex spaces.

Lemma 2.6 (Stokes theorem). Let λ ∈ Γ
(
X,ΛkX

)
and η ∈ Γ

(
X, CX,k

)
such

that λ, or η, has compact support. Then∫
η

dλ =
∫
∂η

λ (2.24)

Proof. Let λ = (ω, σ, θ), η = (α, β, γ); we must prove:∫
(α,β,γ)

d(ω, σ, θ) =
∫
∂(α,β,γ)

(ω, σ, θ) (2.25)

In fact by (2.3)∫
(α,β,γ)

d(ω, σ, θ) =
∫
α

dω +
∫
β

dσ +
∫
γ

(
dθ + (−1)k(ψ(ω) − φ(σ))

)

We suppose by induction the Stokes theorem true for E and Ẽ; using the
Stokes theorem for the manifold X̃, we obtain∫

α

dω =
∫
∂α

ω,

∫
β

dσ =
∫
∂β

σ,

∫
γ

dθ =
∫
∂γ

θ

on the other hand∫
∂(α,β,γ)

(ω, σ, θ) =
∫
∂α

ω + (−1)k
∫
ψ∗γ

ω +
∫
∂β

σ − (−1)k
∫
φ∗γ

σ +
∫
∂γ

θ =

=
∫
∂α

ω + (−1)k
∫
γ

ψ(ω) +
∫
∂β

σ − (−1)k
∫
γ

φ(σ) +
∫
∂γ

θ

which implies (2.25).

As a consequence we obtain the following analogous of one of the classical
theorems of De Rham.

Theorem 2.12. Let X be a complex space. Then the integration formula
(2.23) induces the natural duality between the cohomology Hk(X,C) and the
homology Hc

k(X,C).
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2.8 The complex of Grauert and Grothendieck

A complex of differential forms on any complex (or real analytic) space X ,
which we denote by D·

X , goes back to H. Grauert, and A. Grothendieck. The
definition of D·

X is local. Let U be an open set of X which embeds as a
subspace into an open set V ⊂ CN . Let i : U∗ → V be the restriction of the
embedding to the set U∗ of the regular points of U . Let N p ⊂ EpV be the
subsheaf of the ω ∈ EpV such that i∗ω = 0. Then by definition

Dp
U =

(EpV /N p
)|U

and a differential d is induced because of the inclusion d(N p) ⊂ N p+1.
D·
X is a complex of fine sheaves, provided with an augmentation CX → D·

X ;
for p > 2 dimX , Dp

X = 0. The restriction D·
X |U to the open subset U of

smooth points of X is the ordinary De Rham complex E·U . If f : X → Y
is a morphism of complex spaces, the pullback f∗ : D·

Y → D·
X is defined; it

commutes to differentials, and is functorial.
Unfortunately, the complex

(
D·
X , d

)
is not exact in general (see [GK] and

[BH]), hence it is not a resolution of CX .
It is easy to see that the complex D·

X is in a natural way a subcomplex
of Λ·

X . More precisely for any Λ·
X ∈ R(X) there is an injective morphism of

complexes
ηX : D·

X → Λ·
X

such that for every pullback α : Λ·
Y → Λ·

X corresponding to a morphism
f : X → Y the following diagram

D·
Y

ηY

f∗

Λ·
Y

α

D·
X

ηX Λ·
X

(2.26)

commutes.
With the notations of definition 2.1: Λ·X = π∗E·̃X ⊕ j∗Λ·

E ⊕ (j ◦ q)∗Λ·̃
E

(−1)
we define

ηX(ω) =
(
π∗(ω), ηE(j∗(ω)), 0

)
where ηE has been defined by induction, and π∗(ω) ∈ D·̃

X
= E·̃

X
. In other

words, looking at the hypercovering (Xl, hl)l∈L, we have ηX(ω)l = hl
∗(ω) if

q(l) = 0 and ηX(ω)l = 0 otherwise. Hence ηX(ω) lives on the 0-skeleton
of the hypercovering, i.e. on the spaces Xl with q(l) = 0. Again by induc-
tion we prove ψ

(
π∗(ω)

)
= φ

(
ηE(j∗(ω))

)
which implies that ηX commutes to

differentials in D·
X and Λ·

X . Since π∗ is injective, ηX is injective too.





Chapter 3

Mixed Hodge structures on compact
spaces

3.1 Introduction

Let X be a complex space, Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1) an element of R(X)
as in chapter 2. In the present chapter we introduce three filtrations on Λ·

X :
the weight filtration W , the Hodge filtration F and its conjugate F̄ . They
are defined by induction on the dimensions of the spaces; they are supposed
to be already defined on Λ·E and Λ·̃

E
, on the other hand they are known for

the De Rham complex E·̃
X

. So we define the filtrations on Λ·
X as direct sums

(up a shift on Λ·̃
E

in the case of the weight filtration). The above filtrations
induce corresponding filtrations on the complex of global sections Γ

(
X,Λ·

X

)
and on the cohomology Hk(X,C).

For the complex Γ
(
X,Λ·

X

)
and its filtration W , we construct the corre-

sponding spectral sequence denoted by Em,kr . Then, under the assumption
that the hypercovering associated to Λ·

X is formed by compact Kähler mani-
folds, we prove:

1. the spectral sequence degenerates at level 2: dr = 0 , hence Em,kr =
Em,k2 , for r ≥ 2.

2. the Em,k2 carry a pure Hodge structure, and are isomorphic to the graded
quotients WmH

k(X,C)
Wm−1Hk(X,C)

of the cohomology Hk(X,C) with respect to the
weight filtrations.

The main consequence is that Hk(X,C) acquires a mixed Hodge structure.

183
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3.2 Filtration by the degree: the weight filtration

Let M be a complex manifold. The weight filtration on the De Rham
complex E·M is the trivial increasing filtration

WmEkM = EkM for m ≥ 0,WmEkM = 0 for m < 0

Let X be a complex space, Λ·
X an element of R(X). We define an increasing

weight filtration Wm on Λ·
X with the following properties:

i. WmΛkX = ΛkX for m ≥ 0.

ii. WmΛkX = 0 for m < −k.

iii.
(
Λ·
X , d

)
is a filtered complex, namely

d
(
WmΛkX

) ⊂WmΛk+1
X

iv. If X is a complex manifold and E·X is the usual De Rham complex,
WmEkX = EkX for m ≥ 0, WmEkX = 0 for m < 0.

v. If f : X → Y is a morphism of complex spaces any pullback Φ: Λ·
Y → Λ·

X

in R(f) is a strict morphism of filtered complexes (see part I, chapter 1
for definitions).

vi. If ΛkX = Ek
X̃
⊕ ΛkE ⊕ Λk−1

Ẽ
one has

WmΛkX = WmEk
X̃
⊕WmΛkE ⊕ Wm+1Λk−1

Ẽ
(3.1)

Moreover, if (Xl, hl)l∈L is the hypercovering of X associated to ΛkX , so
that

ΛkX =
⊕
l∈L

(hl)∗Ek−q(l)Xl

then
WmΛkX =

⊕
{l∈L:−q(l)≤m}

(hl)∗Ek−q(l)Xl
(3.2)

so that WmΛkX contains only forms of degree ≤ k + m on the various
spaces Xl of the hypercovering associated to ΛkX .

Proof of the statements on Wm. We define WmΛkX by recursion on dimX us-
ing the equation (3.1) and the definition of Wm on the standard De Rham
complex. It is then obvious that (i) and (ii) hold. Moreover the equation (3.2)
is also true: one has

WmΛkX =
⊕
l∈L

Wm+qX (l)(hl)∗Ek−qX (l)
Xl

(3.3)
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In fact, one of the Xl, let say Xa, is X̃ itself, with qX(a) = 0 , so that for
l = a, WmEk

X̃
= Wm+qX (a)(ha)∗Ek−qX (a)

Xa
appears in (3.3) exactly as in (3.1).

If Xl is in the hypercovering of Λ·E , we have qX(l) = qE(l) and (3.3) holds for
WmΛ·

E by recursion on the dimension.
Finally, if Xl is in the hypercovering of Ẽ one has qX(l) = qẼ(l) + 1 , so by

recursion on the dimension,

Wm+1Λk
Ẽ

=
⊕
l∈L

Wm+1+qẼ(l)(hl)∗Ek−1−qẼ (l)

Ẽ
=
⊕
l∈L

Wm+qX (l)(hl)∗Ek−qX (l)
Xl

This proves (3.3).
But Wm+qX (l)(hl)∗Ek−qX (l)

Xl
is equal to (hl)∗Ek−qX (l)

Xl
for m ≥ −qX(l) and

is 0 for m < −qX(l). This, together with (3.3) proves (3.2).
We prove now the assertion (v) concerning morphisms f : X → Y . Let

Φ: Λ·
Y → Λ·

X in R(f), and (Xl, hl)l∈L, (Ys, gs)s∈S be the hypercoverings
associated to Λ·

X ,Λ
·
Y , i.e.

ΛkX =
⊕
l

Ek−q(l)Xl
, ΛkY =

⊕
s

Ek−q(s)Ys

We know by chapter 2 that for every Xl there exist at most one Ys, having
the same rank q as Xl, and a commutative diagram

Xl
fls

hl

Ys

gs

X
f

Y

such that the composition

Ek−qYs
ΛkY

Φ ΛkX Ek−qXl

is either identically zero for every k, or coincides with the De Rham pullback
f∗
ls. But a standard De Rham pullback preserves the degree of a form or kills

the form. This implies that

im Φ ∩WmΛ·
X = Φ

(
Wm(Λ·

Y )
)

so that Φ is a strict morphism of filtered complexes.
Finally we prove that d respects the filtration. This is a consequence of the

formula for d:

d(ω, σ, θ) =
(
dω, dσ, dθ + (−1)k(ψ(ω) − φ(σ))

)
If (ω, σ, θ) ∈WmΛkX , an induction on the dimension shows that dσ ∈WmΛk+1

E

because dimE < dimX , and analogously dθ ∈ Wm+1Λk
Ẽ

, because dim Ẽ <
dimX ; the inner pullback ψ and φ preserve the filtration. Finally we obtain
d(ω, σ, θ) ∈WmΛk+1

X .
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From equation (3.3) we deduce immediately:

Lemma 3.1. If (Xl) is the hypercovering associated to Λ·
X , the graded com-

plex with respect the filtration Wm is given by

WmΛ·
X

Wm−1Λ·
X

=
⊕

{l∈L:−q(l)=m}
(hl)∗Ek−q(l)Xl

(3.4)

In other words, the graded complex is exactly the subspace of forms of ΛkX
whose nonzero components have degree k +m on each Xl.

3.3 The weight filtration in cohomology

The filtration Wm induces a filtration, still denoted W , on the complex of
global sections:

WmΓ
(
X,ΛkX

)
= Γ

(
X,WmΛkX

)
(3.5)

Since the sheaves WmΛ·X
Wm−1Λ·X are fine, we have the natural isomorphism of com-

plexes
Γ
(
X,WmΛ·

X

)
Γ
(
X,Wm−1Λ·

X

) = Γ
(
X,

WmΛ·
X

Wm−1Λ·
X

)
(3.6)

The filtration W induces a filtration on the cohomology:

WmH
k(X,C) =

ker
{
d : Γ

(
X,WmΛkX

)→ Γ
(
X,WmΛk+1

X

) }
dΓ
(
X,Λk−1

X

) ∩ Γ
(
X,WmΛkX

)
Any pullback Φ: Λ·

Y → Λ·
X corresponding to a morphism f : X → Y in-

duces the standard pullback f∗ : Hk(Y,C) → Hk(X,C) on cohomology so
that f∗ becomes a morphism of filtered spaces for the weight filtrations W .

3.4 The action of d on the filtered complexes

Let (Xl, hl)l∈L be the hypercovering of X associated to Λ·
X , and let ω = ⊕lωl

be an element of ΛkX ; we denote

Pmω = ⊕{−q(l)=m}ωl (3.7)

the projection of ω on the quotient WmΛk
X

Wm−1Λk
X

, according to (3.4). We also
denote

Qmω = ⊕{−q(l)≤m}ωl
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the projection on WmΛkX , so that

Qm =
∑
j≤m

Pj (3.8)

The differential dω is given (see chapter 2) by:

dω = ⊕l(dω)l

(dω)l =
(
dωl +

∑
s ε

(k)
ls h

∗
lsωs

)
(3.9)

where ε(k)ls can take the values 0,±1 and the h∗ls are the inner pullback of the
complex Λ·

X ; moreover q(s) = q(l) − 1.
For further references and to fix completely the notations, we prove the

following

Lemma 3.2.

i. There exists a linear operator

Φ(k)
m :

Wm+1ΛkX
WmΛkX

→ WmΛkX
Wm−1ΛkX

or

Φ(k)
m : ⊕{l:−q(l)=m+1} (hl)∗Ek−q(l)Xl

→ ⊕{b:−q(b)=m}(hb)∗Ek−q(b)Xb

such that for all π ∈ ΛkX one has

Pm(dπ) = d(Pmπ) + Φ(k)
m Pm+1π (3.10)

where in d(Pmπ) the differential is calculated component by component of
Pmπ.

ii. One has
Qm(dπ) = d(Qmπ) +

∑
j≤m

Φ(k)
j (Pj+1π)

where again in d(Qmπ) the differential is calculated component by com-
ponent of Qmπ.

iii. In particular, if π ∈ WmΛkX

Pm(dπ) = d(Pmπ) (3.11)

where again the differential in the second member is calculated component
by component.

iv. If π ∈ WmΛkX and dπ = 0 then all the components of Pmπ are d-closed
for the usual De Rham complexes to which they belong.
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v. One has

Φ(k+1)
m−1 ◦ Φ(k)

m = 0 (3.12)

dΦ(k)
m + Φ(k+1)

m d = 0 (3.13)

where, in (3.13), d is calculated component by component on WmΛk
X

Wm−1Λk
X

.

Proof.

i. To calculate Pm(dπ) we need to calculate (dπ)l for l such that −q(l) = m
(see (3.7) defining Pm). This is done using the equation (3.9)

(dπ)l =
(
dπl +

∑
s

ε
(k)
ls h

∗
lsπs

)

where the sum is on the s such that −q(s) = q(l) + 1 = m + 1, so that
the πs are components of Pm+1π. If ω = ⊕lωl ∈ Wm+1ΛkX we define

Φ(k)
m ω =

∑
s

ε
(k)
ls h

∗
lsωs (3.14)

so that (3.10) is a consequence of the definition.

ii. Using (3.8), we have

Qm(dπ) = Qm−1(dπ) + Pm(dπ) = Qm−1(dπ) + d(Pmπ) + Φ(k)
m (Pm−1π)

so we obtain (ii) by induction on m.

iii. If π ∈WmΛkX , Pm+1π = 0 and (3.11) is a consequence of (3.10) .

iv. is then evident from (iii).

v. We consider a form π ∈ WmΛkX so that π = Pmπ; then dπ ∈ WmΛ
k+1

X ;
from (3.10) and (3.11) we obtain

Pm(dπ) = d(Pmπ) (3.15)

Pm−1(dπ) = Φ(k−1)
m Pmπ = Φ(k)

m−1π (3.16)
Pj(dπ) = 0 (j ≤ m− 2) (3.17)

From ddπ = 0, using (3.15), (3.16), (3.17), we obtain:

0 = Pm(ddπ) = d(Pmdπ) = dd(Pmπ)

0 = Pm−1(ddπ) = dPm−1(dπ) + Φ(k+1)
m−1 Pm(dπ) =

= dΦ(k)
m−1π + Φ(k+1)

m−1 dPmπ = (dΦ(k)
m−1 + Φ(k+1)

m−1 d)π

0 = Pm−2(ddπ) = dPm−1(dπ) + Φ(k+1)
m−2 Pm−1π = Φ(k+1)

m−2 Φ(k)
m−1π;

the above formulas are correct for any form π = Pmπ in WmΛk
X

Wm−1Λk
X

, so that

Φ(k+1)
m−2 ◦ Φ(k)

m−1 = 0 and dΦ(k)
m−1 + Φ(k+1)

m−1 d = 0 (in the last equation d is
calculated component by component). Hence (up to a shift m− 1 → m)
we have proved (3.12) and (3.13).
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3.5 The first term of the spectral sequence

For the complex Γ
(
X,Λ·

X

)
and its filtration Wm given by (3.5), we can

construct the corresponding spectral sequence denoted by Em,kr with first
term

Em,k1 = Hk

(
X,

WmΛ·
X

Wm−1Λ·
X

)
= Hk

(
Γ
(
X,WmΛ·

X

)
Γ
(
X,Wm−1Λ·

X

)
)

where the second equality follows from (3.6).
Then Em,k1 appears as the cohomology of degree k of the complex

· · ·Em,k0 =
Γ
(
X,WmΛkX

)
Γ
(
X,Wm−1ΛkX

) Em,k+1
0 =

Γ
(
X,WmΛk+1

X

)
Γ
(
X,Wm−1Λk+1

X

) · · · (3.18)

whose differential is induced by d. By lemma 3.1 it is also the cohomology of
degree k of the complex

· · ·
⊕

{−q(l)=m}
Γ
(
Xl, Ek−q(l)Xl

) ⊕
{−q(l)=m}

Γ
(
Xl, Ek+1−q(l)

Xl

) · · · (3.19)

where the differentials are the direct sums of the differentials on each Xl. We
can compute Em,k1 and the differential

d1 : Em,k1 → Em−1,k+1
1

as follows.

Lemma 3.3. Let (Xl, hl)l∈L be the hypercovering associated to Λ·
X .

i. The first term of the spectral sequence is

Em,k1 =
⊕

{−q(l)=m}
Hk−q(l)(Xl,C)

ii. The differential d1 : Em,k1 → Em−1,k+1
1 is constructed as follows. Let

[π] = [πl] be an element of Em,k1 , with πl ∈ Γ
(
Xl, Ek−q(l)Xl

)
, dπl = 0,−q(l) =

m. We define an element π′ ∈ Γ
(
X,WmΛkX

)
by

{
π′
l = πl if − q(l) = m

π′
l = 0 if − q(l) 
= m

(3.20)

so that Pmπ′ = (πl). Then dπ′ ∈ Γ
(
X,Λk+1

X

)
defines an element of

Em−1,k+1
1 which is d1[π] and in fact

d1[π] =
[
Φ(k)
m−1(πl)

]
(3.21)
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iii. If f : X → Y is a morphism, a pullback Λ·
Y → Λ·

X in R(f) induces a
natural morphism

Em,k1 (Y ) → Em,k1 (X)

(with an obvious meaning of the notations).

Proof. The proof is a specification of the general facts on spectral sequences
(see part I, chapter 1); computing the cohomology in (3.19) gives (i).

To prove (ii), we use lemma 3.2 (formula (3.11)), so that

Pm(dπ′) = d(Pmπ′) = 0 (3.22)

because Pmπ′ is formed with the closed forms πl. Then

Pm−1(dπ′) = Φ(k)
m−1(Pmπ′) (3.23)

Pj(dπ′) = 0 for j ≤ m− 1 (3.24)

So, in fact dπ′ ∈ Γ
(
X,Wm−1Λk+1

X

)
, and π′ ∈ Zm,k1 , dπ′ ∈ Zm−1,k+1

1 and one
can define the class [dπ′]1 in Em−1,k+1

1 . This class is exactly d1[π′] and in
view of (3.22) (3.23) (3.24) one has also

d1[π] =
[
Φ(k)
m−1(πl)

]
∈

⊕
{−q(b)=m−1}

Hk+1−q(b)(Xb,C)

the last space being Em−1,k+1
1 .

3.6 The second term of the spectral sequence

We know that

Em,k2 =
ker
{
d1 : Em,k1 → Em−1,k+1

1

}

im
{
d1 : Em+1,k−1

1 → Em,k1

} (3.25)

We can calculate the differential

d2 : Em,k2 → Em−2,k+1
2

in the following manner.

Lemma 3.4. Let [π]1 = ⊕[πl] ∈ Em,k1 be an element in kerd1, where πl ∈
Γ
(
Xl, Ek−q(l)Xl

)
, dπl = 0, and −q(l) = m.
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i. There exist forms ωb ∈ Γ
(
Xb, Ek−q(b)Xb

)
with

(
Φ(k)
m−1(π)

)
b

= dωb (3.26)

for −q(b) = m− 1.

ii. Let ω = ⊕ωb; we define π′′ ∈ Γ
(
X,WmΛkX

)
by

⎧⎪⎨
⎪⎩
Pmπ

′′ = π

Pm−1π
′′ = ω

Pjπ
′′ = 0 for j 
= m,m− 1

(3.27)

Then dπ′′ ∈ Γ(X,Wm−2Λk+1
X ) and

{
Pm−2(dπ′′) = Φ(k)

m−2(ω)
Pj(dπ′′) = 0 for j 
= m− 2

(3.28)

We have dπ′′ ∈ Zm−2,k+1
2 and this induces an element [dπ′′]2 ∈ Em−2,k+1

2

which is the d2 of the class of [π] in Em,k1 :

[dπ′′]2 = d2[π]1 (3.29)

iii. Moreover Φ(k)
m−2(ω) ∈ ker

{
d1 : Em−2,k+1

1 → Em−3,k+1
1

}
and its class in

the quotient (3.25) for Em−2,k+1
1 is also d2[π]1.

Proof.

i. We start with [π]1 ∈ Em,k1 =
⊕

{−q(l)=m}H
k−q(l)(Xl,C) and define π′ as

in (3.20).

Now, we write that d1[π]1 is 0 in Em−1,k+1
1 . Using (3.21), this means

that Φ(k)
m−1(π)b is an exact differential on Xb for −q(b) = m − 1 so that

(3.26) holds.

ii. The form π defines a form π′′ ∈ Γ
(
X,WmΛkX

)
by the prescription of

(3.27). The differential d2 will be the differential d acting on π′′ which
can be calculated, using lemma 3.2, formula (3.10):

Pm−2(dπ′′) = d(Pm−2π) + Φ(k)
m−2(Pm−1π

′′) = Φ(k)
m−2(ω)

and
Pj(dπ′′) = d(Pjπ) + Φ(k)

j (Pj+1π
′′) = 0 (j 
= m− 2)

By definition, dπ′′ ∈ Zm−2,k+1
2 and has a class [dπ′′]2 ∈ Em−2,k+1

2 which
is the d2 of the class of [π]1.
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iii. Φ(k)
m−2(ω) defines also an element in the kernel of d1 : Em−2,k+1

1 → Em−3,k+2
1

whose image in Em−2,k+1
2 will be also d2[π]1.

In fact, let Φ(k)
m−2(ω)c be a component with −q(c) = m − 2. This is a

closed form in Xc , because by (3.13)

d
(
Φ(k)
m−2(ω)c

)
= −(Φ(k+1)

m−2 (dω)
)
c

and by (3.26) this is a component of

−Φ(k+1)
m−2 Φ(k)

m−1(π)

which is 0 by (3.12), hence

Φ(k)
m−2(ω) ∈

⊕
{−q(c)=m−2}

Hk+1−q(c)(Xc,C) = Em−2,k+1
1

We now compute d1 of the above element. We define ω′ ∈ Γ
(
X,Wm−2Λk+1

X

)
by {

Pm−2ω
′ = Φ(k)

m−2(ω)
Pjω

′ = 0 for j 
= m− 2

Using lemma 3.2 again, we see that dω′ = 0, so that ω′ induces an element
of Em−2,k+1

1 which is in the kernel of d1.

3.7 Computation of dr

Here we construct explicitly the differential dr : Em,kr → Em−r,k+1
r of the

spectral sequence associated to the filtration Wm on the complex Γ
(
X,Λ·

X

)
.

We consider an element [π]r ∈ Em,kr . This means that we start with a
certain element [π(1)]1 ∈ Em,k1 with [π(1)]1 ∈ kerd1 so that, by definition,
[π(1)]1 induces an element [π(2)]2 ∈ Em,k2 (which is the cohomology of the
complex (Em,·1 d1)) and [π(2)]2 is in ker d2, . . ., until we arrive at an element
[π(r−1)]r−1 ∈ Em,kr−1 which is in ker dr−1 and induces the element [π]r ∈ Em,kr .
So, let [π(1)]1 ∈ ker d1. This means, according to lemma 3.4, the following
facts.

i. We have
[π(1)]1 = ⊕{−q(l)=m}[πl], [πl] ∈ Hk+m(Xl,C)

so that πl is a d-closed form on Xl;

ii. there exist forms ω(1)
b ∈ Γ

(
Xb, Ek+m−1

Xb

)
for b ∈ L with −q(b) = m − 1

such that (
Φ(k)
m−1(π(1))

)
b

= dω
(1)
b
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iii. we define π(2) ∈ Γ
(
X,WmΛkX

)
by the conditions of the formula (3.27)

⎧⎪⎪⎨
⎪⎪⎩
Pmπ

(2) = π

Pm−1π
(2) = ω(1)

Pjπ
(2) = 0 for j 
= m,m− 1

The form π(2) is in Zm,k2 and so it induces an element [π(2)]2 ∈ Em,k2 and

d2[π(2)]2 = [dπ(2)]2

In fact d2[π(2)]2 is induced by Φ(k)
m−2(ω(1)) (see formulas (3.28) and (3.29)).

iv. if we assume that d2[π(2)]2 = 0, there exist ω(2)
c ∈ Γ

(
Xc, Ek+m−2

Xc

)
for the

indices c ∈ L with −q(c) = m− 2 and

(Φ(k)
m−2(ω(1)))c = dω(2)

c

and we construct π(3) ∈ Γ
(
X,WmΛkX

)
as follows:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Pmπ
(3) = π

Pm−1π
(3) = ω(1)

Pm−2π
(3) = ω(2)

Pjπ
(3) = 0 for j 
= m,m− 1,m− 2

and π(3) ∈ Zm,k3 and so induces an element [π(3)]3 ∈ Em,k3 which we
assume to be in ker d3, . . .

v. we arrive at π(r) ∈ Γ
(
X,WmΛkX

)
such that

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Pmπ
(r) = π

Pm−1π
(r) = ω(1)

Pm−2π
(r) = ω(2)

· · ·
Pm−(r−1)π

(r) = ω(r−1)

Pjπ
(r) = 0 for j < m− r or j > m

π(r) ∈ Zm,kr and induces an element [π(r)]r ∈ Em,kr .

Let us consider dπ(r). By construction it will satisfy⎧⎪⎪⎨
⎪⎪⎩
Pj(dπ(r)) = 0 for j > m− r

Pm−rdπ(r) = Φ(k)
m−r(ω

(r−1))

Pj(dπ(r)) = 0 for j < m− r, j > m
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Then one defines
dr[π(r)]r = [dπ(r)]r

because dπ(r) is in Zm−r,k+1
r and so induces an element in Em−r,k+1

r .

3.8 The filtrations F p and F̄ q

In this section, we define the filtration by the types on the complexes Λ·X .
Let X be a complex space, Λ·

X an element of R(X). We define a decreasing
filtration (the Hodge filtration, or the filtration by the types) F p on
Λ·
X , by recursion on the dimension, by the formula

F pΛkX = F pEk
X̃
⊕ F pΛkE ⊕ F pΛk−1

Ẽ
(3.30)

with the following properties.

i. If X is a complex manifold and E·X is the usual De Rham complex, F p is
the standard Hodge filtration on E·X (see part I, chapter 2)

ii. F p defines a decreasing filtration and a filtered complex for d

· · · ⊂ F p+1ΛkX ⊂ F pΛkX ⊂ · · ·
d(F pΛkX) ⊂ F pΛk+1

X

iii. If (Xl, hl)l∈L is the hypercovering associated to Λ·
X , one has

F pΛkX =
⊕
l

(hl)∗F
pEk−q(l)Xl

(3.31)

iv. If f : X → Y is a morphism of complex spaces any pullback Φ: Λ·
Y → Λ·

X

in R(f) is a strict morphism of filtered complexes for F pΛ·
Y and F pΛ·

X

respectively.

v. The conjugate filtration F̄ q is defined as

F̄ qΛkX = F qΛkX

vi. F pΛkX and F̄ pΛkX are zero for p > k, and are equal to ΛkX for p ≤ 0.

Proof. The definition (3.30) together with the requirement that F p be the
Hodge filtration on the standard De Rham complex proves that F pΛ·

X is
uniquely defined and proves also (3.31). The properties (i) and (vi) are trivial.
Moreover (iv) is evident because in the hypercovering language, Φ is a family
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of standard De Rham pullback which are all strict morphisms for the standard
Hodge filtrations. Finally, the formula for the d

d(ω, σ, θ) =
(
dω, dσ, dθ + (−1)k(ψ(ω) − φ(σ))

)
where ψ, φ are the inner pullbacks of Λ·X , proves that d preserves F p , using
a recursion on the dimension.

The filtration F p (as well as F̄ q) induces a filtration on the subspace WmΛkX
by

F pWmΛkX = F pΛkX ∩WmΛkX (3.32)

F p, F̄ q induce filtrations on the complex Γ
(
X,Λ·

X

)
and also filtrations on the

cohomology Hk(X,C):

F pHk(X,C) =
ker
{
d : Γ

(
X,F pΛkX

)→ Γ
(
X,F pΛk+1

X

) }
dΓ(X,Λk−1

X ) ∩ Γ
(
X,F pΛkX

) (3.33)

3.9 Pure Hodge structures on the spectral sequence

In this section, we suppose that X is a (B)-Kähler space. Let us recall from
part I, chapter 7 that this means that there exists a modification X ′ → X
where X ′ is a compact Kähler manifold. Let us recall from chapter 2, theorem
2.10, that we can work with complexes Λ·

X whose associated hypercoverings
are Kähler, i.e. are formed by compact Kähler manifolds.

Let X be a (B)-Kähler space, and let us consider Λ·
X in R(X) with an

associated Kähler hypercovering (Xl, hl).

Lemma 3.5. The filtrations F p, F̄ q induce on Em,k1 a pure Hodge structure
of weight k +m

Em,k1 =
⊕

{p+q=k+m}
(Em,k1 (X))p,q

where
(Em,k1 (X))p,q =

⊕
{−q(l)=m}

Hp,q(Xl)

and Hp,q(Xl) are the Dolbeault groups of Xl (see part I, chapter 5). Moreover
the differential d1 : Em,k1 → Em−1,k+1

1 is a morphism of pure Hodge structures
of weight k +m

d1 : Em,k1 (X)p,q → Em−1,k+1
1 (X)p,q

and so is a strict morphism for the filtrations F p (or F̄ q) on Em,k1 . Finally if
f : X → Y is a morphism, a pullback Λ·

Y → Λ·
X in R(f) induces a morphism

of pure Hodge structures Em,k1 (Y ) → Em,k1 (X), hence it is strict.
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Proof. We know by lemma 3.3 that Em,k1 is the cohomology of the graded
complex of global sections of

WmΛ·
X

Wm−1Λ·
X

=
⊕

{l∈L:−q(l)=m}
(hl)∗Ek−q(l)Xl

(3.34)

so that
Em,k1 =

⊕
{l∈L:−q(l)=m}

Hk−q(l)(Xl,C)

Moreover, F p and F̄ q induce filtrations on the sheaf (3.34) which are the
standard Hodge filtrations on the De Rham complex of each Xl:

WmΛ·
X

Wm−1Λ·
X

=
⊕

{p+q=k+m,−q(l)=m}
(hl)∗Ep,qXl

So, taking the cohomology of the quotient complex, we see that the filtrations
F p, F̄ q induce the Hodge filtration on the cohomology of each Xl. Because Xl

is a compact Kähler manifold, this induced filtration gives the usual Hodge
decomposition

Hk+m(Xl,C) =
⊕

p+q=k+m

Hp,q(Xl) (3.35)

Then we can write
Em,k1 =

⊕
{p+q=k+m}

(Em,k1 )p,q

where
(Em,k1 )p,q =

⊕
{l∈L:−q(l)=m}

Hp,q(Xl)

The differential d1 has been constructed in lemma 3.3, formulas (3.20) and
(3.21). Take an element [π] = ⊕[πl] ofEm,k1 (X), with πl ∈ Γ

(
Xl, Ek−q(l)Xl

), dπl =
0,−q(l) = m, hence [πl] ∈ Hk+m(Xl,C). We decompose this cohomology class
[πl] in pure types according to (3.35):

[πl] = ⊕{p+q=k+m}[πp,ql ]

where πp,ql is a d-closed form of type (p, q). Then according to lemma 3.3,
formula (3.21):

d1 (⊕[πl]) =
[
Φ(k)
m−1

(
⊕{p+q=m,−q(l)=m}π

′(p,q)
l

)]

where π′(p,q)
l is defined as in (3.20):

{
π
′(p,q)
l = π

(p,q)
l if − q(l) = m

π
′(p,q)
l = 0 if − q(l) 
= m
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But by definition (3.14) Φ(k)
m−1 is a combination of standard De Rham pullback

and so it transforms a form of type (p, q) into a form of type (p, q) so that

d1 : (Em,k1 )p,q → (Em−1,k+1
1 )p,q

which means that that d1 is a morphism of pure Hodge structures.

Theorem 3.1. The term Em,k2 of the spectral sequence associated to the fil-
tration Wm on Γ

(
X,Λ·

X

)
carries a pure Hodge structure of weight k +m for

the natural filtrations induced by Em,k1 :

Em,k2 =
⊕

p+q=k+m

(Em,k2 )p,q (3.36)

where

(Em,k2 )p,q =
ker
{
d1 : (Em,k1 )p,q → (Em−1,k+1

1 )p,q
}

im
{
d1 : (Em+1,k−1

1 )p,q → (Em,k1 )p,q
}

Moreover the differential

dr : Em,kr → Em−r,k+1
r

is identically zero for r ≥ 2, that is, the spectral sequence degenerates at the
level 2, in particular

Em,kr = Em,k2 for r ≥ 2

If f : X → Y is a morphism, a pullback Λ·
Y → Λ·

X in R(f) induces a mor-
phism of pure Hodge structures

Em,kr (Y ) → Em,kr (X)

which is strict.

Proof. Em,k2 is the cohomology of the complex
(
Em,·1 , d1

)
so that Em,k2 is

bigraded by

(Em,k2 )p,q =
ker
{
d1 : (Em,k1 )p,q → (Em−1,k+1

1 )p,q
}

im
{
d1 : (Em+1,k−1

1 )p,q → (Em,k1 )p,q
}

and (3.36) holds by proposition 1.4 of part I, chapter 1.
Next we show that dr = 0 for r ≥ 2. We proceed by induction on r, the

case r = 2 being included in the proof. We assume that d2 = · · · = dr−1 = 0
which implies that Em,kr = Em,k2 , and that the natural bigrading of Em,kr

(Em,kr )p,q =
ker
{
dr−1 : (Em,kr−1)p,q → (Em−r+1,k+1

r−1 )p,q
}

im
{
dr−1 : (Em+r−1,k−1

r−1 )p,q → (Em,kr−1)p,q
}
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coincides with (Em,k2 )p,q.
We want to compute dr(αp,q) for an element αp,q in (Em,kr )p,q. In fact, we

start with [π(1)]p,q1 in (Em,k1 )p,q, [π(1)]p,q1 =
⊕

{−q(l)=m}[π(1)(p,q)
l ]

[π(1)(p,q)
l ] ∈ Hp,q(Xl) p+ q = m,−q(l) = m

πp,ql is a d-closed form on Xl and d1[π(1)]p,q1 = 0. So we know that the (p, q)-
forms Φ(k)

m−1(π(1))b are exact (see lemma 3.4). Applying theorem 5.11 of part
I, chapter 5 to the compact Kähler manifolds Xl we deduce that Φ(k)

m−1(π(1))b1
are the differentials of forms of type (p, q − 1):

Φ(k)
m−1(π(1))b1 = dω

(1)(p,q−1)
b1

(−q(b1) = m− 1) (3.37)

Continuing the construction, finally we reach π(r) such that

Pmπ
(r) = (π(1)(p,q)

l ) (−q(l) = m)

Pm−1π
(r) = (ω(1)(p,q−1)

b1
) (−q(b1) = m− 1)

· · ·
Pm−(r−1)π

(r) =
(
ω

(r−1)(p,q−(r−1))
br−1

)
(−q(br−1) = m− (r − 1))

Pjπ
(r) = 0 l < m− (r − 1)

with the types as indicated. It follows dr(αp,q) = dπ(r) ∈ (Em,kr )p,q−r+1. On
the other hand, we can repeat the above procedure taking in (3.37), instead
of a form ω

(1)(p,q−1)
b1

, a form ω
(1)(p−1,q)
b1

such that

Φ(k)
m−1(π(1))b1 = dω

(1)(p−1,q)
b1

(−q(b1) = m− 1)

and then obtain π′(r) with

Pmπ
′(r) = (π(1)(p,q)

l ) (−q(l) = m)

Pm−1π
′(r) =

(
ω

(1)(p−1,q)
b1

)
(−q(b1) = m− 1)

· · ·
Pm−(r−1)π

′(r) =
(
ω

(r−1)(p−(r−1),q
br−1

)
(−q(br−1) = m− (r − 1)

Pjπ
′(r) = 0 l < m− (r − 1)

Again we find that dr(αp,q) = dπ′(r) ∈ (Em,kr )p−r+1,q.
Since (Em,kr )p,q−r+1∩(Em,kr )p−r+1,q = (0) for r ≥ 2, we conclude dr(αp,q) =

0 for r ≥ 2.
The assertion about the pullback is left to the reader.
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3.10 The Hodge filtrations on Em,kr

We recall that we are supposing that every Xl is a Kähler manifold.
On each term Em,kr = Em,kr (X) of the spectral sequence of the filtration

Wm there are two kinds of filtrations:

• The direct filtrations F1, F̄ 1, induced by the filtrations F and F̄ of
the complex Γ

(
X,Λ·

X

)
; precisely here Em,kr must be considered as a

quotient of the subspace Zm,kr ⊂ Γ
(
X,WmΛkX

)
.

• The recursive filtrations F2, F̄ 2 induced recursively on Em,kr considered
as the cohomology of the complex (Em,kr−1, dr−1).

It is clear that on Em,k0 and Em,k1 the filtration F1 (resp. F̄ 1) is identical
to the filtration F2 (resp. F̄ 2). Moreover it is easy to prove that F1 ⊂ F2,
F̄ 1 ⊂ F̄ 2.

It is clear also that the filtrations F1 and F̄ 1, as well as F2 and F̄ 2, are
conjugate.

Lemma 3.6. We suppose that X is a (B)-Kähler space, and all the mani-
folds Xl of the hypercovering of Λ·

X are compact Kähler manifolds. Then the
morphisms

d0 : Em,k0 → Em,k+1
0

are strict for the filtrations F and F̄ .

In fact by (3.18) and (3.19) Em,k0 =
⊕

{l∈L:−q(l)=m} Γ
(
Xl, Ek−q(l)Xl

)
and d0

is the direct sum of the differentials d : Γ
(
Xl, Ek−q(l)Xl

) → Γ
(
Xl, Ek+1−q(l)

Xl

)
on

each Xl, so it is strict by part I, chapter 5.

Theorem 3.2. We suppose that X is a (B)-Kähler space, and all the mani-
folds Xl of the hypercovering of Λ·

X are compact Kähler manifolds. On Em,kr

the filtration F1 (resp. F̄ 1) is identical to the filtration F2 (resp. F̄ 2).

Proof. Because F1 and F̄ 1, F2 and F̄ 2, are conjugate, it is sufficient to treat
the case of F1 and F2. We already know F1 ⊂ F2, so we need to show F2 ⊂ F1.
We shall denote by F the filtrations F1, F2, when they coincide.

We proceed by induction on r. Let us suppose that the conclusions are true
for s ≤ r and let us prove it for r + 1.

For simplicity we write Lk = Γ
(
X,ΛkX

)
.

Let α ∈ F a2 E
m,k
r+1; there is a representative of α in F aEm,kr ∩ ker dr, i.e. an

element x ∈ F aZm,kr ⊂ F aWmL
k with dr[x]r = 0; we have dx ∈Wm−rLk+1 ∩

F aWmL
k+1 so that

dx ∈ F aWm−rLk+1 (3.38)
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dr[x]r = 0 gives

dx = dx1 + z1, x1 ∈ Zm−1,k
r−1 , z1 ∈ Zm−r−1,k+1

r−1 (3.39)

Then we get successively by theorem 3.1: dr−1[x1]r−1 = 0 so that

dx1 = dx2 + z2, x2 ∈ Zm−2,k
r−2 , z2 ∈ Zm−r−1,k+1

r−2 (3.40)
· · ·

dxr−2 = dxr−1 + zr−1, xr−1 ∈ Zm−r+1,k
1 , zr−1 ∈ Zm−r−1,k+1

1 (3.41)

From the above equalities we find that

dxr−1 = dx mod Zm−r−1,k+1
0 = Wm−r−1L

k+1 (3.42)

Since xr−1 ∈ Zm−r+1,k
1 , we can compute d1[xr−1]1. It follows from (3.42)

and (3.38) that d1[xr−1]1 ∈ F aEm−r,k
1 . But d1 is a morphism of pure Hodge

structures (lemma 3.5), hence it is strict for F . Therefore there exists x′r−1 ∈
F aZm−r+1,k

1 with d1[x′r−1]1 = d1[xr−1]1, that is

dxr−1 = dx′r−1 + dy + z′, y ∈ Zm−r,k
0 , z′ ∈ Zm−r−1,k+1

0 (3.43)

Note that

dx′r−1 ∈ F aWm−r+1L
k+1 ∩Wm−rLk+1 ⊂ F aWm−rLk+1 (3.44)

We obtain an element [y]0 ∈ Em−r,k
0 , and from (3.42), (3.43), (3.44) we get

d0[y]0 ∈ F aEm−r,k
0 . Since d0 is strict by lemma 3.6, we find y′ ∈ F aWm−rLk

with d0[y]0 = d0[y′]0 or

dy = dy′ + z′′, z′′ ∈ Wm−r−1L
k+1 (3.45)

From (3.38). . . (3.45) we obtain

x− x′r−1 − y′ ∈ F aWmL
k

and
d(x − x′r−1 − y′) ∈Wm−r−1L

k+1

so that x − x′r−1 − y′ ∈ F aZm,kr+1 and its class in Em,kr+1 is α. This proves the
theorem for r + 1.

It follows from the theorem 3.1 that there are isomorphisms

Em,k2 � WmH
k(X,C)

Wm−1Hk(X,C)
(3.46)

The cohomology space Hk(X,C) carries a Hodge filtration (3.33), which we
name for the moment Fc to avoid confusion. Precisely

F pcH
k(X,C) = F pHk

(
X,Λ·

X

)
(3.47)
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Theorem 3.3. Under the same assumptions as in theorem 3.2, let Fd be the
direct (or the recursive) filtration on Em,k2 , and Fc be the filtration induced
on Em,k2 , under the isomorphism (3.46), by the filtration Fc given by (3.47).
Then Fd = Fc.

Proof. As in the proof of the previous theorem, let Lk = Γ
(
X,ΛkX

)
. The

isomorphism (3.46) means the following. Let x ∈ Zm,k2 ; then there exists
x′ ∈ WmL

k with dx′ = 0 and

x′ = x+ dx̃+ z, x̃ ∈ Zm−1,k−1
1 , z ∈ Zm−1,k

1

or
x′ ≡ x+ z

where the symbol ≡ means cohomologous.
Let α ∈ F pc E

m,k
2 ; there exists x ∈ F pWmL

k with dx = 0, inducing α in
Em,k2 � WmH

k(X,C)
Wm−1Hk(X,C)

. It is clear that x ∈ Zm,k2 , so that x ∈ F pWmL
k ∩

Zm,k2 = F pZm,k2 . Hence α ∈ F pdE
m,k
2 . This proves Fc ⊂ Fd.

Conversely, if α ∈ F pdE
m,k
2 there exists x ∈ F pZm,k2 inducing α. By the

isomorphism (3.46) there exists x′ ∈ WmL
k with dx′ = 0 and

x′ ≡ x+ z, z ∈ Zm−1,k
1 (3.48)

Let [z]1 ∈ Em−1,k
1 be the class of z. By (3.48) we have

dz = −dx ∈ F pWmL
k+1

and since dz ∈Wm−2L
k+1 we obtain

dz ∈ Wm−2L
k+1 ∩ F pWmL

k+1 ⊂ F pWm−2L
k+1

Thus d1[z]1 ∈ F pEm−2,k+1
1 . Since d1 is a strict morphism for F , we find

x1 ∈ F pZm−1,k
1 with d1[z]1 = d1[x]1, or d1[z−x1]1 = 0, that is, z−x1 gives a

class in Em−1,k
2 . By the isomorphism (3.46) for m−1, there is x′′ ∈Wm−1L

k,
dx′′ = 0, with x′′ ≡ z − x1 − z1, z1 ∈ Zm−2,k

1 , or

z ≡ x′′ + x1 + z1

and by (3.48)
x′ ≡ x+ x′′ + x1 + z1

We remark that the cohomology class of x′′ belongs to Wm−1H
k (where Hk =

Hk(X,C)), so that it vanishes in the quotient (3.46); thus we write

x′ ≡ (x+ x1) + z1 mod Wm−1H
k
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We note that x+x1 ∈ F pWmL
k. We proceed as above, finding that d1[z1]1 ∈

F pEm−3,k+1
1 and we obtain

x′ ≡ (x+ x1 + x2) + z2 mod Wm−1H
k, x2 ∈ F pZm−2,k

1 , z2 ∈ Zm−3,k
1

Going on, because WsL
· = 0 for s
 0 we finally write

x′ ≡ x+ x1 + x2 + · · · + xs mod Wm−1H
k

with xj ∈ F pZm−j,k
1 so that x′ ∈ F pWmL

k and x′, through WmH
k, induces

α. This proves Fd ⊂ Fc.

3.11 The mixed Hodge structure on the cohomology

Theorem 3.4. We suppose that X is a (B)-Kähler space, and all the mani-
folds Xl of the hypercovering of Λ·

X are compact Kähler manifolds. We pro-
vide the cohomology Hk(X,C) with the weight filtration W shifted by −k, the
Hodge filtration F induced by the complex of global sections of Λ·

X , and the
filtration F̄ conjugate to F . Then Hk(X,C) carries a mixed Hodge structure.
More precisely, the graded quotients WmH

k(X,C)
Wm−1Hk(X,C)

are isomorphic to Em,k2 (X)
and thus have a pure Hodge structure of weight m+ k:

WmH
k(X,C)

Wm−1Hk(X,C)
=

⊕
{p+q=k+m}

Ak,p,qm (X) (3.49)

The filtration induced by F on Em,k2 (X) coincides with the direct and the
recursive filtration. The WmH

k(X,C)
Wm−1Hk(X,C)

are zero for m < −k and m > 0.

(The shift of W by −k is needed to normalize (3.49). In the shifted filtration
W ′
m = Wm−k the formula becomes

W ′
mH

k(X,C)
W ′
m−1H

k(X,C)
=

⊕
{p+q=m}

Ak,p,qm−k

that is, the quotient W ′
mH

k(X,C)
W ′

m−1H
k(X,C)

has weight m, as expected).
The proof follows immediately from theorems 3.1, 3.2 and 3.3.

Theorem 3.5 (Functoriality of the mixed Hodge structures). Let X, Y be
(B)-Kähler complex spaces, f : X → Y a morphism, and Φ: Λ·

Y → Λ·
X a pull-

back in R(f). We suppose that the hypercoverings associated to Λ·
Y and Λ·

X

are Kähler. Then Φ induces for r ≥ 1 a morphism of pure Hodge structures

Em,kr (Y ) → Em,kr (X)



Mixed Hodge structures on compact spaces 203

Moreover Φ induces on cohomology the natural pullback f∗ : Hk(Y,C) →
Hk(X,C) and f∗ is a morphism of mixed Hodge structures on cohomology,
hence it is a strict morphism for the filtrations Wm and F p.

Proof. It is clear by construction that the morphism

Em,kr (Y ) → Em,kr (X)

respects the types, hence is a morphism of pure Hodge structures. We know
that Φ induces on cohomology the natural pullback f∗ : Hk(Y,C) → Hk(X,C),
hence f∗ respects both the filtrations Wm and F p.

Theorem 3.6 (Uniqueness of the mixed Hodge structures). Let X be a (B)-
Kähler complex space, and let Λ·,1

X , Λ·,2
X ∈ R(X), such that the associated

hypercoverings are Kähler. Then Λ·,1
X and Λ·,2

X induce identical mixed Hodge
structures on the cohomology of X.

Proof. By the property of filtering for (B)-Kähler spaces (see chapter 2, the-
orem 2.10) there exists a third Λ·

X ∈ R(X), whose associated hypercovering
is Kähler, and two pullback Φ1 : Λ·,1

X → Λ·
X , Φ2 : Λ·,2

X → Λ·
X corresponding to

the identity. We conclude by the previous theorem and the fact that a mor-
phism of mixed Hodge structures which is an isomorphism of vector spaces
(in our case: the identity) is an isomorphism of mixed Hodge structures.

Remark. Let X be a (B)-Kähler manifold, which is not a Kähler manifold
(for example: a Moishezon manifold, an algebraic manifold which are not
projective). Then the hypercovering associated to the De Rham complex E·X
consists of the single manifold X , hence is not Kähler. Thus we cannot use
the De Rham complex to detect the mixed Hodge structure of X .

3.12 The Mayer-Vietoris sequence

We consider a (B)-Kähler space X and a complex Λ·
X = E·̃

X
⊕Λ·

E⊕Λ·̃
E

(−1)
in R(X), whose associated hypercovering is Kähler. Let (X̃, Ẽ) → (X,E) be
the modification corresponding to Λ·X . We define morphisms of complexes

Ψ: θ ∈ Λk−1

Ẽ
→ (0, 0, θ) ∈ ΛkX

Φ: (ω, σ, θ) ∈ ΛkX → (ω, σ) ∈ Ek
X̃
⊕ ΛkE

Θ: (ω, σ) ∈ Ek
X̃
⊕ ΛkE → (−1)k(ψ(ω) − φ(σ)) ∈ Λk

Ẽ

where ψ, φ are the inner pullback of Λ·
X . The above morphisms induce mor-

phisms in cohomologies. Then
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Theorem 3.7. The morphisms Ψ, Φ, Θ induce in cohomology the Mayer
Vietoris sequence:

· · · Hk(X,C) Φ
Hk(X̃,C) ⊕Hk(E,C)

Θ

Hk(Ẽ,C)
Ψ

Hk+1(X,C) · · ·
(3.50)

The morphisms Φ and Θ are morphisms of filtered spaces for the filtration
W and Φ is a strict morphism for the shifted filtrations WmH

k(Ẽ,C) →
Wm−1H

k+1(X,C).

The proof is almost evident. The fact that Φ, Θ respect the filtration W
comes from the fact that they do so at level of complexes (as to Θ, we recall
that the pullback respect the degrees of the forms). The fact that Φ is a strict
morphism for the shifted filtrations is obvious by the definition.

Theorem 3.8. Let X be a (B)-Kähler space, and Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1)
a complex in R(X) whose associated hypercovering is Kähler. Let (X̃, Ẽ) →
(X,E) be the modification corresponding to Λ·

X . Let us consider the Mayer -
Vietoris sequence (3.50).

i. The morphisms Φ and Θ are morphisms of mixed Hodge structures for
the filtrations Wm and F p induced by the complexes Λ·

X , E·̃
X

, Λ·
E, Λ·̃

E
on

the corresponding cohomologies.

ii. Ψ is a morphism of mixed Hodge structures with a shift of the filtration
Wm by −1, i.e.

Ψ: WmH
k(Ẽ,C) →Wm−1H

k+1(X,C) (3.51)

and, up to this shift, Ψ induces a morphism of mixed Hodge structures.

iii. For any k,m ≤ 0, p, q with p + q = k + m, Φ, Ψ, Θ induce an exact
sequence

· · · Ak,p,qm (X) Φ
Ak,p,qm (X̃) ⊕Ak,p,qm (E)

Θ

Ak,p,qm (Ẽ)
Ψ

Ak+1,p,q
m−1 (X) · · ·

the spaces Ak,p,qm being defined as in (3.49) for the various spaces X, X̃,
E, Ẽ using the mixed Hodge structures induced by the complexes Λ·

X , E·̃
X

,
Λ·
E, Λ·̃

E
. In particular,

Ak,p,qm (X̃) =

{
Hp,q(X̃) if m = 0
0 if m < 0
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Proof.

i. Φ and Θ are combinations of pullback and so they induce morphisms for
the filtration Wm and F p on cohomologies, and as a consequence, they
define morphisms of mixed Hodge structures.

ii. On the other hand, also Ψ is a linear combination of pullback, but a
manifold Xc in the hypercovering of Λ·̃

E
with −qẼ(c) = m, becomes a

manifold in the hypercovering of Λ·X with −qX(c) = m− 1 (and the form
of cohomological degree k becomes a form of cohomological degree k+1,
although the actual degree of forms remains unchanged). This proves
(3.51) and then assertion (ii).

iii. is a consequence of the results of part I, chapter 1 for exact sequences of
morphisms of mixed Hodge structures.

3.13 The differential d is a strict morphism for the fil-
tration F p

Theorem 3.9. Let X be a (B)-Kähler space, and Λ·
X = E·̃

X
⊕ Λ·

E ⊕ Λ·̃
E

(−1)
a complex in R(X) whose associated hypercovering is Kähler. The differen-
tial d : Γ

(
X,ΛkX

) → Γ
(
X,Λk+1

X

)
is a strict morphism for the filtration F p.

Equivalently, the spectral sequence associated to filtration F pΓ
(
X,Λ·

X

)
on the

complex Γ
(
X,Λ·

X

)
degenerates at E1.

Proof. As usual, the proof is by recursion on the dimension of X . Let

(ω, σ, θ) ∈ Γ
(
X̃, Ek

X̃

)⊕ Γ
(
E,ΛkE

)⊕ Γ
(
Ẽ,Λk−1

Ẽ

)
so that

d(ω, σ, θ) = (dω, dσ, dθ + (−1)k(ψ(ω) − φ(σ)) (3.52)

where ψ and φ are the inner pullback of the complex Λ·
X . Let us assume that

d(ω, σ, θ) ∈ F pΓ
(
X,Λk+1

X

)
(3.53)

In particular dω ∈ F pΓ
(
X̃, Ek+1

X̃

)
; since X̃ is a compact Kähler manifold, so

that d : Γ
(
X̃, Ek

X̃

) → Γ
(
X̃, Ek+1

X̃

)
is strict (theorem 5.9 of part I, chapter 5),

we can write
ω = ω′ + Ω, ω′ ∈ F pΓ(X̃, Ek

X̃
), dΩ = 0 (3.54)

Moreover, again by (3.52), (3.53) we see that dσ ∈ F pΓ
(
E,Λk+1

E

)
; by recursion

on the dimension, we can assume that d is strict for the complex Γ
(
E,Λ·

E

)
with its filtration F p, so that

σ = σ′ + Σ, σ′ ∈ F pΓ
(
E,ΛkE

)
, dΣ = 0 (3.55)
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From (3.52),(3.54), (3.55) one has

dθ + (−1)k(ψ(ω) − φ(σ)) =

= dθ + (−1)k
(
ψ(ω′) − φ(σ′)

)
+ (−1)k

(
ψ(Ω) − φ(Σ)

) (3.56)

In the above equation by hypothesis (3.53) the first member is in F pΓ
(
Ẽ,Λk

Ẽ

)
and by construction also (ψ(ω′)− φ(σ′)) ∈ F pΓ

(
Ẽ,Λk

Ẽ

)
because the pullback

are morphisms of the F p filtrations. As a consequence the form ρ defined by

ρ = dθ + (−1)k
(
ψ(ω) − φ(σ)

) − (−1)k
(
ψ(ω′) − φ(σ′)

)

has the property
ρ ∈ F pΓ(Ẽ,Λk

Ẽ
)

and using (3.56) we have also

ρ = dθ + (−1)k(ψ(Ω) − φ(Σ)) (3.57)

so by (3.54) and (3.55) dρ = 0. Hence, ρ defines an element of Hk(Ẽ,C)
which, by (3.57), is cohomologous to (−1)k(ψ(Ω) − φ(Σ)).

Now the morphism Θ: Hk(E,C) ⊕Hk(X̃,C) → Hk(Ẽ,C) satisfies by def-
inition

Θ(Ω,Σ) = (−1)k(ψ(Ω) − φ(Σ))

Moreover, Θ is a linear combination of pullback and so, is a morphism of mixed
Hodge structures (see theorem 3.5). From the results of part I, chapter 1, Θ
is strict for the filtration F p. This means that [ρ], which is in F pHk(Ẽ,C),
can be rewritten as

ρ = dθ′ + (−1)k(ψ(Ω′) − φ(Σ′))

Ω′ ∈ F pΓ
(
X̃, Ek

X̃

)
, Σ′ ∈ F pΓ

(
E,ΛkE

)
, dΩ′ = dΣ′ = 0

(3.58)

Then, ρ−(−1)k(ψ(Ω′)−φ(Σ′)) is exact and is in F pΓ
(
Ẽ,Λk

Ẽ

)
. By induction

on the dimension, we can assume that d is strict for the complex Γ
(
Ẽ,Λ·̃

E

)
for the filtration F p, so there exists a θ′′ ∈ F pΓ

(
Ẽ,Λk−1

Ẽ

)
with

ρ = dθ′′ + (−1)k(ψ(Ω′) − φ(Σ′))

Finally, one can write

d(ω, σ, θ) = d
(
ω′ + Ω′, σ′ + Σ′, θ′′

)

with (
ω′ + Ω′, σ′ + Σ′, θ′′

) ∈ F pΓ
(
X,Λk−1

X

)
which proves that d is strict for F p.
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Under the assumptions of theorem 3.9 the differential d is strict also with
respect to the filtration Wm, up to a shift by +1:

Theorem 3.10. Let us suppose that all the manifolds Xl of the hypercovering
associated to Λ·

X are compact Kähler manifolds. Let ω ∈ Γ
(
X,ΛkX

)
such that

dω ∈WmΓ
(
X,Λk+1

X

)
; there exists θ ∈ Wm+1Γ

(
X,ΛkX

)
with dθ = dω.

The proof will be given (in a more general context) in part III, chapter 4.





Part III

Mixed Hodge structures on
noncompact spaces

209





Chapter 1

Residues and Hodge mixed
structures: Leray theory

1.1 Introduction

In this chapter we explain the classical Leray theory of residues and its main
applications. The context is the following. Let X be a compact complex
manifold, D ⊂ X a smooth divisor, i.e. a smooth complex hypersurface.
We are interested in the differential forms ω on the open set X \ D having
logarithmic poles along D; they are called logarithmic forms. This means that
in local coordinates around any x ∈ X we can write

ω = α ∧ dz

z
+ β

where z = 0 is the local equation ofD. The Leray residue of ω is the restriction

Resω = α|D
which is, in fact, a global form on D. The differential dω of a logarithmic
form is logarithmic: locally we can write dω = dα ∧ dz

z + dβ, so that

Res dω = dα|D = dResω

hence the residue commutes to the differential. The above definition has a
local nature: we can define a logarithmic form on Y \D for any open subset
Y ⊂ X . It follows that the sheaf EkX〈logD〉 of the logarithmic k-forms is well
defined, and E·X〈logD〉 is a complex of fine sheaves on X (the reader should
take note: on X , not only on X \D). The logarithmic forms are particular
differential forms on X \D, hence we have an inclusion

E·X〈logD〉 ⊂ ρ∗E·X\D

where ρ : X \D ↪→ X is the natural inclusion map. A theorem due to Leray
states that the above inclusion of complexes induces an isomorphism in coho-
mology. This means exactly the following local statements: let U be an open
neighborhood in X of a point x ∈ D, isomorphic to a ball in CN ; then
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• every closed differential form on U \D is cohomologous to a logarithmic
form;

• every logarithmic differential form on U \D which is exact, is the dif-
ferential of a logarithmic form.

(Actually, Leray himself did prove only the first of the above statements).
The main consequence of the above result is that the cohomology of X \D

is the cohomology of the complex of global sections Γ
(
X, E·X〈logD〉):

Hk
(
X, E·X〈logD〉) � Hk(X \D,C) (1.1)

On the other hand, since the residue commutes to d, it can be considered as
a morphism of complexes

Resk : EkX〈logD〉 → Ek−1
D

which passes to the cohomology spaces:

Resk : Hk(X \D,C) = Hk
(
X, E·X〈logD〉)→ Hk−1(D,C)

Leray proves that the above morphism is surjective, and that its kernel is
exactly the image of Hk(X,C) by the pullback ρ∗; the induced map

Resk :
Hk(X \D,C)
ρ∗Hk(X,C)

→ Hk−1(D,C) (1.2)

is an isomorphism.
Let us suppose that X is compact and Kähler. The isomorphism (1.2)

points out in particular that the quotient of Hk(X \D,C) by ρ∗Hk(X,C) is
isomorphic to the space Hk−1(D,C), which lives on a compact and Kähler
manifold D, so that classical Hodge theory applies to it. Hence the quotient
Hk(X\D,C)
ρ∗Hk(X,C)

inherits from Hk−1(D,C) a pure Hodge structure. This leads us
to interpret the results of Leray in terms of mixed Hodge structures on the
cohomology of the (noncompact) Kähler manifold X \ D: we introduce a
weight filtration W on EkX〈logD〉, which induces by formula (1.1) a filtration
on Hk(X \D,C); we obtain that the nonzero quotients are

W0H
k(X \D,C)

W−1Hk(X \D,C)
� Hk(X,C)

im γk−2
D,X

,
W1H

k(X \D,C)
W0Hk(X \D,C)

� ker γk−1
D,X

The spectral sequence E1,k
2 corresponding to the filtration W induced on the

complex of global sections Γ
(
X, E·X〈logD〉), degenerates at level 2 for trivial

degree reasons, so that E0,k
2 and E1,k

2 coincide with the above quotients. The
first term of the spectral sequence carries a natural pure Hodge structure,
induced by the Hodge filtration on the complex of forms, and d1 is a morphism
of pure Hodge structures. It follows that also Em,k2 , as the cohomology of
Em,k1 , carries a pure Hodge structure; hence Hk(X \ D,C) carries a mixed
Hodge structure.
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1.2 The standard logarithmic De Rham complex

In this section, X is a complex analytic manifold of dimension n and D is a
smooth divisor, i.e. a smooth hypersurface of X , so that at each point x ∈ X ,
one can find complex analytic coordinates (z = z1, . . . , zn) in a neighborhood
U of x, such that the local equation of D ∩ U in U is z = 0.

1.2.1 Definition of E·X〈logD〉
If x is a point in X \D, we define

E·X,x〈logD〉 = E·X,x
i.e. the usual De Rham complex of differential forms on X at x. Let x be a
point in D and U a neighborhood of x in X , such that the local equation of
D ∩ U in U is z = 0. We define

E·X,x〈logD〉 = E·X,x
{
dz

z

}
(1.3)

i.e. the E·X,x-module generated by the logarithmic differential dzz of the equa-
tion of D through x. The differential d is defined as usual. That is, the
complex

(E·X,x〈logD〉, d) induces a subcomplex of the De Rham complex of
X \D, i.e. there is an injection:

(E·X,x〈logD〉, d) ↪→ (
ρ∗E·X\D, d

)
(1.4)

where ρ : X \D ↪→ X is the natural map.
Note that EkX〈logD〉 is a fine sheaf defined on all of X . A section of

EkX〈logD〉 on an open set U ⊂ X will be called a logarithmic differential
form of degree k on U .

1.2.2 Filtration by the order of poles

We shall now define an increasing filtration W on E·X〈logD〉, called the
weight filtration, in the following way

WlE·X〈logD〉 =

⎧⎪⎨
⎪⎩

0 for l < 0

E·X for l = 0

E·X〈logD〉 for l ≥ 1

(1.5)

It is clear that the filtration W is compatible with d:

d
(
WlEkX〈logD〉) ⊂WlEk+1

X 〈logD〉 (1.6)
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By (1.6) the above filtration induces a filtration WlH
k
(
X, E·X〈logD〉) in coho-

mology. The filtration (1.5) induces also a filtration on the complex of global
sections Γ

(
X, E·X〈logD〉) by

WlΓ
(
X, E·X〈logD〉) = Γ

(
X,WlE·X〈logD〉)

and a spectral sequence denoted by El,kr with first term

El,k1 = Hk

(
Γ
(
X,WlE·X〈logD〉)

Γ
(
X,Wl−1E·X〈logD〉)

)
= Hk

(
X,

WlE·X〈logD〉
Wl−1E·X〈logD〉

)
(1.7)

The second equality in the above formula holds because the WlEk
X〈logD〉

Wl−1Ek
X〈logD〉 are

fine sheaves, so that we have isomorphisms

Γ
(
X,WlEkX〈logD〉)

Γ
(
X,Wl−1EkX〈logD〉) = Γ

(
X,

WlEkX〈logD〉
Wl−1EkX〈logD〉

)

The spectral sequence converges to the graded cohomology

WlH
k
(
X, E·X〈logD〉)

Wl−1Hk
(
X, E·X〈logD〉) (1.8)

By the definition (1.5) the quotients WlE·X〈logD〉
Wl−1E·X〈logD〉 are

WlE·X〈logD〉
Wl−1E·X〈logD〉 =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 for l �= 0, 1

E·X for l = 0

E·X〈logD〉
E·X

for l = 1

(1.9)

The only nonzero El,k1 are E1,k
1 = Hk

(
X,

E·X〈logD〉
E·X

)
and E0,k

1 = Hk
(
X, E·X

)
,

so that the only relevant differential d1 is

d1 : E1,k
1 = Hk

(
X,

E·X〈logD〉
E·X

)
→ E0,k+1

1 = Hk+1
(
X, E·X

)
(1.10)

Using (1.7), El,k1 appears as the cohomology of the graded complex

· · · Γ
(
X,WlEkX〈logD〉)

Γ
(
X,Wl−1EkX〈logD〉)

d0 Γ
(
X,WlEk+1

X 〈logD〉)
Γ
(
X,Wl−1Ek+1

X 〈logD〉) · · ·

where d0 is induced by d. We take an element [[π]] ∈ E1,k
1 . It corresponds to

an element π ∈ Γ
(
X, EkX〈logD〉) such that dπ ∈ Γ

(
X, Ek+1

X

)
. Moreover the

d0 of the class of dπ is obviously 0, so dπ gives a cohomology class [dπ] ∈
Hk+1

(
X, E·X

)
= E0,k+1

1 depending only on [[π]] and not on the other choices.
Hence d1([[π]]) = [dπ].
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1.3 Residues (classical Leray theory)

Definition 1.1. We have introduced in part I, chapter 6 the (Leray) residue

Resk = Res: EkX〈logD〉 → Ek−1
D (1.11)

in the following way. Let ω be a section of EkX〈logD〉 and let (z = z1, . . . , zn)
be a coordinate system such that the local equation of D∩U in an open subset
U ⊂ X is z = 0, so that in U

ω = α ∧ dz

z
+ β (1.12)

α (resp. β) being a regular differential form of degree k − 1 (resp. of degree
k) on U . We define

Reskω = α|D (1.13)

It is easy to see that Reskω is a well defined (k− 1)-form on D, which does
not depend on the choice of the local coordinates. In particular, for any open
set V ⊂ X , the morphism Resk induces a morphism of global sections on V

Resk : Γ
(
V, EkX〈logD〉)→ Γ

(
V ∩D, Ek−1

D

)
(1.14)

Lemma 1.1. Resk commutes with the differentials d, ∂, and ∂̄, and

Resk
(EkX) = 0 (1.15)

so that one has an induced map

Resk :
EkX〈logD〉

EkX
→ Ek−1

D (1.16)

which can be rewritten as

Resk :
W1EkX〈logD〉
W0EkX〈logD〉 → Ek−1

D (1.17)

The proof of the above lemma is a simple local computation on the formula
(1.12) (see part I, chapter 6, lemmas 6.1 and 6.2).

1.3.1 The residues in local cohomology

Lemma 1.2. Resk induces an isomorphism of the cohomology sheaves

Resk : Hk

(E·X〈logD〉
E·X

)
→ Hk−1E·D (1.18)
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Proof. First we notice that Hk−1E·D = 0 except for k = 1, where it is CD,
because E·D is the De Rham resolution of the constant sheaf on D. Moreover
for k < 1, both sides of (1.18) are trivially 0. Finally, the statement of
lemma 1.2 is purely local. So we can consider the situation where X = U
is a polydisk in Cn and D is defined by z = 0. We consider a k-form ω of
EkX〈logD〉 with poles of order ≤ 1; ω is given by formula (1.12), where we can
suppose that β = 0, because we are working modulo EkX . Let us suppose that
ω defines a local cohomology class of the graded complex; this means that dω
is a (k + 1)-form with no poles. Since

dω = dα ∧ dz

z
(1.19)

it turns out that dα is in the ideal generated by z and dz. Clearly in α we can
rule out all the components containing dz. Because we are working locally in
a small polydisk, we can consider a Taylor expansion of α modulo the ideal
generated by z and dz:

α = α0 +
(
z̄α1 + dz̄ ∧ α2

) ≡ α0 + α′ (1.20)

where α0 contains only the coordinates z2, · · · , zn (here z = z1), and their
differentials, and α1, α2, do not contain z nor dz; but dα is in the ideal
generated by z and dz so that from (1.20)

dα0 = 0, dα′ = 0 (1.21)

a) If k − 1 > 0, α0 and α′ have positive degree, so that, by Poincaré lemma
in n− 1 and n variables respectively we can assume that

α0 = dθ, α′ = dθ′ (1.22)

where θ is a differential containing only zj for j �= 1. Then we see that

ω = d

((
θ + θ′

) ∧ dz

z

)

which proves that the cohomology sheaf of the graded complex is 0 if
k − 1 > 0.

b) If k−1 = 0, equations (1.21) tell us that α is a constant and the cohomology
sheaf of the graded complex reduces to CD, which is also H0E·D.

As an immediate consequence of lemma 1.2, we obtain

Theorem 1.1. For any open set V of X the morphisms Resk induce natural
isomorphisms:

Resk : Hk

(
V,

E·X〈logD〉
E·X

)
→ Hk−1

(
V ∩D, E·D

)
(1.23)
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Proof. On X , we consider the two complexes of fine sheaves E·X〈logD〉
E·X and

E·D(−1) (extended by 0 outside D). Each of the complexes induces a spectral
sequence of hypercohomology:

Hp

(
V,Hq

(E·X〈logD〉
E·X

))
=⇒ Hp+q

(
V,

E·X〈logD〉
E·X

)

Hp
(
V,HqE·D(−1)

)
=⇒ Hp+q

(
V, E·D(−1)

)

By lemma 1.2 the cohomology sheaves Hq

(
E·X〈logD〉

E·X
)

and HqE·D(−1) are

isomorphic (by Res·). So in the limit we find that Hk

(
V,

E·X〈logD〉
E·X

)
and

Hk
(
V, E·D(−1)

)
are isomorphic. But this last cohomology is Hk−1

(
V ∩D, E·D

)
by De Rham theorem.

Remark. By lemma 1.2 the morphisms (1.11), (1.16) (or (1.17)) are surjective;
the morphism (1.16) is not injective.

For example the residue of the form ω = z̄ dzz is zero, though ω /∈ E1
X .

1.3.2 The residues in global cohomology

On any open set V ⊂ X , we have the morphism Resk of global sections
given by (1.14), which commutes with d. This morphism induces a morphism
of the filtered cohomology of the complexes, which we denote

RESk : Hk
(
V, E·X〈logD〉)→ Hk−1(V ∩D,C) (1.24)

Theorem 1.2. The kernel of RESk is W0H
k
(
V, E·X〈logD〉).

Proof. Note that W0H
k
(
V, E·X〈logD〉) is the image in Hk

(
V, E·X

)
under the

map induced by the injection E·X → E·X〈logD〉. Obviously, because of (1.15),
the kernel of RESk contains W0H

k
(
V, E·X〈logD〉). Conversely, let ω be a d-

closed logarithmic k-form whose cohomology class [ω] goes to 0 through RESk.
Let

ω ∈ Γ
(
V,

EkX〈logD〉
EkX

)
=

Γ
(
V, EkX〈logD〉)
Γ(V, EkX)

be induced by ω. Our hypothesis says that ω has a residue 0 in cohomology
of D, so that the isomorphism (1.23) of theorem 1.1 shows that

ω = dγ, γ ∈ Γ
(
V, Ek−1

X 〈logD〉)
Γ
(
V, Ek−1

X

)
This means that

ω = dγ + θ
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with
γ ∈ Γ

(
V, Ek−1

X 〈logD〉), θ ∈ Γ
(
V, EkX

)
hence the cohomology class [ω] is in W0H

k
(
V, E·X〈logD〉).

1.3.3 The cohomology of X \D
Let W be any open set of X , in particular X itself. Then

(E·X\D, d
)

can be
used to calculate the cohomology of W \D, by standard De Rham theorem.

Theorem 1.3. One has a natural isomorphism induced by the morphism of
inclusion ρ : X \D → X:

Hk
(
W, E·X〈logD〉) � Hk

(
W,ρ∗E·W\D

) � Hk
(
W \D,C) (1.25)

or in other words the cohomology of W \D can be calculated as the cohomology
of the complex of sections

(
Γ
(
W, E·X〈logD〉), d) of E·X〈logD〉.

First we note that the second isomorphism in the above formula (1.25) is a
consequence of the theorem of De Rham for the standard De Rham complex.

Both complexes E·X〈logD〉 and ρ∗E·X\D induce spectral sequences on W :

Hp
(
W,HqE·X〈logD〉) =⇒ Hp+q

(
W, E·X〈logD〉) (1.26)

Hp
(
W,Hqρ∗E·X\D

)
=⇒ Hp+q

(
W,ρ∗E·X\D

)
(1.27)

It is sufficient to prove that the natural morphism of the cohomology sheaves

HqE·X〈logD〉 → Hqρ∗E·X\D

is an isomorphism (so that the limits in the formulas (1.26) and (1.27) will be
isomorphic). This is a local statement. The conclusion will follow from the
following

Lemma 1.3. Let U be an open set isomorphic to a polidysk in Cn such that
the equation of D ∩ U is z1 = 0. The morphism of complexes

Γ
(
U, E·X〈logD〉)→ Γ

(
U \D, E·U

)

induces an isomorphisms of their cohomologies.

Proof. Let Δ be the unit disk in C; then U \D � (Δ \ (0)
) × Δn−1, so that

Hk
(
U \ D, E·U

)
is 0 for k ≥ 2 and is C for k = 0, 1. Hence it is enough to

prove that also Hk
(
U, E·X〈logD〉) is 0 for k ≥ 2 and is C for k = 0, 1. The

case k = 0 is trivial.
Let us remark that if ξ ∈ Γ

(
U, EkX

)
is a closed smooth form, by the classical

De Rham theorem ξ = dμ, μ ∈ Γ
(
U, Ek−1

X

)
.
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Let ω ∈ Γ
(
U, EkX〈logD〉) with dω = 0. Let us suppose first k ≥ 2. If

ω ∈ W0Γ
(
U, EkX〈logD〉) = Γ

(
U, EkX

)
, then ω = dη, η ∈ Γ

(
U, Ek−1

X

)
by the

above remark. If ω ∈ W1Γ
(
U, EkX〈logD〉), Resk ω is a closed (k − 1)-form on

U ∩ D, which is exact because Hk−1
(
U ∩ D, E·D

)
= 0; by lemma 1.2 there

exists η ∈ W1Γ
(
U, Ek−1

X 〈logD〉) such that ω = dη + ξ, ξ ∈ Γ
(
U, EkX

)
. Now

dω = 0 implies dξ = 0, so that, as above, ξ = dμ, μ ∈ Γ
(
U, Ek−1

X

)
, and finally

ω = d(η + μ), that is: Hk
(
U, E·X〈logD〉) = 0 for k ≥ 2.

For k = 1 similar methods show that ω is cohomologous, up to a multi-
plicative constant, to dz1

z1
, so that H1

(
U, E·X〈logD〉) = C (generated by the

class of dz1
z1

).

1.4 Residues and mixed Hodge structures (the case of a
smooth divisor)

1.4.1 Hodge filtrations and residues

If M is a complex manifold, we recall that any differential form π of degree
k can be written using complex coordinates as

π =
∑

|I|+|J|=k
πIJ dz

I ∧ dz̄J (1.28)

We say that π has type ≥ p, if one has |I| ≥ p in the sum (1.28) and we define
F pEkM as the space of k-forms of type ≥ p. This defines the decreasing Hodge
filtration

· · ·F pEkM ⊃ F p+1EkM ⊃ · · ·
and d respects this filtration. The conjugate filtration is defined by saying
that π ∈ F̄ qEkM if |J | ≥ q in the sum (1.28) or in other words

F̄ qEkM = F qEkM
In our case, we define on the De Rham complex of the manifold D, the

usual Hodge filtration
F pE·D

and the conjugate filtration

F̄ qEkD = F̄ qEkD (1.29)

so that we can define a shifted filtration on the complex shifted by −1, namely

(−1)F pEkD(−1) = F p−1Ek−1
D (1.30)
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as well as a shifted conjugate filtration
(−1)F̄ qEkD(−1) = F̄ q−1Ek−1

D (1.31)

If X is a Kähler compact manifold, D is also compact Kähler and the Hodge
filtration of the De Rham complex induces a pure Hodge structure on the
cohomology of D. Indeed, one has

Hk(D,C) =
⊕
a+b=k

F aF̄ bHk(D,C) (1.32)

This means that the shifted filtrations of (1.30), (1.31) induce also a pure
Hodge structure, namely (1.32) can be rewritten as

Hk(D,C) =
⊕
a+b=k

(−1)F a+1 (−1)F̄ b+1Hk(D,C)

Renaming the indices, we obtain

Hk−1(D,C) =
⊕

a+b=k+1

(−1)F a (−1)F̄ bHk−1(D,C) (1.33)

where we notice that the direct sum of (1.33) is taken over pairs (a, b) with
a+ b = k+ 1 (instead of k− 1 as usual). That is, Hk−1(D,C) equipped with
the (−1)-shifted filtrations, acquires a pure Hodge structure of weight k + 1.

We also define filtrations on E·X〈logD〉 by
(−1)F aE·X〈logD〉 = F aE·X〈logD〉

(−1)F̄ bE·X〈logD〉 = F̄ b−1E·X〈logD〉
(1.34)

As usual in the second members of (1.34), F a, F̄ b denote the standard Hodge
filtrations.
Remark. The filtrations defined in (1.34) are not conjugate. Moreover the
role of (−1)F a, (−1)F̄ b is not symmetric. This is obviously due to the non
symmetric role of dz

z in the definition of logarithmic poles. Moreover the
presence of dzz explains why we need shifted complexes and filtrations in order
to obtain morphisms of filtered complexes, for example in the next lemma.

With the above notations, we deduce immediately

Lemma 1.4. The residues induce morphisms of filtered spaces for the shifted
filtrations

Res· : (−1)F pE·X〈logD〉 → (−1)F pE·D(−1)

Res· : (−1)F p
(E·X〈logD〉

E·X

)
→ (−1)F pE·D(−1)

and also for the F̄ filtrations

Res· : (−1)F̄ qE·X〈logD〉 → (−1)F̄ qE·D(−1)

Res· : (−1)F̄ q
(E·X〈logD〉

E·X

)
→ (−1)F̄ qE·D(−1)
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1.4.2 Pure Hodge structure on El,k1 = El,k1 (X)

Recall from part I, chapter 6, that if M is a complex manifold of dimension
n, and j : S → M is the embedding of a smooth complex hypersurface in M ,
the Gysin map

γkS,M : Hk(S,C) → Hk+2(M,C)

can be obtained via Poincaré duality from the pullback

j∗ : H2n−k−2(M,C) → H2n−k−2(S,C)

It follows that γkS,M is real, commutes to conjugation, and is a morphism of
pure Hodge structures of degree 1.

In the sequel, X is a compact Kähler manifold.
Let us consider the spectral sequence El,kr = El,kr (X) with first term (1.7),

whose only nonzero elements are E1,k
1 = Hk

(
X,

E·X〈logD〉
E·X

)
and E0,k

1 =

Hk
(
X, E·X

)
. Then the only relevant differential d1 is

d1 : E1,k
1 = Hk

(
X,

E·X〈logD〉
E·X

)
→ E0,k+1

1 = Hk+1
(
X, E·X

)
(1.35)

Proposition 1.1. Let X be a compact Kähler manifold.

1) The term E0,k
1 = Hk

(
X, E·X

)
= Hk(X,C) carries its natural pure Hodge

structure of weight k defined by the Kähler compact manifold X. The term

E1,k
1 = Hk

(
X,

E·X〈logD〉
E·X

)
carries a pure Hodge structure of weight k + 1

induced by the shifted filtrations (−1)F, (−1)F̄ defined by (1.34). Hence

E0,k
1 =

⊕
p+q=k

F pF̄ qE0,k
1 (1.36)

E1,k
1 =

⊕
p+q=k+1

(−1)F p (−1)F̄ qE1,k
1 (1.37)

In particular, the filtrations induced by (−1)F, (−1)F̄ on El,k1 are conjugate.
The residue

Res
k

: E1,k
1 → Hk−1(D,C) (1.38)

induces an isomorphism of pure Hodge structures on E1,k
1 and on Hk−1(D,C)

for the shifted Hodge filtrations (−1)F , (−1)F̄ .

2) The differential
d1 : E1,k

1 → E0,k+1
1 (1.39)

is a morphism of pure Hodge structures.
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3) Let d̂1 be the differential induced by d1 at the level of residues, namely the
following diagram is commutative

E1,k
1

Resk

d1
E0,k+1

1

Hk−1(D,C)
d̂1

Hk+1(X,C)

(1.40)

Then d̂1 coincides with the Gysin map γk−1
D,X of the embedding D → X,

and it commutes with the complex conjugation.

4) d̂1 is a morphism of pure Hodge structures for the shifted filtrations (−1)F ,
(−1)F̄ on Hk−1(D,C) and F , F̄ on Hk+1(X,C).

In order to prove proposition 1.1, we need a more precise realization of the
inverse of the isomorphism Resk of (1.38) (or (1.23)), at a global level.

We consider the line bundle L on X associated to the divisor D and a
holomorphic section σ of L whose zero set is exactly D. We introduce a
hermitian metric | | on L and define

η = − 1
2iπ

∂ log |σ|2, dη = Ω = − 1
2iπ

∂̄∂ log |σ|2 (1.41)

so that Ω is a C∞ form on X which represents the Chern class c1(L).

Lemma 1.5. Let α be a (k − 1)-form on D.

i. If α has a well defined type, one can find a C∞ extension α̃ of α to X,
having the same type as α. Moreover ω = α̃ ∧ η is in Γ

(
X, EkX〈logD〉)

and ω has residue α on D.

ii. If α is a closed form on D, there exists a form α̃ on X, closed in a
neighborhood of D, such that if ω = α̃ ∧ η, dω is in Γ

(
X, Ek+1

X

)
and

ω defines an element [[ω]]1 ∈ E1,k
1 = Hk

(
X,

E·X〈logD〉
E·X

)
. Moreover dω

defines the element d1[[ω]]1 = [[dω]]1 in E0,k+1
1 = Hk+1

(
X, E·X

)
and the

residue of d1[[ω]]1 on D is exactly the class [α] ∈ Hk
(
D, E·D

)
.

Proof of Lemma 1.5. Let (Wa)a∈A be an open covering of X such that in each
Wa intersecting D, one has a system of complex coordinates z(a):

z(a) =
(
z
(a)
1 , z′′(a)

)
, z′′(a) =

(
z
(a)
2 , . . . , z(a)

n

)

such that the equation of D ∩Wa in Wa is z(a)
1 = 0.

Let us consider α|D∩Wa : it is a (k− 1)-form which can be written in terms
of the coordinates z′′(a) only:

α|D∩Wa =
∑

|J|+|K|=k−1

α
(a)
JK

(
z′′(a)

) (
dz′′(a)

)J ∧ (dz̄′′(a))K (1.42)
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We can extend α|D∩Wa from D ∩Wa to Wa simply using the second member
of (1.42), as a form α(a). If (βa)a∈A is a partition of unity of X such that the
support of βa is in Wa, we can define an extension α̃ of α by the formula

α̃ =
∑
a∈A

βaα
(a) (1.43)

If α has a well-defined type, α(a) and α̃ have the same type. It is obvious that
the residue of α̃ ∧ η on D is α̃|D = α. This proves part (i) of lemma 1.5.

Let W be an open neighborhood of D in X which is a deformation retract
of D. If α is closed, we can extend α to a closed form α′ on W , and then
(after possibly shrinking W ) α′ to a form α̃ on X .

It follows
dω = dα̃ ∧ η ± α̃ ∧ dη (1.44)

and dα̃ ∧ η is 0 on a neighborhood of D. Moreover, by the definition of η
in (1.41), dη = Ω ∈ Γ

(
X, Ek+1

X

)
so that dω ∈ Γ

(
X, Ek+1

X

)
. Hence ω gives an

element [[ω]]1 ∈ E1,k
1 = Hk

(
X,

E·X〈logD〉
E·X

)
such that

d1[[ω]]1 = [[dω]]1

This proves lemma 1.5.

Proof of proposition 1.1.

Proof of 1). The filtrations (−1)F, (−1)F̄ on the complex Γ
(
X,

E·X〈logD〉
E·X

)

induce corresponding filtrations on its cohomology , which is exactly E1,k
1 . By

lemma 1.4, Res· is a morphism of filtered complexes for the shifted filtrations
(−1)F, (−1)F̄ , and it induces the isomorphism Res· at the level of cohomology,
which is thus a morphism of filtered spaces

(−1)F pE1,k
1 → (−1)F pHk−1(D,C)

(−1)F̄ qE1,k
1 → (−1)F̄ qHk−1(D,C)

By (1.33), Hk−1(D,C) carries a pure Hodge structure of weight k + 1. Since
Res· respects the types, Res· induces morphisms of subspaces

Resk : (−1)F p (−1)F̄ qE1,k
1 → (−1)F p (−1)F̄ qHk−1(D,C) (1.45)

Since by theorem 1.1 Resk is an isomorphism of vector spaces between E1,k
1

and Hk−1(D,C), and Hk−1(D,C) is a direct sum of the vector spaces in the
second member of (1.45), it follows that (1.45) is an isomorphism. This also
proves that the shifted filtrations (−1)F and (−1)F̄ induce a pure Hodge struc-
ture on E1,k

1 isomorphic by Resk to the pure Hodge structure on Hk−1(D,C)
of the shifted Hodge filtrations (1.33).
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Proof of 3). This is a consequence of lemma 1.5 and lemma 6.4 of part I,
chapter 6. Since the Gysin map commutes with the complex conjugation, the
same holds for d̂1.
Proof of 4). This is an immediate consequence of the fact that d̂1 is a Gysin
map.
Proof of 2). It is an obvious consequence of the commutative diagram (1.40),
the fact that d̂1 is a morphism of pure Hodge structures and that the residues
are isomorphisms of Hodge structures.

1.4.3 Mixed Hodge structure on Hk(X \D,C)

The spectral sequence El,kr degenerates at E2 and each term carries a pure
Hodge structure:

Theorem 1.4. Let X be a compact a Kähler manifold.

1) The differentials dr of the spectral sequence of the filtration Wl are 0 for
r ≥ 2.

2) The nonzero second terms of the spectral sequence are E1,k
2 = ker d1 and

E0,k
2 = E0,k

1
im d1

where :

d1 : E1,k
1 = Hk

(
X,

E·X〈logD〉
E·X

)
→ E0,k+1

1 = Hk+1
(
X, E·X

)

Both these terms carry a pure Hodge structure. More precisely

E1,k
2 =

⊕
a+b=k+1

(−1)F a (−1)F̄ bE1,k
2 (1.46)

E0,k
2 =

⊕
a+b=k

F aF̄ bE0,k
2 (1.47)

where (−1)F a, (−1)F̄ b, are the filtrations induced by E1,k
1 , E0,k

1 respectively.

The proof is very easy. The spectral sequence degenerates at E2 for degree
reasons.

By proposition 1.1, the E1 have pure Hodge structures defined by (1.36)
and (1.37) and the differential d1 is a morphism of pure Hodge structures,
hence the cohomology of the complex (El,k1 , d1), which is El,k2 , carries a pure
Hodge structure of the same weight k+l. This implies part (2) of the theorem.

From theorem 1.4 and the convergence of the spectral sequence to the
graded cohomology, we deduce:

Theorem 1.5. Let X be a compact Kähler manifold, D ⊂ X a smooth
divisor, γk−1

D,X : Hk−1(D,C) → Hk+1(X,C) the Gysin map corresponding to
the natural embedding D ⊂ X. The cohomology Hk(X \ D,C) carries a
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mixed Hodge structure for the filtration W induced by (1.5), and the filtra-
tions (−1)F a, (−1)F̄ b , induced by (1.34). The only non zero graded spaces
WlH

k(X\D,C)
Wl−1Hk(X\D,C)

occur for l = 0, 1. They are isomorphic to E0,k
2 and E1,k

2 thus
they have a pure Hodge structure of weight k and k + 1 respectively, as in
(1.46), (1.47). Precisely

W0H
k(X \D,C)

W−1Hk(X \D,C)
� Hk(X,C)

im γk−2
D,X

,
W1H

k(X \D,C)
W0Hk(X \D,C)

� ker γk−1
D,X

Proof. Because dr = 0 for r ≥ 2 , the graded cohomology is the second term
of the spectral sequence:

WlH
k(X \D,C)

Wl−1Hk(X \D,C)
� El,k2 (1.48)

i.e. the graded spaces WlH
k(X\D,C)

Wl−1Hk(X\D,C) are isomorphic to El,k2 (X), which carry

a pure Hodge structure of weight k+ l for the filtration F induced by El,k1 (X)
(El,k2 (X) is the cohomology of

(
El,k1 (X), d1

)
). On the other hand, the filtra-

tion F on Hk(X \D,C) induces a filtration on the quotient WlH
k(X\D,C)

Wl−1Hk(X\D,C)
.

We should show that the the two filtrations, under the isomorphism (1.47),
coincide (and the same for F̄ ). This will be made clear in the more general
case of chapter 2.

Remark. A shift of W by −k is needed to normalize the weights in the quo-
tients. In the shifted filtration W ′

l = Wl−k we obtain

W ′
lH

k(X \Q,C)
W ′
l−1H

k(X \Q,C)
� El−k,k2 (X)

that is, the quotient W ′
lH

k(X,C)
W ′

l−1H
k(X,C)

has weight l, as expected.

1.4.4 Functoriality

Let X,Y be compact manifolds, D ⊂ X,F ⊂ Y smooth divisors. Let
f : (X,D) → (Y, F ) a morphism of pairs, i.e. a map f : X → Y such that
f(D) ⊂ F . Then all the constructions and properties in the above paragraphs
are functorial with respect to f . In particular

Theorem 1.6. Let f : (X,D) → (Y, F ) a morphism of pairs. Then

f∗E·Y 〈logF 〉 ⊂ E·X〈logD〉 (1.49)
f∗WlE·Y 〈logF 〉 ⊂WlE·X〈logD〉 (1.50)
f∗F pE·Y 〈logF 〉 ⊂ F pE·X〈logD〉 (1.51)
f∗F̄ qE·Y 〈logF 〉 ⊂ F̄ qE·X〈logD〉 (1.52)
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Moreover the residue morphism commute with the pullback:

Reskf∗ω = (f |D)∗Reskω for ω ∈ E·Y 〈logF 〉. (1.53)

1.4.5 Other residues

In our situation (a manifold X and a smooth divisor D ⊂ X) the Leray
residue Resk defined in formulas (1.11), (1.13) is enough to handle the Hodge
mixed structure in the cohomology Hk(X \D,C). In the next chapter we are
going to face more complicated cases, and define a family of residues instead
of a single one. Hence for future purposes we define even in our situation for
every integer l ≥ 0 a residue Reskl by

Reskl =

⎧⎪⎨
⎪⎩

Resk0 = identity: W0EkX〈logD〉 = EkX → EkX for l = 0

Resk : W1EkX〈logD〉 → Ek−1
D for l = 1

0 for l ≥ 2

(1.54)

The above definition can be summarized as follows. Let us define

D[0] = X,D[1] = D and D[l] = ∅ for l ≥ 2 (1.55)

then
Reskl : WlEkX〈logD〉 → Ek−l

D[l] (1.56)

and by lemma 1.1, formula (1.15), Reskl passes to the quotient

Reskl :
WlEkX〈logD〉
Wl−1EkX〈logD〉 → Ek−l

D[l] (1.57)

(we keep the same notation for the quotient mapping).
Then lemmas 1.1, 1.2 and theorem 1.1 can be restated as follows, as a

preparation for the next chapter:

Theorem 1.7.

i. Reskl : WlEkX〈logD〉 → Ek−l
D[l] commutes with the differentials d, ∂, and ∂̄.

ii. Reskl induces an isomorphism of the cohomology sheaves

Reskl : Hk

(
WlE·X〈logD〉
Wl−1E·X〈logD〉

)
→ Hk−lE·D[l]

iii. For any open set V of X the morphism Reskl induce natural isomorphisms

Reskl : Hk

(
V,

WlE·X〈logD〉
Wl−1E·X〈logD〉

)
→ Hk−l(V ∩D[l], E·D[l]

)
.

Proof. For l = 0 the morphisms in (i), (ii),(iii) are the identity, for l ≥ 2 they
are zero.



Chapter 2

Residues and mixed Hodge
structures on noncompact manifolds

2.1 Introduction

In this chapter we define and study differential forms on a complex manifold
which have logarithmic poles along a divisor with normal crossing.

Let X be a compact complex manifold of complex dimension n = dimC X
and D = D1∪· · ·∪DN is a divisor with normal crossing ; that means that each
Di is a smooth hypersurface of X , and at each point x ∈ X , there are at most
n divisorsDj passing through x and which are transversal. In particular, given
x, one can find complex analytic coordinates (z1, . . . , zn) in a neighborhood
U of x, such that the local equation of D∩U in U is z1 · · · zs = 0, s depending
on x.

We are in fact interested in the study of the open manifold W = X \ D,
so that the role of X is that of a smooth compactification of X \D. Hence
our setting includes the assumption for such compactification. Any affine, or
quasi projective, algebraic manifold possesses a smooth compactification.

We define for any ordered multiindex I = (i1, . . . , iq) in (1, . . . , N)

DI = Di1 ∩ · · · ∩Diq

and
D[q] =

∐
|I|=q

DI , D[0] = X

where the sign
∐

denotes the disjoint union. Then the D[q] are manifolds
(not connected in general).

A logarithmic differential k-form on X (with poles of order ≤ l) is a form
ω on X \D which, in a sufficiently small neighborhood of any x ∈ D can be
written as

ω =
∑
|I|≤l

αI ∧
(
dz

z

)I
(2.1)

where
(
dz
z

)I
= dzi1

zi1
∧ · · · ∧ dzil

zil
.

227
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The differential dω of a logarithmic form (with poles of order ≤ l) is log-
arithmic (with poles of order ≤ l). The above definition has a local nature:
we can define a logarithmic form on Y \D for any open subset Y ⊂ X , hence
the sheaf EkX〈logD〉 of the logarithmic k-forms is well defined, and E·X〈logD〉
is a complex of fine sheaves on X .

If ω ∈ Γ
(
X, EkX〈logD〉) has poles of order ≤ l so that (2.1) locally holds,

we define the l-residue of ω, Reskl ω ∈ Γ
(
D[l], Ek−1

D[l]

)
:

Reskl ω|DI = αI |DI for |I| = l (2.2)

which is a global (k − l)−form on the compact manifold D[l]. The residue
commutes to the differentials d on X and D[l].

The logarithmic forms on any open set Y ⊂ X are particular differential
forms on Y \D, hence we have an inclusion

E·X〈logD〉 ⊂ ρ∗E·X\D

where ρ : X \D ↪→ X is the natural inclusion map. As in the case of Leray
theory (chapter 1: D is smooth), the following statements hold: let U be an
open neighborhood in X of a point x ∈ D, isomorphic to a polydisk in CN ;
then

• every closed differential form on U \D is cohomologous to a logarithmic
form;

• every logarithmic differential form on U \D which is exact, is the dif-
ferential of a logarithmic form.

The main consequence of the above result is that the cohomology of X \D is
the cohomology of the complex of global sections Γ

(
X, E·X〈logD〉):

Hk
(
X, E·X〈logD〉) � Hk(X, ρ∗E·X\D) � Hk(X \D,C)

We introduce a weight filtrationW on EkX〈logD〉, just defining WlEkX〈logD〉
as the subsheaf of EkX〈logD〉 of the forms having poles of order ≤ l, so that in
fact the residue Reskl is defined on WlEkX〈logD〉. Since the residues commute
to d, and

Reskl (Wl−1EkX〈logD〉) = 0

Res·l can be considered as a morphism of complexes

Res·l :
WlE·X〈logD〉
Wl−1E·X〈logD〉 → E·D[l](−l) (2.3)

which passes to the cohomology:

Reskl : Hk

(
X,

WlE·X〈logD〉
Wl−1E·X〈logD〉

)
→ Hk−l(D[l], E·D[l]) (2.4)
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It turns out that Reskl is an isomorphism (while (2.3) is surjective but not
injective).

On the other hand, the cohomology spaces Hk

(
X,

WlE·X〈logD〉
Wl−1E·X〈logD〉

)
in (2.4)

are the terms El,k1 (X) of the spectral sequence of the complex Γ
(
X, E·X〈logD〉)

with respect to the filtration W , which converges to Hk(X \ D,C). The
isomorphism (2.4) identifies El,k1 (X) to the cohomology Hk−l(D[l], E·

D[l]

)
=

Hk−l(D[l],C
)

of the manifold D[l], which is compact and Kähler, so that the
classical Hodge theory applies to it. HenceEl,k1 (X) inherits fromHk−l(D[l],C

)
(suitably shifted), a pure Hodge structure of weight k + l, and d1 is a mor-
phism of pure Hodge structures. It follows that also El,k2 , as the cohomology
of
(
El,k1 , d1

)
, carries a pure Hodge structure of weight k + l.

The fundamental result is that the spectral sequence corresponding to the
filtration W degenerates at level 2, so that El,k2 (X) coincides with the graded
quotient WlH

k(X\D,C)
Wl−1Hk(X\D,C) . It follows that Hk(X \D,C) carries a mixed Hodge

structure.

2.2 The standard logarithmic De Rham complex

In this section, X is a complex analytic manifold and D = D1 ∪ · · · ∪
DN is a divisor with normal crossing ; that means that each Di is a smooth
hypersurface of X , and at each point x ∈ X , there are at most n = dimC X
divisors Dj passing through x and which are transversal. In particular, given
x, one can find complex analytic coordinates (z1, . . . , zn) in a neighborhood
U of x, such that the local equation of D∩U in U is z1 · · · zs = 0, s depending
on x.

2.2.1 Definition of E·X〈logD〉
If x is a point in X \D, we define

E·X,x〈logD〉 = E·X,x
i.e. the usual De Rham complex of differential forms on X at x. Let x be a
point in D and U a neighborhood of x in X , such that the local equation of
D ∩ U in U is z1 · · · zs = 0. We define

E·X,x〈logD〉 = E·X,x
{
dz1
z1
, . . . ,

dzs
zs

}
(2.5)

i.e. the E·X,x-module generated by the logarithmic differentials dz1
z1
, . . . , dzs

zs
of

the equations of the components of D through x. The differential d is defined
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as usual. In particular, the complex
(E·X,x〈logD〉, d) induces a subcomplex of

the De Rham complex of X \D.
Note that EkX〈logD〉 is a fine sheaf defined on all of X . A section of

EkX〈logD〉 on an open set U ⊂ X will be called a logarithmic differential
form of degree k on U .

One has an injection:
(E·X〈logD〉, d) ↪→ (

ρ∗E·X\D, d
)

(2.6)

where ρ : X \D ↪→ X is the natural map.
We define the subsheaf Ep,qX 〈logD〉 ⊂ Ep+qX 〈logD〉 of the logarithmic forms

of type (p, q) by

Γ
(
U, Ep,qX 〈logD〉) = Γ

(
U, Ep+qX 〈logD〉) ∩ Γ

(
U \D, Ep,qX

)
(2.7)

The operators ∂ and ∂̄ act as follows:

∂ : Ep,qX 〈logD〉 → Ep+1,q
X 〈logD〉 (2.8)

∂̄ : Ep,qX 〈logD〉 → Ep,q+1
X 〈logD〉 (2.9)

giving rise to complexes
(E·,qX 〈logD〉, ∂) and (Ep,·X 〈logD〉, ∂̄).

We define also the subcomplex Ω·
X〈logD〉 ⊂ E·X〈logD〉 of meromorphic

differential forms with logarithmic poles on D:

ΩkX,x〈logD〉 = ΩkX,x (x ∈ X \D)

ΩkX,x〈logD〉 = ΩkX,x
{
dz1
z1
, . . . , dzs

zs

}
(x ∈ D) (2.10)

(
Ω·
X〈logD〉, d) is a complex of sheaves of OX - modules. Let us remark that

the sheaves Ω·
X〈logD〉 are not fine.

The following immediate result will be important in the sequel.

Proposition 2.1. One has a natural isomorphisms

ΩpX〈logD〉 ⊗OX E0,q
X � Ep,qX 〈logD〉 (2.11)

compatible with ∂, in the sense that

∂̄(α⊗ β) = α⊗ ∂̄β (2.12)

2.2.2 Filtration by the order of poles

Let U be a small neighborhood of a point x ∈ D with coordinates (z1, . . . , zn)
such that the local equation of D ∩ U in U is z1 · · · zs = 0. Such coordinate
system is called a system of adapted coordinates for (X,D) in U .

We shall denote (
dz

z

)I
=
(
dzi1
zi1

∧ · · · ∧ dzil
zil

)
(2.13)
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where I = (i1, . . . , il) is an ordered multiindex contained in (1, . . . , s). We
know that E·X,x〈logD〉 is generated by the

(
dz
z

)I
over the module E·X,x for

|I| ≤ s (s depends on x).
We shall now define an increasing filtration on E·X〈logD〉, called the weight

filtration, in the following way

WlE·X〈logD〉 = 0 (l < 0) (2.14)
W0E·X〈logD〉 = E·X (2.15)

while for l > 0

(
WlE·X〈logD〉)

x
= E·X,x

[(
dz

z

)I]
, |I| ≤ l (l > 0) (2.16)

is the E·X,x-submodule generated by the
(
dz
z

)I
for |I| ≤ l. One has l ≤ χX,D,

where χX,D is defined as follows. If we denote by s(x) the number s so that
D ⊂ U(x) is given by z1 · · · zs = 0, we define

χX,D = max
x∈X

{s(x)} (2.17)

hence
χX,D ≤ dimX

It is clear that
d(WlE·X〈logD〉) ⊂WlE·X〈logD〉 (2.18)

Thus the above filtration induces a filtration WlH
k
(
V, E·X〈logD〉) in coho-

mology.

Remark. WlE·X〈logD〉 = 0 for l < 0, and WlE·X〈logD〉 = E·X〈logD〉 for
l ≥ χX,D.

We remark also that WlEkX〈logD〉 is a fine sheaf, so that for any open subset
V ⊂ X the following equality holds:

Γ
(
V,

WlEkX〈logD〉
Wl−1EkX〈logD〉

)
=

Γ
(
V,WlEkX〈logD〉)

Γ(V,Wl−1EkX〈logD〉) (2.19)

2.2.3 The filtration W on ΩkX〈logD〉
The filtrationW on EkX〈logD〉 induces filtrations on the subsheaves ΩkX〈logD〉

and Ep,k−pX 〈logD〉. Then

Theorem 2.1. There are natural isomorphisms:

WlΩ
p
X〈logD〉 ⊗OX E0,q

X �WlEp,qX 〈logD〉 (2.20)
WlΩ

p
X〈logD〉

Wl−1Ωp
X〈logD〉 ⊗OX E0,q

X � WlEp,q
X 〈logD〉

Wl−1Ep,q
X 〈logD〉 (2.21)
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Proof. The isomorphism (2.20) is clear by proposition 2.1.
Next we consider the exact sequence

0 Wl−1ΩpX〈logD〉 WlΩ
p
X〈logD〉 WlΩ

p
X〈logD〉

Wl−1ΩpX〈logD〉 0 (2.22)

We use the following result of Malgrange [Ma]: the sheaf E0,0

X = E0

X of differ-
entiable functions on X is flat over the sheaf OX (that is, for every x ∈ X the
OX,x-module E0,0

X,x is flat). The sheaf E0,q

X is locally free over the sheaf E0,0

X ;
It follows that E0,q

X is also flat over the sheaf OX . Thus the exact sequence
(2.22) remains exact after tensorization with ⊗OXE0,q

X :

0 Wl−1ΩpX〈logD〉 ⊗OX E0,q
X WlΩ

p
X〈logD〉 ⊗OX E0,q

X

WlΩ
p
X〈logD〉

Wl−1ΩpX〈logD〉 ⊗OX E0,q
X 0

or, taking into account (2.20):

0 Wl−1Ep,qX 〈logD〉 WlEp,qX 〈logD〉
WlΩ

p
X〈logD〉

Wl−1ΩpX〈logD〉 ⊗OX E0,q
X 0

(2.23)

Comparing (2.23) with the quotient sequence

0 Wl−1Ep,qX 〈logD〉 WlEp,qX 〈logD〉 WlEp,qX 〈logD〉
Wl−1Ep,qX 〈logD〉 0

we obtain (2.21).

2.2.4 The De Rham complex of a divisor

We consider again a manifold X , D = D1 ∪ · · · ∪DN a divisor with normal
crossing and we define for any ordered multiindex I = (i1, . . . , iq) in (1, . . . , N)

DI = Di1 ∩ · · · ∩Diq (2.24)

and
D[q] =

∐
|I|=q

DI , D[0] = X (2.25)

where the sign
∐

denotes the disjoint union. Then the D[q] are manifolds
(not connected in general).
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We define a double complex

Ep,qX,D = Ep
D[q] , Ep,0X,D = EpX (2.26)

with two differentials:
d : Ep,qX,D → Ep+1,q

X,D (2.27)

which is the De Rham differential on Ep
D[q] or EpX , and

δ : Ep,qX,D → Ep,q+1
X,D (2.28)

such that if φ ∈ Ep,qX,D , so that φ =
(
φI
)
|I|=q and φI is a p−form on DI , then

δ(φ)j1,...,jq+1 =
q∑
l=1

(−1)lφj1,...,ĵl,...,jq+1 |D(j1,...,jq+1) (2.29)

and if q = 0, φ is a p-form on X and δ(φ)i = φ|Di.
Clearly:

Lemma 2.1. δ commutes with d.

We define then the diagonal complex

ΛkD =
⊕

p+q=k+1, q>0

Ep,qX,D (2.30)

with the differential dD = d+ (−1)kδ.

2.3 Residues (smooth case)

Definition 2.1. We introduce for l ≥ 0 the residue (or l-residue) map

Reskl : WlEkX〈logD〉 → Ek−1
D[l] (2.31)

in the following way. Let ω be a section of WlEkX〈logD〉 and let (z1, . . . , zn)
be an adapted coordinate system for (X,D) so that in this coordinate system

ω =
∑
|I|≤l

αI ∧
(
dz

z

)I
(2.32)

(remember (2.16)). We define the l-residue of ω, Reskl ω ∈ Ek−1
D[l] :

Reskl ω|DI = αI |DI for |I| = l (if l > 0) (2.33)

For l = 0, W0EkX〈logD〉 = EkX and Resk0ω = ω ∈ EkX .
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In other words,
[

Reskl

(
αI ∧

(
dz

z

)I)]
|DJ =

{
αI |DI for J = I

0 for J �= I
(2.34)

It is easy to see that Reskl ω is a well defined (k − l)-form on D[l], which does
not depend on the choice of the local adapted coordinates. In particular,
for any open set V ⊂ X , the morphism Reskl induces a morphism of global
sections on V

Reskl : Γ
(
V,WlEkX〈logD〉)→ Γ

(
V ∩D[l], Ek−1

D[l]

)
(2.35)

From the definition we find immediately:

Lemma 2.2. Reskl commutes with the differentials d, ∂ and ∂̄, and

Reskl
(
Wl−1EkX〈logD〉) = 0 (2.36)

so that one has an induced map

Reskl :
WlEkX〈logD〉
Wl−1EkX〈logD〉 → Ek−1

D[l] (2.37)

which is a morphism of complexes

Res·l :
WlE·X〈logD〉
Wl−1E·X〈logD〉 → E·D[l](−l) (2.38)

Remark. As it will be proved later (lemma 2.8, i)), the residue morphisms
(2.31) and (2.37) are surjective. Note that (2.37) is not injective. For example,
the first residue of the form ω = z̄1

dz1
z1

is zero, though ω /∈ W0.

If ω is a logarithmic form of type (p, q), ω ∈ WlEp,qX 〈logD〉, its residue
Resp+ql ω is a form of type (p − l, q) on D[l]; if moreover ω is a holomorphic
logarithmic form ∈ WlΩ

p
X〈logD〉, its residue is a holomorphic p − l form

on D[l]. Hence, by lemma 2.2 the Res·l induce the following morphisms of
complexes:

Res·+ql :
(

WlE·,qX 〈logD〉
Wl−1E·,qX 〈logD〉 , ∂

)
→ (E·,q

D[l](−l), ∂) (2.39)

Resp+·l :
(

WlEp,·
X 〈logD〉

Wl−1Ep,·
X 〈logD〉 , ∂̄

)
→ (Ep−l,·

D[l] , ∂̄) (2.40)

Res·l :
(

WlΩ
·
X〈logD〉

Wl−1Ω·X〈logD〉 , ∂
)

→ (Ω·
D[l](−l), ∂) (2.41)

Proposition 2.2. The residue Res·l induces an isomorphism of the ∂-complexes
(2.41).
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It is clear that (2.41) is surjective. In order to prove the injectivity, we must
show that, given an adapted system of coordinates (z1, . . . , zn) for D in X , a
holomorphic form ω =

∑
|I|≤l αI ∧

(
dz
z

)I
with zero l-residue has poles of order

at most l − 1. The assumption on ω means αI |DI = 0 for all I with |I| = l.
Since αI is a holomorphic form, and zi1 · · · zil = 0 is the local equation of DI

in X , we obtain that
αI = zi1 · · · zilβI

where βI is also holomorphic. Then ω =
∑

|I|≤l−1 αI ∧
(
dz
z

)I
+
∑

|I|=l βI ∧dzI
has poles of order at most l − 1.

2.3.1 The residues in local cohomology

Lemma 2.3. Reskl induces an isomorphism of the cohomology sheaves

Reskl : Hk

(
WlE·X〈logD〉
Wl−1E·X〈logD〉

)
→ Hk−lE·D[l] (2.42)

Proof. First we notice that Hk−lE·
D[l] = 0 except for k = l , where it is

CD[l] , because E·
D[l] is the De Rham resolution of the constant sheaf on D[l].

Moreover for k < l, both sides of (2.42) are trivially 0. Finally, the statement
of lemma 2.3 is purely local. So we can consider the situation where X = U
is a polydisk in Cn and D is defined by z1 · · · zs = 0. We consider a k-form
ω of EkX〈logD〉 with poles of order ≤ l and l ≤ s; ω is given by the formula
(2.32) where the multiindices I ⊂ (1, . . . , s) and αI has degree k−|I|. Because
we are working mod Wl−1, we can assume that the sum in (2.32) is on the
multiindices I with |I| = l. If ω defines a local cohomology class of the graded
complex, dω is a (k + 1)-form with poles of order ≤ l − 1. But now

dω =
∑
|I|≤l

dαI ∧
(
dz

z

)I
(2.43)

which implies that dαI is in the ideal generated by the zi and dzi for i ∈ I.
Clearly, in αI we can forget all the components containing at least one dzi for
i ∈ I. Because we are working in a small polydisk, we can consider a Taylor
expansion of αI modulo the ideal generated by the zi and dzi for i ∈ I:

αI = α0,I +
∑
i∈I

(z̄iβI + dz̄i ∧ γI) ≡ α0,I + α′
I ( mod zi, dzi) (2.44)

where α0,I contains only the coordinates zj , j /∈ I and their differentials, and
βI , γI , do not contain the zi and dzi for i ∈ I; but dαI is in the ideal generated
by the zi and dzi for i ∈ I so that from (2.44):

d(α0,I) = 0, dα′
I = 0 (2.45)
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a) If k − l > 0, α0,I and α′
I have positive degree, so that by Poincaré lemma

for k − |I| and k variables respectively we get

α0,I = dθI , α′
I = dθ′I (2.46)

where θI is a differential form containing only the zj for j /∈ I. Then we
see that

ω = d

⎛
⎝∑

|I|=l
(θI + θ′I) ∧

(
dz

z

)I⎞⎠

which proves that the cohomology sheaf of the graded complex is 0 if
k − l > 0.

b) If k − l = 0, the equations in (2.45) tell us that αI is locally constant on
DI and the cohomology sheaf of the graded complex reduces to CD[l] =
H0E·

D[l] .

We notice that for l = 0, one has

W0E·X〈logD〉 = E·X
W−1E·X〈logD〉 = 0

E·D[0] = E·X
and the mapping in (2.42) is the identity.

As a consequence of lemma 2.3, we obtain

Theorem 2.2. For any open set V of X the morphism Reskl induces a natural
isomorphism

Reskl : Hk

(
V,

WlE·X〈logD〉
Wl−1E·X〈logD〉

)
→ Hk−l(V ∩D[l], E·D[l]) (2.47)

Proof. On X , we consider the two complexes of fine sheaves WlE·X〈logD〉
Wl−1E·X〈logD〉

and E·
D[l](−l) (extended by 0 outside D[l]). Each complex induces a spectral

sequence:

Hp

(
V,Hq

(
WlE·X〈logD〉
Wl−1E·X〈logD〉

))
=⇒ Hp+q

(
V,

WlE·X〈logD〉
Wl−1E·X〈logD〉

)

Hp(V,HqE·D[l](−l)) =⇒ Hp+q(V, E·D[l](−l))

By lemma 2.3 the cohomology sheaves Hq

(
WlE·X〈logD〉
Wl−1E·X〈logD〉

)
and HqE·

D[l](−l)
are isomorphic (by Res·l). So in the limit of spectral sequences we find that

the cohomologies Hk

(
V,

WlE·X〈logD〉
Wl−1E·X〈logD〉

)
and Hk(V, E·

D[l](−l)) are isomorphic.

But this last cohomology is Hk−l(V ∩D[l], E·
D[l]).
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2.3.2 The residues in global cohomology

On any open set V ⊂ X , we have the morphisms Reskl of global sections
given by (2.35), which commute with d. These morphisms induce morphisms
of the filtered cohomology of the complexes, which we denote

RESkl : WlH
k(V, E·X〈logD〉) → Hk−l(V ∩D[l],C) (2.48)

Lemma 2.4. The kernel of RESkl is Wl−1H
k(V, E·X〈logD〉).

Proof. Because of (2.36), the kernel of RESkl contains Wl−1H
k(V, E·X〈logD〉).

Conversely, let ω be a d-closed logarirhmic k-form with poles of order ≤ l
whose cohomology class [ω] goes to 0 through RESkl . So ω induces an element
in the quotient

ω ∈ Γ
(
V,

WlEkX〈logD〉
Wl−1EkX〈logD〉

)
=

Γ(V,WlEkX〈logD〉)
Γ(V,Wl−1EkX〈logD〉)

(the above equality holds by (2.19)). Our hypothesis says that ω has a residue
0 in cohomology of D[l], so that the isomorphism (2.47) of theorem 2.2 shows
that

ω = dγ, γ ∈ Γ(V,WlEk−1
X 〈logD〉)

Γ(V,Wl−1Ek−1
X 〈logD〉)

This means that
ω = dγ + θ

with
γ ∈ Γ(V,WlEk−1

X 〈logD〉), θ ∈ Γ(V,Wl−1EkX〈logD〉)
so that the cohomology class [ω] is in Wl−1H

k(V, E·X〈logD〉).
As an immediate consequence, using the above lemma and a descending

recursion, we have

Theorem 2.3. Let [ω] be a class in WmH
k(V, E·X〈logD〉), and l < m. Then

[ω] ∈ WlH
k(V, E·X〈logD〉) if and only if

RESkm[ω] = RESkm−1[ω] = · · · = RESkl+1[ω] = 0

2.3.3 The cohomology of X \D
Let W be any open set of X , in particular X itself. Then (E·X〈logD〉, d)

can be used to calculate the cohomology of W \D, by the following theorem.

Theorem 2.4. One has a natural isomorphism induced by the morphism of
inclusion ρ : X \D → X:

Hk(W, E·X〈logD〉) � Hk(W,ρ∗E·X\D) � Hk(W \D,C) (2.49)

or in other words the cohomology of W \D can be calculated as the cohomology
of the complex of sections (Γ(W, E·X〈logD〉), d) of E·X〈logD〉.
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First we note that the second isomorphism in the above formula (2.49) is a
consequence of the theorem of De Rham for the standard De Rham complex.
Each of the complexes E·X〈logD〉 and ρ∗E·X\D induces a spectral sequence of
hypercohomology on W :

Hp(W,HqE·X〈logD〉) =⇒ Hp+q(W, E·X〈logD〉) (2.50)
Hp(W,Hqρ∗E·X\D) =⇒ Hp+q(W,ρ∗E·X\D) (2.51)

It is sufficient to prove that the natural morphism of the cohomology sheaves

HqE·X〈logD〉 → Hqρ∗E·X\D

is an isomorphism (so that the limits in the formulas (2.50) and (2.51) will be
isomorphic). This is a local statement. Then the conclusion follows from the
following

Lemma 2.5. Let U be an open set isomorphic to a polidysk in C
n such that

the equation of D ∩ U is z1 · · · zs = 0. The morphism of complexes

Γ(U, E·X〈logD〉) → Γ(U \D, E·U )

induces isomorphisms on their cohomologies.

Proof. Let C

{
dz1
z1
, . . . , dzs

zs

}
= C

{{
dzj

zj

}}
be the free differential algebra

over C generated by dz1
z1
, . . . , dzs

zs
and having differential d = 0. The algebra

C

{{
dzj

zj

}}
coincides with its cohomology, and it carries an obvious filtra-

tion by the order of poles WlC

{{
dzj

zj

}}
. There is a commutative diagram of

complexes

Γ(U, E·X〈logD〉) Γ(U \D, E·U )

C

{{
dzj
zj

}}μ ν

and ν∗ is an isomorphism in cohomology by the usual De Rham theorem.
Thus it will suffice to show that μ∗ is an isomorphism in cohomology.

Passing to the graded spaces we obtain for every l a commutative diagram

WlΓ(U, E·X〈logD〉)
Wl−1Γ(U, E·X〈logD〉)

Res·l Γ(U ∩D[l], E·
D[l](−l)

WlC

{{
dzj

zj

}}

Wl−1C

{{
dzj

zj

}}
μl res·l
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where res·l is the classical Cauchy residue, which induces an isomorphism in
cohomology. Since Res·l too is an isomorphism in cohomology (theorem 2.2),
we deduce that also μ

l
induces an isomorphism on cohomology. By an easy

induction argument on l it follows that

μ : WlC

{{
dzj
zj

}}
→WlΓ(U, E·X〈logD〉)

is an isomorphism on cohomology. For l = s we obtain the lemma.

2.4 Residues and mixed Hodge structures (the smooth
case)

2.4.1 Hodge filtrations and residues

The morphisms of residues defined as in (2.31) and (2.37) become mor-
phisms of complexes

Res·l : WlE·X〈logD〉 → E·D[l](−l), Res·l :
WlE·X〈logD〉
Wl−1E·X〈logD〉 → E·D[l](−l) (2.52)

and preserve the degrees of the complexes.
Let (Λ·, d) be a filtered complex with a certain filtration Φ. We define the

shifted filtration (n)Φ on the shifted complex C·(n) by

(n)ΦpCk(n) = Φp+nCk+n (2.53)

In our case, we define on the De Rham complexes of the manifolds D[r], the
usual Hodge filtration

F pE·D[r]

which induces a shifted filtration on the shifted complex :

(−r)F pEkD[r](−r) = F p−rEk−r
D[r] (2.54)

and we define the conjugate filtration

(−r)F̄ qEkD[r](−r) = F̄ q−rEk−r
D[r] (2.55)

If X is a compact Kähler manifold, each D[r] is also compact Kähler and the
Hodge filtration of the De Rham complex induces a pure Hodge structure on
the cohomology of D[r]. Indeed, one has

Hk(D[r],C) =
⊕
a+b=k

F aF̄ bHk(D[r],C) (2.56)
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This means that the shifted filtrations of (2.54), (2.55) induce also a pure
Hodge structure, namely (2.56) can be rewritten as

Hk(D[r],C) =
⊕
a+b=k

(−r)F a+r (−r)F̄ b+rHk(D[r],C)

Renaming the indices, we obtain

Hk−r(D[r],C) =
⊕

a+b=k+r

(−r)F a (−r)F̄ bHk−r(D[r],C) (2.57)

where we notice that the direct sum of (2.57) is taken over pairs (a, b) with
a+b = k+r (instead of k−r as usual). That is, Hk−r(D[r],C) equipped with
the (−r)-shifted filtrations, acquires a pure Hodge structure of weight k + r.

We also define filtrations on E·X〈logD〉 by

(−r)F aE·X〈logD〉 = F aE·X〈logD〉 (2.58)
(−r)F̄ bE·X〈logD〉 = F̄ b−rE·X〈logD〉 (2.59)

As usual in the second members of (2.58), (2.59) F a, F̄ b denote the standard
Hodge filtrations.
Remark. The filtrations defined in (2.58), (2.59) are not conjugate. Moreover
the role of (−r)F a, (−r)F̄ b is not symmetric; in particular (−r)F a does not
depend on r, so it is a true filtration on the complex E·X〈logD〉, while (−r)F̄ b

depends on r and is adapted to the subcomplex WrE·X〈logD〉 and to the

quotient complex WrE·X〈logD〉
Wr−1E·X〈logD〉 .

With the above notations, we deduce immediately

Lemma 2.6. For any l, the residues induce morphisms of filtered spaces for
the shifted filtrations

Res·l : (−l)F pWlE·X〈logD〉 → (−l)F pE·D[l](−l)

Res·l : (−l)F p
(

WlE·X〈logD〉
Wl−1E·X〈logD〉

)
→ (−l)F pE·D[l](−l)

and also for the F̄ filtrations

Res·l : (−l)F̄ qWlE·X〈logD〉 → (−l)F̄ qE·D[l](−l)

Res·l : (−l)F̄ q
(

WlE·X〈logD〉
Wl−1E·X〈logD〉

)
→ (−l)F̄ qE·D[l](−l)

The following easy result will be useful in the sequel.

Lemma 2.7. There is a natural isomorphism

F pEkX〈logD〉
F p+1EkX〈logD〉 = Ep,k−pX 〈logD〉
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2.4.2 Pure Hodge structure on El,k1 (X)

Recall that if M is a complex manifold of dimension n, and j : S → M is
the embedding of a smooth complex hypersurface in M , the Gysin map

γS,M : Hk(S,C) → Hk+2(M,C)

can be obtained via Poincaré duality from the pullback

j∗ : H2n−k−2(M,C) → H2n−k−2(S,C)

It follows that γS,M is real, commutes to conjugation, and it is a morphism
of pure Hodge structures of degree 1.

In the sequel, X is a compact Kähler manifold.
Let us consider the spectral sequenceEl,kr (X) of the complex Γ(X, E·X〈logD〉)

with respect to the filtration W , whose first term is

El,k1 (X) = Hk

(
Γ(X,WlE·X〈logD〉)

Γ(X,Wl−1E·X〈logD〉)
)

= Hk

(
X,

WlE·X〈logD〉
Wl−1E·X〈logD〉

)

The second equality in the above formula holds because of the isomorphisms
(2.19).

The spectral sequence converges to the graded cohomology

WlH
k(X, E·X〈logD〉)

Wl−1Hk(X, E·X〈logD〉) (2.60)

One can calculate the differential d1

d1 : El,k1 (X) → El−1,k+1
1 (X) (2.61)

First, we consider the differential d0 of the graded complex

d0 :
Γ(X,WlEkX〈logD〉)

Γ(X,Wl−1EkX〈logD〉) → Γ(X,WlEk+1

X 〈logD〉)
Γ(X,Wl−1Ek+1

X 〈logD〉)

El,k1 (X) is exactly the cohomology of this complex. We take an element
[[π]] ∈ El,k1 (X). It corresponds to an element π ∈ Γ(X,WlEkX〈logD〉) such
that dπ ∈ Wl−1Ek+1

X 〈logD〉. Moreover the d0 of the class of dπ is obviously
0, so it gives a cohomology class which is an element of El−1,k+1

1 (X), which
depends only on [[π]] and not on any other choices.

Proposition 2.3. Let X be a Kähler compact manifold.

1) The first term El,k1 (X) of the spectral sequence has a pure Hodge structure
of weight k + l induced by the shifted filtrations (−l)F, (−l)F̄

El,k1 (X) =
⊕

p+q=k+l

(−l)F p (−l)F̄ qEl,k1 (X) (2.62)
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In particular, the filtrations induced by (−l)F, (−l)F̄ on El,k1 (X) are con-
jugate.
Moreover the residue

Res·l : El,·1 (X) → H ·−l(D[l],C) (2.63)

induces an isomorphism of pure Hodge structures of weight k+l on El,k1 (X)
and on Hk−l(D[l],C) for the shifted Hodge filtrations (−l)F, (−l)F̄ on D[l].

2) The differential
d1 : El,k1 (X) → El−1,k+1

1 (X) (2.64)

is a morphism of pure Hodge structures.

3) Let us define d̂1 as the differential induced by d1 at the level of residues,
namely such that the following diagram is commutative

El,k1 (X)
d1

Resk
l

El−1,k+1
1 (X)

Resk+1
l−1

Hk−l(D[l],C)
d̂1

Hk+2−l(D[l−1],C)

(2.65)

Let {[αI ]; |I| = l} be cohomology classes on {DI ; |I| = l}, αI being a closed
form of degree k− l on DI . Then d̂1({[αI ]} is given as follows. For any J
such that |J | = l − 1, DJ �= ∅, we have

d̂1({[αI ]}J
=

∑
I⊃J,|I|=l

εI,JγI,J [αI ] (2.66)

where
γI,J : Hk−l(DI ,C) → Hk+2−l(DJ ,C) (2.67)

is the Gysin map for DI considered as a hypersurface in DJ and εI,J is
the signature of the permutation reordering (j, J) as I where I = J ∪ {j},
so that zj = 0 is the equation of DI in DJ ; d̂1 commutes with the complex
conjugation.

4) d̂1 is a morphism of pure Hodge structures of weight k + l for the shifted
Hodge filtrations (−l)F , (−l)F̄ on the cohomology Hk−l(D[l],C) and (−l+1)F ,
(−l+1)F̄ on the cohomology Hk+1−(l−1)(D[l−1],C).

5) If we consider H2n−k−l(D[l],C) as the Poincaré dual of Hk−l(D[l],C), the
adjoint of d̂1

d̂∗1 : H2n−k−l(D[l−1],C) → H2n−k−l(D[l],C)

is exactly the morphism which is induced in cohomology by the morphism

δ : ΛkD → Λk+1
D

defined by (2.29) for the diagonal complex (2.30) of the divisor D.
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In order to prove proposition 2.3, we need a more precise realization of the
inverse of the isomorphism Reskl of (2.63) (or (2.47)), at a global level.

We consider the line bundle Li on X associated to the divisor Di and a
section σi of Li whose zero set is exactly Di. We introduce a hermitian
metric | | on Li and define

ηi = − 1
2iπ

∂ log |σi|2, Ωi = − 1
2iπ

∂̄∂ log |σi|2 = dηi (2.68)

so that Ωi is a C∞ form which represents the Chern class c1(Li). Finally, if
I is a multiindex such that DI �= ∅ we define

ηI =
∧
i∈I

ηi

Note that because dηi is a smooth form, we have

dηI ∈Wl−1E·X〈logD〉, l = |I| (2.69)

Lemma 2.8. Let I be a multiindex with |I| = l, DI �= ∅ and let α be a
(k − l)-form on DI .

i) If α has a well defined type, one can find a C∞ extension α̃ of α to X,
having the same type as α. Moreover ω = α̃∧ηI is in Γ(X,WlEkX〈logD〉)
and ω has residue α on DI and 0 on DJ for J �= I.

ii) If α is a closed form on DI , there exists a form α̃ on X, closed in a neigh-
borhood of DI , such that if ω = α̃∧ ηI , dω is in Γ(X,Wl−1Ek+1

X 〈logD〉),
so that ω defines an element [[ω]]1 ∈ El,k1 (X). Moreover dω defines the
element d1[[ω]]1 = [[dω]]1 in El−1,k+1

1 (X). If J is a multiindex with
|J | = l − 1, J ⊂ I, the residue of d1[[ω]]1 on DJ is exactly εI,JγI,J([α])
where εI,J is the signature of the permutation which reorders (j, J) as I
where I = J ∪ {j}, so that zj = 0 is the equation of DI in DJ .

Proof of Lemma 2.8. Let (Wa)a∈A be an open covering of X such that in each
Wa intersecting DI one has an adapted system of complex coordinates z(a).
We denote

z(a) =
(
z′(a), z′′(a)

)
, z′(a) =

(
z
(a)
1 , . . . , z

(a)
l

)
, z′′(a) =

(
z
(a)
l+1, . . . , z

(a)
n

)

and the equations for DI ∩Wa are

z
(a)
1 = · · · = z

(a)
l = 0

Let us consider α|DI∩Wa : it is a (k − l)-form which can be written in terms
of the coordinates z′′(a) only:

α|DI∩Wa =
∑

|J|+|K|=k−l
α

(a)
JK(z′′(a))

(
dz′′(a)

)J
∧
(
dz̄′′(a)

)K
(2.70)
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We can extend α|DI∩Wa from DI∩Wa to Wa simply using the second member
of (2.70), as a form α(a). If (βa)a∈A is a partition of unity of X such that the
support of βa is in Wa, we can define an extension α̃ of α by the formula

α̃ =
∑
a∈A

βaα
(a) (2.71)

If α has a well-defined type, α(a) and α̃ have the same type. It is obvious that
the residue of α̃ ∧ ηI on DI is α̃|DI = α and that the residue of α̃ ∧ ηI an
another DJ with J �= I is 0. This proves part (i) of lemma 2.8.

Let W be an open neighborhood of DI in X which is a deformation retract
of DI . If α is closed, we can extend α to a closed form α′ on W , and then
(after shrinking W ) α′ to a form α̃ on X .

It follows
dω = dα̃ ∧ ηI ± α̃ ∧ dηI (2.72)

and dα̃∧ηI is 0 on a neighborhood of DI . By (2.69) we obtain that dω belongs
to Γ(X,Wl−1Ek+1

X 〈logD〉). By the definition of El,k1 (X), ω gives an element
[[ω]]1 ∈ El,k1 (X) such that

d1[[ω]]1 = [[dω]]1

Moreover if |J | = l − 1, J ⊂ I, one can define the residue on DJ of dω by
taking in (2.72) the terms in

(
dz
z

)J
. Using the fact that dηi = Ωi is C∞, this

residue is the coefficient of ηJ in

εI,J(dα̃ ∧ ηj ∧ ηJ ± α̃ ∧ Ωj ∧ ηJ ) (2.73)

where zj = 0 is the local equation of DI in the manifold DJ and thus I =
{j, J}. In other words the residue is

εI,Jd ((α̃ ∧ ηj)|DJ ) = εI,JγI,J(α)

This proves lemma 2.8.

Proof of proposition 2.3.

Proof of 1). The filtrations (−l)F, (−l)F̄ on the complex Γ
(
X,

WlE·X〈logD〉
Wl−1E·X〈logD〉

)

induce corresponding filtrations on its cohomology, which is exactly El,k1 (X).
By lemma 2.6, Res·l is a morphism of filtered complexes for the shifted filtra-
tions (−l)F, (−l)F̄ , and induces the isomorphism Res·l at the level of cohomol-
ogy, which is thus a morphism of filtered spaces

(−l)F pEl,k1 (X) → (−l)F pHk−l(D[l],C)
(−l)F̄ qEl,k1 (X) → (−l)F̄ qHk−l(D[l],C)
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By (2.57), Hk−l(D[l],C) carries a pure Hodge structure. Since Res·l respects
the types, Res·l induces morphisms of subspaces

Reskl : (−l)F p (−l)F̄ qEl,k1 (X) → (−l)F p (−l)F̄ qHk−l(D[l],C) (2.74)

Since, by theorem 2.2, Reskl is an isomorphism of vector spaces between
El,k1 (X) and Hk−l(D[l],C), and Hk−l(D[l],C) is a direct sum of the vector
spaces in the second member of (2.74), it follows that (2.74) is an isomor-
phism. This also proves that the shifted filtrations (−l)F and (−l)F̄ induce
a pure Hodge structure on El,k1 (X) isomorphic by Reskl to the pure Hodge
structure on Hk−l(D[l],C) of the shifted Hodge filtrations (2.57).
Proof of 3). By lemma 2.7 and lemma 6.4 of part I, chapter 6, d̂1 is a sum of
Gysin maps with coefficients ±1. The Gysin maps commute with the complex
conjugation, hence the same holds for d̂1.
Proof of 4). This is an immediate consequence of the fact that d̂1 is a sum of
Gysin maps with coefficients ±1.
Proof 2). It is an obvious consequence of the commutative diagram (2.65),
the fact that d̂1 is a morphism of pure Hodge structures and that the residues
are isomorphisms of Hodge structures.
Proof of 5). We have seen that d̂1 is an alternate sum of Gysin maps. So, the
adjoint of d̂1 given by (2.66) is exactly the morphism δ of (2.29)

δ ({[ωJ ])I =
∑
J⊂I

εI,J [ωJ ]|[DI

where [ωJ ]|DI is the pullback in cohomology

Hk(DJ ,C) → Hk(DI ,C)

and |I| = l, |J | = l − 1

2.4.3 Degeneration of the spectral sequence

We recall that we are supposing that X is a compact Kähler manifold.
Then, all the manifolds DI and D[l] are compact Kähler.

In this section, we prove that the spectral sequence El,kr (X) degenerates at
the term E2 and that each term El,k2 (X) carries a pure Hodge structure.

Theorem 2.5. Let X be a compact Kähler manifold.

1) The differentials dr of the spectral sequence of the filtration Wl are 0 for
r ≥ 2.

2) The second term of the spectral sequence El,k2 (X), considered as the co-
homology of the complex (El,k1 (X), d1), carries a pure Hodge structure of
weight k + l

El,k2 (X) =
⊕

a+b=k+l

(−l)F a (−l)F̄ bEl,k2 (X) (2.75)
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where (−l)F a, (−l)F̄ b are induced by the corresponding filtrations on El,k1 (X).

Proof.

Proof. First we prove 2). By proposition 2.3, 1), 2) eachEl,k1 (X) carries a pure
Hodge structure of weight k+l, and d1 is a morphism of pure Hodge structures,
hence the cohomology of the complex (El,k1 (X), d1), (which is El,k2 (X)), carries
a pure Hodge structure of weight k + l for the induced filtrations.

In order to prove 1) we need two lemmas.

Lemma 2.9.

1) Using the residue isomorphisms, the diagram (2.65) induces a commutative
diagram

El,k2 (X)
d2

Resk
l

El−2,k+1
2 (X)

Resk+1
l−2

Êl,k2 (X)
d̂2

Êl−2,k+1
2 (X)

(2.76)

where

Êl,k2 (X) =
ker
{
d̂1 : Hk−l(D[l],C) → Hk+2−l(D[l−1],C)

}

d̂1Hk−2−l(D[l+1],C)
(2.77)

and d̂2 is induced by d2 via the residue isomorphisms.

2) Êl,k2 (X) has a pure Hodge structure of weight k + l, as the cohomology
space defined by (2.77):

Êl,k2 (X) =
⊕

p+q=k+l

(−l)F p (−l)F̄ qÊl,k2 (X) (2.78)

Proof of lemma 2.9.

1) From the diagram (2.65) and the fact that Reskl are isomorphisms, one
sees immediately that they induce isomorphisms between the cohomologies
El,k2 (X) of the complexes (El,k1 (X), d1) and the cohomologies Êl,k2 (X) of
the complexes (Êl,k1 (X), d̂1), where Êl,k1 (X) = Hk−l(D[l],C).

2) Because d̂1 is a morphism of pure Hodge structures (see proposition 2.3),
the cohomologies Êl,k2 (X) of the complexes (Êl,k1 (X), d̂1) carry a pure
Hodge structure as in (2.78).

Lemma 2.10. Let Êl,k1 (X)∗ = Hk−l(D[l],C)∗ � H2n−k−l(D[l],C) be the
Poincaré dual and let d̂∗1 be the corresponding adjoint of d̂1:

d̂∗1 : H2n−k−l(D[l+1],C) → H2n−k−l(D[l],C)

which is d̂∗1 = δ (see proposition 2.3, 5)). Then
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1) the dual Êl,k2 (X)∗ can be identified with the homology of the cocomplex
(Êl,k1 (X)∗, d̂∗1) and thus

Êl,k2 (X)∗ =
ker
{
δ : H2n−k−l(D[l],C) → H2n−k−l(D[l+1],C)

}
δH2n−k−l(D[l−1],C)

(2.79)

and it carries a pure Hodge structure of weight 2n− k − l.

2) the adjoint d̂∗2 of d̂2

d̂∗2 : Êl,k2 (X)∗ → Êl+2,k−1
2 (X)∗ (2.80)

is identically 0.

Proof.

1) We consider the complex

· · · Êl+1,k−1
1 (X)

d̂1
Êl,k1 (X)

d̂1
Êl−1,k+1

1 (X) · · ·

The dual of the cohomology of this complex is the homology of the dual
cocomplex

· · ·H2n−k−l(D[l+1],C) H2n−k−l(D[l],C) H2n−k−l(D[l−1],C) · · ·

which is exactly (2.79). Obviously H2n−k−l(D[l],C) carries the standard
Hodge structure induced by the standard Hodge filtrations F p, F̄ q, of D[l],
and δ is a morphism of filtered spaces and thus

δ : F pF̄ qH2n−k−l(D[l],C) → F pF̄ qH2n−k−l(D[l−1],C)

so that Êl,k2 (X)∗, as the cohomology given by (2.79), carries an induced
pure Hodge structure of weight 2n− k − l.

2) Let us consider the dual d̂∗2 of d̂2. Using the diagram (2.65), and coming
back to the level of residues, we see that d̂∗2 can be constructed as follows.
Let [[ω]]2 ∈ Êl,k2 (X)∗. Using (2.79) we see that we start with a collection
{ωI} of closed (2n − k − l)-forms on DI for |I| = l such that δ({ωI}) (in
the sense of (2.29)) is 0 in cohomology on the DJ for |J | = l + 1. This
means that for all J with |J | = l + 1

δ({ωI})J = dφJ (2.81)

where φJ is a (2n−k− l−1)-form on DJ . Then, δ({φJ}) is a collection of
(2n− k− l− 1)-forms on the DK with |K| = l+ 2. By (2.29) d commutes
with δ, hence

d ((δ({φJ}))K = (δ(d{φJ}))K = (δ{δ(ωI)})K = 0
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because δ2 = 0, so that δ({φJ}) induces an element ofH2n−k−l−1(D[l+2],C)
and thus an element of Êl+2,k−1

2 (X)∗ which is

d̂∗2([[ω]]2) = [[δ({φJ})]]2 (2.82)

We are going to prove that this element is 0. Let [[ω]]2 ∈ F pF̄ qÊl,k2 (X)∗

with p + q = 2n − k − l, so that all the ωI are (p, q)-forms. By theorem
5.11 of part I, chapter 5, we can find a solution φJ of type (p, q− 1) of the
equation (2.81), and thus δ({φJ}) has type (p, q − 1) and

d̂∗2([[ω]]2) ∈ F pF̄ q−1Êl+2,k−1
2 (X)∗ (2.83)

But by the same theorem 5.11 we can also find a solution φ′J of type
(p− 1, q) of the equation (2.81) so that

d̂∗2([[ω]]2) ∈ F p−1F̄ qÊl+2,k−1
2 (X)∗ (2.84)

Since the dual space Êl+2,k−1
2 (X)∗ carries a pure Hodge structure of weight

2n− k − l − 1 and p+ q − 1 = 2n− k − l− 1 we have

F pF̄ q−1Êl+2,k−1
2 (X)∗ ∩ F p−1F̄ qÊl+2,k−1

2 (X)∗ = 0 (2.85)

hence d̂∗2([[ω]]2) = 0.

End of proof of theorem 2.5. We assume that d2 = · · · = dr−1 = 0. This
implies that El,kr (X) = El,k2 (X). We construct

d̂∗r : Êl,kr (X)∗ → Êl+r,k−1
r (X)∗

and prove that it is 0. Let us point out that Êl,kr (X)∗ = Êl,k2 (X)∗ so that it
has a pure Hodge structure of weight 2n− k− l . The construction of d̂∗r is a
generalization of that d̂∗2 of in lemma 2.10.

An element [[ω]]r ∈ Êl,kr (X)∗ is a collection of closed (2n − k − l)-forms
{ωI}, |I| = l on DI , which define successively elements [[ω]]1 ∈ Êl,k1 (X)∗ with
d̂∗1[[ω]]1 = 0, then [[ω]]s ∈ Êl,ks (X)∗ with d̂∗s[[ω]]s = 0 for 2 ≤ s ≤ r − 1. This
means that we have

δ({ωI})J1 = dφ
(1)
J1

on DJ1 with |J1| = l + 1 (2.86)

δ({φ(1)
J1

})J2 = dφ
(2)
J2

on DJ2 with |J2| = l + 2 (2.87)
· · ·

δ({φ(r−2)
Jr−2

})Jr−1 = dφ
(r−1)
Jr−1

on DJr−1 with |Jr−1| = l + r − 1(2.88)

then we consider δ({φ(r−1)
Jr−1

}) as an element of H2n−k−l−r+1(D[l+r],C) so that

d̂∗r([[ω]]r) = [[δ({φ(r−1)
Jr−1

})]]r ∈ Êl+r,k−1
r (X)∗



Residues and mixed Hodge structures on noncompact manifolds 249

If we start with {ωI} of type (p, q), p + q = 2n − k − l we can solve the
equations (2.86), (2.87),. . . , (2.88) with forms of type (p, q−1), (p, q−2), · · · ,
(p, q− r+ 1) and obtain d̂∗r([[ω]]r) of type (p, q− r+ 1); but we can also solve
the above equations with forms of type (p− 1, q), (p− 2, q), · · · , (p− r+ 1, q)
and obtain d̂∗r([[ω]]r) of type (p − r + 1, q). Because r > 1, this implies that
d̂∗r([[ω]]r) = 0, exactly as in the equation (2.86).

From theorem 2.5, and the convergence of the spectral sequence to the
graded cohomology, we deduce:

Theorem 2.6. Let X be a compact Kähler manifold, and D ⊂ X a divisor
with normal crossings. The cohomology Hk(X\D,C), provided with the weight
filtration W shifted by −k, carries a mixed Hodge structure. More precisely,
the graded spaces WlH

k(X\D,C)
Wl−1Hk(X\D,C)

are isomorphic to El,k2 (X) and thus have a
pure Hodge structure as in (2.75).

(In the shifted filtration W ′
m = Wm−k the quotient W ′

lH
k(X\D,C)

W ′
l−1H

k(X\D,C)
�

El−k,k2 (X) has weight l, as needed in the definition of mixed Hodge struc-
ture).

Proof. Because dr = 0 for r ≥ 2 , the graded cohomology is the second term
of the spectral sequence:

WlH
k(X \D,C)

Wl−1Hk(X \D,C)
� El,k2 (2.89)

i.e. the graded space WlH
k(X\D,C)

Wl−1Hk(X\D,C)
is isomorphic to El,k2 (X), which car-

ries a pure Hodge structure of weight k + l for the filtration F induced by
El,k1 (X), using that El,k2 (X) is the cohomology of (El,k1 (X), d1). On the other
hand the filtration F on Hk(X \ D,C) induces a filtration on the quotient
WlH

k(X\D,C)
Wl−1Hk(X\D,C) . It remains to show that the the two filtrations, under the
isomorphism (2.89), coincide (and the same for F̄ ). This will be made clear
later (see theorem 2.11 below).

2.5 The strictness of d0 and d with respect to the Hodge
filtration

2.5.1 The conjugate complex

It is clear that the complex E·X〈logD〉 is not closed under conjugation. We
can define the conjugate complex E·X〈logD〉 by

Γ(U, EkX〈logD〉) =
{
ω ∈ Γ(U \D, EkX)

∣∣ ω ∈ Γ(U, EkX〈logD〉)} (2.90)
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so that a form ω ∈ EkX〈logD〉 writes locally as

ω =
∑
I

αI ∧
(
dz̄

z̄

)I
(2.91)

where (z1, . . . , zn) is an adapted coordinate system for (X,D).
Note that

dω = dω (2.92)

On the conjugate complex we can also define:

• The conjugate weight filtration W l:

ω ∈ W lEkX〈logD〉 ⇐⇒ ω ∈WlEkX〈logD〉

• The conjugate residues Reskl :

Reskl : W lEkX〈logD〉 → Ep−l
D[l]

If ω is locally written as in (2.91), with |I| ≤ l, then by definition

Reskl ω|DI = αI |DI for |I| = l (2.93)

Using (2.91), (2.92), (2.93), it is easy to express the results in lemma
2.2, lemma 2.3, theorem 2.2 replacing WlEkX〈logD〉 with W lEkX〈logD〉.
In particular let us note the following immediate consequence.

Proposition 2.4. The spectral sequence with respect to the filtration W l

of the conjugate complex Γ(X, E·X〈logD〉) coincides, for r ≥ 1, with the
spectral sequence El,kr (X) with respect to the filtration Wl of the complex
Γ(X, E·X〈logD〉). The map ω → ω from Γ(X, E·X〈logD〉) to Γ(X, E·X〈logD〉)
induces a conjugation on each term El,kr (X), r ≥ 1; moreover the differentials
dr commute to conjugations.

The Hodge filtrations on E·X〈logD〉 are defined, following (2.58), (2.59):

(−r)F bE·X〈logD〉 = F b−rE·X〈logD〉
(−r)F̄ aE·X〈logD〉 = F̄ aE·X〈logD〉

(2.94)

As usual in the second members of (2.94) F b, F̄ a denote the standard Hodge
filtrations. Then it is clear that

Proposition 2.5. The conjugation ω → ω transforms (−r)F aE·X〈logD〉 to
(−r)F̄ aE·X〈logD〉 and (−r)F̄ bE·X〈logD〉 to (−r)F bE·X〈logD〉
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2.5.2 Strictness of d0

In this section we want to prove that the differential in the W -graded com-
plex of global sections

d0 :
WlΓ(X, EkX〈logD〉)
Wl−1Γ(X, EkX〈logD〉) → WlΓ(X, Ek+1

X 〈logD〉)
Wl−1Γ(X, Ek+1

X 〈logD〉)

is strict for the filtration induced by F , defined by formula (2.58).
Let us denote

GrWl E·X〈logD〉 =
WlE·X〈logD〉
Wl−1E·X〈logD〉 (2.95)

By formula (2.19) and the equality WlΓ(X, E·X〈logD〉) = Γ(X,WlE·X〈logD〉)
we obtain

Γ(X,GrWl EkX〈logD〉) =
WlΓ(X, E·X〈logD〉)
Wl−1Γ(X, EkX〈logD〉) (2.96)

so that
d0 : Γ(X,GrWl EkX〈logD〉) → Γ(X,GrWl Ek+1

X 〈logD〉) (2.97)

By theorem 1.1 of part I, chapter 1 we must show that the spectral sequence
of the complex Γ(X,GrWl E·X〈logD〉) with respect to the filtration induced by
F degenerates at level 1. Let us denote Lk = EkX〈logD〉 and

El,kr (GrWl L
·, F ) (2.98)

the spectral sequence. Then El,k0 (GrWl L·, F ) is the graded space, with respect
to F , of Γ(X,GrWl L

·); precisely, taking into account that the involved sheaves
are fine, and that F must be turned to an increasing filtration:

Em,k0 (GrWl L
·, F ) = Γ

(
X,

F−mGrWl EkX〈logD〉
F−m+1GrWl EkX〈logD〉

)
= Γ(X,GrFmGrWl L

k)

(2.99)
(clearly the only interesting cases occur for m ≤ 0).

The following very easy result, is known as Zassenhaus lemma:

Proposition 2.6. Let L· be a complex of C-vector spaces provided with two
filtrations F and W . Then there is a natural isomorphism of the double graded
complexes

GrFmGrWl L
· = GrWl Gr

F
mL

·

An easy computation shows:

Lemma 2.11. One has by lemma 2.7

GrFmEkX〈logD〉 =
F−mEkX〈logD〉
F−m+1EkX〈logD〉 = E−m,k+m

X 〈logD〉 (2.100)
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and the differential GrFmEkX〈logD〉 → GrFmEk+1
X 〈logD〉 coincides with

∂̄ : E−m,k+m
X 〈logD〉 → E−m,k+m+1

X 〈logD〉

The differential
GrWl GrFmL

k → GrWl GrFmL
k+1

is induced by ∂̄:

∂ :
WlE−m,k+m

X 〈logD〉
Wl−1E−m,k+m

X 〈logD〉 → WlE−m,k+m+1
X 〈logD〉

Wl−1E−m,k+m+1
X 〈logD〉

Theorem 2.7. The complex (GrWl GrFmE·X〈logD〉, ∂̄) is a resolution of the
sheaf GrWl Ω−m

X 〈logD〉.
Proof. Let us consider the Dolbeault resolution of OX (theorem 3.4 of part I,
chapter 3):

0 OX E0,0
X

∂̄ E0,1
X

∂̄ · · · ∂̄ E0,n
X 0

By Malgrange [Ma] each sheaf E0,q
X is flat over OX , so that by proposition 1.6

of part I, chapter 1 the above exact sequence remains exact after tensorization
with GrWl Ω−m

X 〈logD〉⊗OX :

0 GrWl Ω−m
X 〈logD〉 · · · ∂̄

GrWl Ω−m
X 〈logD〉 ⊗OX E0,q

X

∂̄ · · · 0 (2.101)

By theorem 2.1, formula (2.21), and (2.100), we have

GrWl Ω−m
X 〈logD〉 ⊗OX E0,q

X � GrWl GrFmEq−mX 〈logD〉

so that (2.101) gives the exact sequence

0 GrWl Ω−m
X 〈logD〉 GrWl GrFmE−m

X 〈logD〉 ∂̄ · · ·

· · ·GrWl GrFmEq−mX 〈logD〉 ∂̄ · · · ∂̄
GrWl GrFmEn−mX 〈logD〉 0

(2.102)

which is the expected resolution.

Let us come back to the spectral sequence (2.98). By (2.99), and lemma
2.11, the term Em,k1 (GrWl L

·, F ), which is the cohomology of the complex
Em,k0 (GrWl L·, F ), coincides with the cohomology of the complex of the global
sections (Γ(X,GrWl GrFmE·X〈logD〉), ∂̄). Hence by theorem 2.7 it is the coho-
mology on X of the sheaf GrWl Ω−m

X 〈logD〉. In other terms:

Em,k1 (GrWl L
·, F ) = Hk(X,GrWl Ω−m

X 〈logD〉) (2.103)
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moreover d1 is induced by ∂:

∂ : Hk(X,GrWl Ω−m
X 〈logD〉) → Hk+1(X,GrWl Ω−m+1

X 〈logD〉) (2.104)

Proposition 2.2 gives the isomorphism of complexes (2.41), that is

Res·l : (GrWl Ω·
X〈logD〉, ∂) � (Ω·

D[l](−l), ∂)

Finally we find that the first term Em,k1 (GrWl L
·, F ) of the spectral sequence

is isomorphic (up to a shift), through the residues, to the first term

Em+l,k
1 = Hk(D[l],Ω−m−l

D[l] )

of the classical Hodge spectral sequence for the compact Kähler manifold
D[l]. Moreover the isomorphism extends to the corresponding d1, hence to
the terms E2, . . . , Er.

By theorem 5.10 of part I, chapter 5 the Hodge spectral sequence on D[l]

degenerates at E1, so the same will be true for Em,kr (GrWl L
·, F ).

We can conclude:

Theorem 2.8. The differential

d0 :
WlΓ(X, EkX〈logD〉)
Wl−1Γ(X, EkX〈logD〉) → WlΓ(X, Ek+1

X 〈logD〉)
Wl−1Γ(X, Ek+1

X 〈logD〉) (2.105)

is strict for the filtration induced by F , defined by the formula (2.58).

Remark. The proof of theorem 2.8 does not depend on theorem 2.5 (the de-
generation of the spectral sequence with respect to the filtration W ). In fact,
as we shall see in the most general case (chapter 4), theorem 2.5 can be proved
also using the theorem 2.8.

2.5.3 The recursive and the direct filtrations on El,k2 (X)

We recall that we are supposing that X is a Kähler manifold.
On each termEl,kr (X) of the spectral sequence of the complex Γ(X, E·X〈logD〉)

with respect to the filtration Wl there are two kind of Hodge filtrations:

• The direct filtrations (−l)F1,
(−l)F̄1, induced by the filtrations (−l)F

and (−l)F̄ of the complex E·X〈logD〉 (see (2.58), (2.59)); precisely here
El,kr (X) must be considered as a quotient of the subspace of approximate
cocycles Z l,kr ⊂ Γ(X,WlEkX〈logD〉).

• The recursive filtrations (−l)F2,
(−l)F̄2 induced recursively on El,kr (X)

considered as the cohomology of the complex (El,kr−1(X), dr−1).
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It is clear that on El,k1 (X) the filtration (−l)F1 (resp. (−l)F̄1) is identical to
the filtration (−l)F2 (resp. (−l)F̄2). Moreover it is easy to prove that F1 ⊂ F2,
F̄1 ⊂ F̄2.

The filtrations which appear in the Hodge structure of El,k1 (X) (2.62) and

El,k2 (X) (2.75) are (−l)F2 and (−l)F̄2.
Next we want to prove that in fact F1 = F2, F̄1 = F̄2.

Lemma 2.12. The filtrations (−l)F1 and (−l)F̄1, as well as (−l)F2 and (−l)F̄2,
are conjugate.

The statement for (−l)F1, (−l)F̄1 follows from propositions 2.4 and 2.5. For
(−l)F2 and (−lF̄2 it is enough to prove it in the case of El,k1 (X), where it is
obvious because F1 = F2, F̄1 = F̄2 in El,k1 (X).

Theorem 2.9. On El,kr (X) the filtration (−l)F1 (resp. (−l)F̄1) is identical to
the filtration (−l)F2 (resp. (−l)F̄2).

By lemma 2.12 it is sufficient to prove F1 = F2; since we already know
that F1 ⊂ F2, we must show F2 ⊂ F1. We shall denote by (−l)F the fil-
trations (−l)F1, (−l)F2 when they coincide. For simplicity we write Lk =
Γ(X, EkX〈logD〉).

We proceed by induction on r: for r = 1 we know that F1 = F2 on El,k1 (X).
Thus we suppose F1 = F2 = F on El,kr (X).

Let α ∈ F a2 E
l,k
r+1; there is a representative in F aEl,kr ∩ker dr, i.e. an element

x ∈ F aZ l,kr ⊂ F aWlL
k with dr[x]r = 0; we have dx ∈Wl−rLk+1 ∩F aWlL

k+1

so that
dx ∈ F aWl−rLk+1 (2.106)

dr[x]r = 0 gives

dx = dx1 + z1, x1 ∈ Z l−1,k
r−1 , z1 ∈ Z l−r−1,k+1

r−1 (2.107)

Then successively we get by theorem 2.5 , 1): dr−1[x1]r−1 = 0 so that

dx1 = dx2 + z2, x2 ∈ Z l−2,k
r−2 , z2 ∈ Zl−r−1,k+1

r−2 (2.108)
· · ·

dxr−2 = dxr−1 + zr−1, xr−1 ∈ Z l−r+1,k
1 , zr−1 ∈ Zl−r−1,k+1

1 (2.109)

From the above equalities we find that

dxr−1 = dx mod Z l−r−1,k+1
0 = Wl−r−1L

k+1 (2.110)

Since xr−1 ∈ Z l−r+1,k
1 , we can compute d1[xr−1]1. It follows from (2.110)

and (2.106) that d1[xr−1]1 ∈ F aEl−r,k1 . But d1 is a morphism of pure Hodge
structures, hence it is strict. Therefore there exists x′r−1 ∈ F aZ l−r+1,k

1 with
d1[x′r−1]1 = d1[xr−1]1, that is

dxr−1 = dx′r−1 + dy + z′, y ∈ Z l−r,k0 , z′ ∈ Zl−r−1,k+1
0 (2.111)
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Note that

dx′r−1 ∈ F aWl−r+1L
k+1 ∩Wl−rLk+1 ⊂ F aWl−rLk+1 (2.112)

We obtain an element [y]0 ∈ El−r,k0 , and from (2.110), (2.111), (2.112) we get
d0[y]0 ∈ F aEl−r,k0 . Since d0 is strict by theorem 2.8, we find y′ ∈ F aWl−rLk

with d0[y]0 = d0[y′]0 or

dy = dy′ + z′′, z′′ ∈Wl−r−1L
k+1 (2.113)

From (2.106) · · · (2.113) we obtain

x− x′r−1 − y′ ∈ F aWlL
k

and
d(x − x′r−1 − y′) ∈Wl−r−1L

k+1

so that x − x′r−1 − y′ ∈ F aZ l,kr+1 and its class in El,kr+1 is α. This proves that
F1 = F2 on El,kr+1.

By theorem 2.4 the cohomology space Hk(X \D,C) is isomorphic to the
cohomology Hk(X, E·X〈logD〉. Let us denote by Fc the Hodge filtration on
Hk(X \D,C) given by (2.58).

Precisely
F pc H

k(X \D,C) = F pHk(X, E·X < logD >) (2.114)

Theorem 2.10. Let us suppose that X is a Kähler manifold. Let Fd be the
direct (or the recursive) filtration on El,k2 , and Fc be the filtration induced
on El,k2 , under the isomorphism (2.89), by the filtration Fc given by (2.114).
Then Fd = Fc.

Proof. As in the proof of the previous theorem, let Lk = Γ(X, EkX〈logD〉).
The isomorphism (2.89) means the following. Let x ∈ Zl,k2 ; then there exists
x′ ∈ WlL

k with dx′ = 0 and

x′ = x+ dx̃+ z, x̃ ∈ Z l−1,k−1
1 , z ∈ Z l−1,k

1

or
x′ ≡ x+ z

where the symbol ≡ means cohomologous.
Let α ∈ F pc E

l,k
2 ; there exists x ∈ F pWlL

k, with dx = 0, which induces α in
El,k2 � WlH

k(X\D,C)
W−1Hk(X\D,C)

. It is clear that x ∈ Zl,k2 , so that x ∈ F pWlL
k ∩ Z l,k2 =

F pZ l,k2 . Hence α ∈ F pdE
l,k
2 . This proves Fc ⊂ Fd.

Conversely, if α ∈ F pdE
l,k
2 there exists x ∈ F pZ l,k2 inducing α. By the isomor-

phism (2.89) there exists x′ ∈WlL
k with dx′ = 0 and

x′ ≡ x+ z, z ∈ Zl−1,k
1 (2.115)
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let [z]1 ∈ El−1,k
1 be the class of z. By (2.115) we have

dz = −dx ∈ F pWlL
k+1

and since dz ∈Wl−2L
k+1 we obtain

dz ∈Wl−2L
k+1 ∩ F pWlL

k+1 ⊂ F pWl−2L
k+1

Thus d1[z]1 ∈ F pEl−2,k+1
1 . Since d1 is a strict morphism for F , we find

x1 ∈ F pZ l−1,k
1 with d1[z]1 = d1[x]1, or d1[z − x1]1 = 0, that is, z − x1 gives

a class in El−1,k
2 . By the isomorphism (2.89) for l− 1, there is x′′ ∈ Wl−1L

k,
dx′′ = 0, with x′′ ≡ z − x1 − z1, z1 ∈ Z l−2,k

1 , or

z ≡ x′′ + x1 + z1

and by (2.115)
x′ ≡ x+ x′′ + x1 + z1

Let us write Hk = Hk(X \ D,C). We remark that the cohomology class of
x′′ belongs to Wl−1H

k; thus we have

x′ ≡ (x+ x1) + z1 mod Wl−1H
k

We note that x+ x1 ∈ F pWlL
k. We proceed as above, finding that d1[z1]1 ∈

F pEl−3,k+1
1 and we obtain

x′ ≡ (x+ x1 + x2) + z2 mod Wl−1H
k, x2 ∈ F pZ l−2,k

1 , z2 ∈ Z l−3,k
1

Going on, because WsL
· = 0 for s << 0 we finally write

x′ ≡ x+ x1 + x2 + · · · + xs mod Wl−1H
k

with xj ∈ F pZ l−j,k1 so that x′ ∈ F pWlL
k and x′, through WlH

k, induces α.
This proves Fd ⊂ Fc.

Therefore we can state a more precise version of the theorem 2.6:

Theorem 2.11. Let us suppose that X is a compact Kähler manifold. We
provide the cohomology Hk(X \ D,C) with the weight filtration W shifted
by −k, the Hodge filtration F induced by the complex of global sections of
E·X〈logD〉, and the filtration F̄ conjugate to F . Then Hk(X \D,C) carries
a mixed Hodge structure. More precisely, the graded spaces WlH

k(X\D,C)
Wl−1Hk(X\D,C)

are isomorphic to El,k2 (X) and thus have a pure Hodge structure of weight
k + l. The filtration induced by F on El,k2 (X) coincides with the direct and
the recursive filtration.

Remark. The shift of W by −k is needed to normalize the weights in the
quotients. In the shifted filtration W ′

l = Wl−k we obtain

W ′
lH

k(X \Q,C)
W ′
l−1H

k(X \Q,C)
� El−k,k2 (X)

that is, the quotient W ′
lH

k(X,C)
W ′

l−1H
k(X,C)

has weight l, as expected.
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2.5.4 Strictness of d

We quote here the following theorems, which will be proved in full generality
in chapter 4:

Theorem 2.12. Let X be a compact Kähler manifold, D ⊂ X a divisor with
normal crossings. The differential d : Γ(X, EkX〈logD〉) → Γ(X, Ek+1

X 〈logD〉)
is strict for the Hodge filtration F defined by (2.58).

By theorem 1.1 of part I, chapter 1, the above theorem is equivalent to

Theorem 2.13. Let L· = Γ(X, EkX〈logD〉). The spectral sequence Em,kr (L·, F )
associated to the filtration F on L· degenerates at E1.

Theorem 2.14. Let X be a compact Kähler manifold, D ⊂ X a divisor with
normal crossings. Let ω ∈ Γ(X, EkX〈logD〉) such that dω ∈ WmΓ(X, EkX〈logD〉);
there exists θ ∈ Wm+1Γ(X, EkX〈logD〉), with dθ = dω.

As a consequence of theorem 2.13 we can prove that global meromorphic
logarithmic forms are closed:

Theorem 2.15. Let X be a compact Kähler manifold, D ⊂ X a divisor with
normal crossings. A form ω ∈ Γ(X, EkX〈logD〉) which is holomorphic on X\D
is closed.

Proof. Let L· = Γ(X, EkX〈logD〉). The form ω belongs to F kLk; since F k+1Lk =
0, it is also an element of E−k,k

0 (L·, F ) = F kLk, and d0ω = ∂̄ω = 0 be-
cause ω is holomorphic on X \ D. As a consequence, ω detects a class
[ω]1 ∈ E−k,k

1 (L·, F ). By theorem 2.13 there is an isomorphism

F kHk(X \D,C)
F k+1Hk(X \D,C)

= F kHk(X \D,C) � E−k,k
1 (L·, F )

This means that there exists a closed form θ ∈ F kΓ(X, EkX〈logD〉) such that
ω − θ is exact. It follows dω = dθ = 0.





Chapter 3

Mixed Hodge structures on
noncompact spaces: the basic
example

3.1 Introduction

In this chapter, X is a quasi-smooth complex space. This means that there
exists a resolution of singularities of X , i.e. a commutative diagram:

Ẽ
i

q

X̃

π

E
j

X

(3.1)

where E ⊂ X is a nowhere dense closed subspace, containing the singularities
of X , j : E → X is the natural inclusion, X̃ is a smooth manifold and π is
a proper modification inducing an isomorphism X̃ \ Ẽ � X \ E, with the
additional assumption that E and Ẽ are smooth manifolds.

Let Q ⊂ X be a codimension 1 subspace, with the following property: the
subspaces

Q̃ = π−1(Q) ⊂ X̃, M = E ∩Q ⊂ E, M̃ = Ẽ ∩ Q̃ ⊂ Ẽ

are smooth divisors in X̃, E and Ẽ respectively.
In pratice the above property is almost never fulfilled. Nevertheless it seems

useful to deal first with the above case, which can be followed step by step,
in order to better understand the general case (chapter 4). This will be the
basic example in introducing complexes of differential forms on X , which are
logarithmic along Q; in some sense, we can say that it is the singular case of
the Leray situation treated in chapter 1.

We easily understand how to construct a complex Λ·
X〈logQ〉 of logarithmic

differential forms on X ; a k-form is a triple of forms: a logarithmic k-form
on on X̃ \ Q̃ (as defined in chapter 1), a logarithmic k-form on E \M and
a (k − 1)-form on Ẽ \ M̃ . On the manifolds X̃, E and Ẽ everything is well
known by chapter 1. Then the diagram (3.1) allows us to give definitions for

259
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X . The weight filtration on the complex of logarithmic forms on X with poles
along Q is defined also as a direct sum, combining the order of poles together
with the rank of the space in the hypercovering of the complex; X̃ and E have
rank 0, while Ẽ has rank 1.

Let us consider the the spectral sequence Em,kr attached to the weight fil-
tration (the main ingredient for the mixed Hodge theory). Then (under the
right assumption on X \Q, in particular if X \Q is quasi-projective):

1) Em,k0 , d0 : Em,k0 → Em,k+1
0 , Em,k1 are direct sums of the corresponding

objects on X̃ , E and Ẽ;

2) the spectral sequence degenerates at the level 2: dr = 0, hence Em,kr =
Em,k2 , for r ≥ 2;

3) the Em,k2 carry a pure Hodge structure, and they are isomorphic to the
graded quotients WmH

k(X\Q,C)
Wm−1Hk(X\Q,C) of the cohomology Hk(X \ Q,C) with

respect to the weight filtrations.

So we must add, to the separate knowledge of the properties of X̃, E and Ẽ,
only the computation of d1 : Em,k1 → Em−1,k

1 . We find an explicit formula for
d1 (see formula (3.59)).

3.2 The standard logarithmic De Rham complex

Let X , Q be as in the introduction. Then, the sheaves (of logarithmic forms
on a manifold along a smooth divisor) E·̃

X
〈log Q̃〉, E·E〈logM〉 and E·̃

E
〈log M̃〉

are well defined by chapter 1. Moreover, since i−1(Q̃) = M̃ and q−1(M) = M̃ ,
the pullback of forms

i∗ : E·̃
X
〈log Q̃〉 → E·̃

E
〈log M̃〉

q∗ : E·E〈logM〉 → E·̃
E
〈log M̃〉

are defined, and commute to differentials.
We define the complex Λ·

X〈logQ〉 of logarithmic differential forms on X
along Q by

Λ·
X〈logQ〉 = π∗E·̃X〈log Q̃〉 ⊕ j∗E·E〈logM〉 ⊕ (j ◦ q)∗E·̃E〈log M̃〉(−1)

More precisely, let U be an open set of X , Ũ = π−1(U) ⊂ X̃; then

ΛkX〈logQ〉(U) = Ek
X̃
〈log Q̃〉(Ũ) ⊕ EkE〈logM〉(U ∩ E)) ⊕ Ek−1

Ẽ
〈log M̃〉(Ũ ∩ Ẽ)

that is, a k-logarithmic differential form on U is a triple of logarithmic forms
(ω, σ, θ) on Ũ ⊂ X̃ , U∩E ⊂ E, Ũ∩Ẽ ⊂ Ẽ respectively along the corresponding
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divisors, with the usual rule that ω and σ have the same degree k, while θ has
degree k − 1.

The differential is defined by

d : ΛkX〈logQ〉 = Ek
X̃
〈log Q̃〉 ⊕ EkE〈logM〉 ⊕ Ek−1

Ẽ
〈log M̃〉 →

→ Λk+1
X 〈logQ〉 = Ek+1

X̃
〈log Q̃〉 ⊕ Ek+1

E 〈logM〉 ⊕ Ek
Ẽ
〈log M̃〉

d(ω, σ, θ) = (dω, dσ, dθ + (−1)k(i∗ω − q∗σ) (3.2)

where i∗ : Ek
X̃
〈log Q̃〉 → Ek

Ẽ
〈log M̃〉 and q∗ : EkE〈logM〉 → Ek

Ẽ
〈log M̃〉 are the

pullback of forms.
A trivial computation shows that d2 = 0 so that Λ·

X〈logQ〉 is a complex.
Note that ΛkX〈logQ〉 is a fine sheaf defined on all of X . A section of

ΛkX〈logQ〉 on an open set U ⊂ X will be called a logarithmic differential
form of degree k on U .
Notation. From now on we will write for simplicity

Λ·
X〈logQ〉 = E·̃

X
〈log Q̃〉 ⊕ E·E〈logM〉 ⊕ E·̃

E
〈log M̃〉(−1) (3.3)

instead of Λ·
X〈logQ〉 = π∗E·̃X〈log Q̃〉 ⊕ j∗E·E〈logM〉 ⊕ (j ◦ q)∗E·̃E〈log M̃〉(−1).

3.2.1 The cohomology of X \Q
Let us consider the spaceX\Q. It is a quasi-smooth space, whose associated

diagram, induced from diagram (3.1), is

Ẽ \ M̃ i

q

X̃ \ Q̃
π

E \M j
X \Q

(3.4)

so that by part II, chapter 2, we can introduce the sheaf of differential forms

Λ·
X\Q = E·̃

X\Q̃ ⊕ E·E\M ⊕ E·
Ẽ\Q̃(−1)

which is a resolution of CX\Q by theorem 2.1 of part II, chapter 2.
One has an obvious injective morphism of complexes:

(Λ·
X〈logQ〉, d) ↪→ (ρ∗Λ·

X\Q, d) (3.5)

where ρ : X \Q ↪→ X is the natural map.
Let W be any open set of X , in particular X itself.

Theorem 3.1. The morphism of inclusion ρ : X \ Q ↪→ X induces an iso-
morphism

Hk(W,Λ·
X〈logQ〉) � Hk(W, j∗Λ·

X\Q) � Hk(W \Q,C) (3.6)

or in other words the cohomology of W \Q can be calculated as the cohomology
of the complex of sections (Γ(W,Λ·

X〈logQ〉), d) of Λ·
X〈logQ〉.
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Proof. Each of the complexes Λ·
X〈logQ〉 and ρ∗Λ·

X\Q induce a spectral se-
quence of hypercohomology on W :

Hp(W,HqΛ·
X〈logQ〉) =⇒ Hp+q(W,Λ·

X〈logQ〉) (3.7)
Hp(W,Hqρ∗Λ·

X\Q) =⇒ Hp+q(W,ρ∗Λ·
X\Q) (3.8)

It is sufficient to prove that the natural morphism of the cohomology sheaves

HqΛ·
X〈logQ〉 → Hqρ∗Λ·

X\Q (3.9)

is an isomorphism (so that the limits in the formulas (3.7) and (3.8) will be
isomorphic). This is a local statement.
Proof of the surjectivity in (3.9). Let x ∈ Q and μ = (ω, σ, θ) ∈ ΛqX(U \Q) be
a d-closed section of ρ∗ΛqX\Q in an open neighborhood U of x. In particular
dσ = 0; by lemma 1.3 of chapter 1 the morphism of the cohomology sheaves

HqE·E〈logM〉 → Hq(ρ|E)∗E·E\M

is an isomorphism, so there exist sections σ′ ∈ EqE〈logM〉(U ∩ E) and σ′′ ∈
Eq−1
E ((U ∩E)\M) with σ−dσ′′ = σ′ (after possibly shrinking U); replacing μ

by μ−d(0, σ′′, 0) we can suppose that σ ∈ EqE〈logM〉(U ∩E). A similar argu-
ment, starting with dω = 0, shows that we can also suppose ω ∈ Eq

X̃
〈log Q̃〉(Ũ).

Since (−1)q(i∗ω − q∗σ) = −dθ, using the injectivity in theorem 1.3, for-
mula (1.25), of chapter 1, on Ẽ, we find θ′ ∈ Eq−1

Ẽ
〈log M̃〉(q−1(U ∩ E)) such

that (−1)q(i∗ω − q∗σ) = −dθ′. Again by the same theorem (surjectivity
for Ẽ), d(θ − θ′) = 0 implies that we can write θ − θ′ = dθ̃ + θ′′, where
θ′′ ∈ Eq−1

Ẽ
〈log M̃〉(q−1(U ∩E)) and θ̃ ∈ Eq−2

Ẽ
(q−1(U ∩ E) \ Q̃)). Finally

(ω, σ, θ) − d(0, 0, θ̃) = (ω, σ, θ′ + θ′′)

which ends the proof of the surjectivity in (3.9).
Proof of the injectivity in (3.9). Let U be an open neighborhood of x ∈ Q and
μ = (ω, σ, θ) ∈ ΛqX〈logQ〉(U) such that there exists (ω′, σ′, θ′) ∈ Λq−1

X (U \Q)
with (ω, σ, θ) = d(ω′, σ′, θ′). Then in particular σ = dσ′ so that (by the
injectivity in formula (1.25) of chapter 1 on E) there is a σ′′ ∈ Eq−1

E 〈logM〉(U∩
E) with σ = dσ′′ (after possibly shrinking U); we can replace μ with μ −
d(0, σ′′, 0), so that we can suppose that σ = 0. A similar argument on X̃
(starting with dω = 0) leads us to suppose also ω = 0. Then we have θ = dθ′

and the surjectivity on Ẽ gives a θ′′ ∈ Eq−2

Ẽ
〈log M̃〉(q−1(U ∩E)) with θ = dθ′′.

The conclusion follows.
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3.2.2 Filtration W by the order of poles

Let us recall from chapter 1 that if Y is a smooth manifold and D is a
smooth divisor on Y we have defined a filtration W on E·Y 〈logD〉

WlE·Y 〈logD〉 =

⎧⎪⎨
⎪⎩

0 if l < 0

E·Y if l = 0

E·Y 〈logD〉 if l ≥ 1

(3.10)

Let us consider the complex (3.3).
We define the increasing filtration called the weight filtration:

WlΛ·
X〈logQ〉 =

= WlE·̃X〈log Q̃〉 ⊕WlE·E〈logM〉 ⊕ (1)WlE·̃E〈log M̃〉(−1)
(3.11)

where (1)Wl is the filtration shifted by + 1, namely
(1)WlEkẼ〈log M̃〉(−1) = Wl+1Ek−1

Ẽ
〈log M̃〉 (3.12)

In (3.11) WlE·̃X〈log Q̃〉, WlE·E〈logM〉 and WlE·̃E〈log M̃〉 are the weight filtra-
tions as in (3.10). The above filtration has the property that (ΛkX〈logQ〉, d)
is a filtered complex:

d(WlΛkX〈logQ〉) ⊂WlΛk+1
X 〈logQ〉

because of the formula (3.2) for d, and the fact that the pullback i∗ and q∗

preserve the filtrations W on the corresponding complexes (see chapter 1).
From definition (3.11) we deduce:

Lemma 3.1. We have

WlΛkX〈logQ〉 =

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 if l < −1

(0) ⊕ (0) ⊕ Ek−1

Ẽ
if l = −1

Ek
X̃
⊕ EkE ⊕ Ek−1

Ẽ
〈log M̃〉 if l = 0

Ek
X̃
〈log Q̃〉 ⊕ EkE〈logM〉 ⊕ Ek−1

Ẽ
〈log M̃〉 if l ≥ 1

(3.13)

Hence the graded complex with respect to the filtration Wl is given by

WlΛkX〈logQ〉
Wl−1ΛkX〈logQ〉 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(0) if l < −1

(0) ⊕ (0) ⊕ Ek−1

Ẽ
if l = −1

Ek
X̃
⊕ EkE ⊕ Ek−1

Ẽ
〈log M̃〉
Ek−1

Ẽ

if l = 0

Ek
X̃
〈log Q̃〉
Ek
X̃

⊕ EkE〈logM〉
EkE

⊕ (0) if l = 1

(0) if l ≥ 2

(3.14)
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We remark that WlΛkX〈logQ〉 is a fine sheaf, so that for any open subset
V ⊂ X the following equality holds:

Γ
(
V,

WlΛkX〈logQ〉
Wl−1ΛkX〈logQ〉

)
=

Γ(V,WlΛkX〈logQ〉)
Γ(V,Wl−1ΛkX〈logQ〉) (3.15)

The filtration W induces a filtration in cohomology: WlH
k(X,Λ·

X〈logQ〉)
and, using the natural isomorphism of theorem 3.1, formula (3.6), it induces
also a filtrationWlH

k(X\Q,C). As usual, there is a spectral sequence denoted
by El,kr with first term

El,k1 = Hk

(
X,

WlΛ·
X〈logQ〉

Wl−1Λ·
X〈logQ〉

)
(3.16)

which is the cohomology of the graded complex, and the spectral sequence
converges to the graded cohomology

WlH
k(X,Λ·

X〈logQ〉)
Wl−1Hk(X,Λ·

X〈logQ〉) (3.17)

One can calculate the differential d1

d1 : El,k1 → El−1,k+1
1 (3.18)

First, we consider the differential d0 of the graded complex

d0 :
Γ(X,WlΛkX〈logQ〉)

Γ(X,Wl−1ΛkX〈logQ〉) → Γ(X,WlΛk+1
X 〈logQ〉)

Γ(X,Wl−1Λk+1
X 〈logQ〉) (3.19)

Using (3.15) and (3.16), El,k1 appears as the cohomology of this complex. Let
[[π]] ∈ El,k1 . It corresponds to an element π ∈ Γ(X,WlΛkX〈logQ〉) such that
dπ ∈ Wl−1Λk+1

X 〈logQ〉. Moreover the d0 of the class of dπ is obviously 0, so
it gives an element of El−1,k+1

1 which depends only on [[π]] and not on the
other choices.

Taking into account the formula (3.14), there are only two relevants d1,
namely for l = 0, 1.

3.3 Residues (quasi-smooth case)

In this section we define residues for Λ·
X〈logQ〉. The residues are defined

on subspaces WlΛ·
X〈logQ〉 and live on the smooth manifolds Q̃, M and M̃ .

Let us recall from chapter 1 that if Y is a smooth manifold and D is a smooth
divisor on Y we have defined

Resk : EkY 〈logD〉 → Ek−1
D
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and Resk has the property that for ω ∈ EkX , Resk(ω) = 0. Hence by the
definition of the filtration W (formula (3.10)) Resk can be written as a map

Resk : W1EkY 〈logD〉 → Ek−1
D

and induces a morphism

Resk :
W1EkY 〈logD〉
W0EkY 〈logD〉 → Ek−1

D

We have defined Reskl for any integer l ≥ 0 by

Reskl =

⎧⎪⎨
⎪⎩

Resk0 = identity : W0EkY 〈logD〉 = EkY → EkY for l = 0

Resk : W1EkY 〈logD〉 → Ek−1
D for l = 1

0 for l ≥ 2

(3.20)

The above definition can be summarized as follows. Let us define

D[0] = Y,D[1] = D and D[l] = ∅ for l ≥ 2 (3.21)

then
Reskl : WlEkY 〈logD〉 → Ek−l

D[l] (3.22)

Let us go back to a quasi-smooth complex space X , a subspace Q as in
section 3.2 and the corresponding sheaf Λ·

X〈logQ〉.
Definition 3.1. We introduce for any integer l ≥ 0 the residue map

Reskl : WlΛ·
X〈logQ〉 → Ek−l

Q̃[l] ⊕ Ek−l
M [l] ⊕ Ek−1−(l+1)

M̃ [l+1] (3.23)

in the following way. Let (ω, σ, θ) be a section ofWlΛ·
X〈logQ〉 = WlE·̃X〈log Q̃〉⊕

WlE·E〈logM〉 ⊕Wl+1E·̃E〈log M̃〉(−1). Then we define

Reskl (ω, σ, θ) = (Reskl (ω),Reskl (σ),Resk−1
l+1 θ)) (3.24)

More precisely from the definition (3.21) we obtain (forgetting the trivial
zero components)⎧⎪⎪⎨

⎪⎪⎩

Resk0(ω, σ, θ) = (ω, σ,Resk−1(θ)) ∈ Ek
X̃
⊕ EkE ⊕ Ek−2

M̃

Resk1(ω, σ, θ) = (Resk(ω),Resk(σ)) ∈ Ek−1

Q̃
⊕ Ek−1

M

Reskl ω = 0 l ≥ 2

(3.25)

Lemma 3.2. The restriction of Reskl to Wl−1ΛkX〈logQ〉 is identically zero,
hence Reskl induces a morphism (still denoted Reskl )

Reskl :
WlEkX〈logQ〉
Wl−1EkX〈logQ〉 → Ek−l

Q̃[l] ⊕ Ek−l
M [l] ⊕ Ek−1−(l+1)

M̃ [l+1] (3.26)

This follows from the definition (3.24) and the analogous result in the
smooth case (theorem 1.7 of chapter 1).
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3.4 The residue complex

In the above definition of residue mappings it is not yet clear where Reskl
takes its values. To make it precise, taking into account the second member
of (3.23) we define for a fixed l the residue complex Res·lΛX〈logQ〉 of
ΛX〈logQ〉:

Reskl ΛX〈logQ〉 = Ek−l
Q̃[l] ⊕ Ek−l

M [l] ⊕ Ek−1−(l+1)

M̃ [l+1] (3.27)

whose differential d : Reskl ΛX〈logQ〉 → Resk+1
l ΛX〈logQ〉 is the direct sum of

the differentials on each term of the sum.

Lemma 3.3. The residue Res·l is a morphism of complexes

Res·l : WlΛ·
X〈logQ〉 → Res·lΛX〈logQ〉 (3.28)

Proof. By the definition of the filtration W (formula (3.10)) we conclude that
Res·l sends WlΛ·

X〈logQ〉 to Res·lΛX〈logQ〉. Let us prove that it commutes
with d. Using formulas (3.2) and (3.24) we compute

Reskl (d(ω, σ, θ)) = (Reskl (dω),Reskl (dσ),Resk−1
l+1 (dθ + (−1)k(i∗ω − q∗σ)))

Now ω ∈ WlEkX̃〈log Q̃〉, so that by chapter 1 i∗ω ∈ WlEkẼ〈log M̃〉; by lemma
3.2 it follows Resk−1

l+1 (i∗ω) = 0. In the same way we find Resk−1
l+1 (q∗σ) = 0.

Hence
Reskl (d(ω, σ, θ)) = (dReskl (ω), dReskl (dσ), dResk−1

l+1 (θ))

because we know that in the smooth case the residue commutes with d (lemma
1.1 of chapter 1). This proves the lemma.

By lemma 3.2, and the definition (3.27) we obtain

Proposition 3.1. Res·l induces a morphism:

Res·l :
WlΛ·

X〈logQ〉
Wl−1Λ·

X〈logQ〉 → Res·lΛX〈logQ〉 (3.29)

or

Res·l :
WlE·X〈logQ〉
Wl−1E·X〈logQ〉 → E·̃

Q[l](−l) ⊕ E·M [l](−l) ⊕ E·̃
M [l+1](−(l + 2)) (3.30)

(we keep the same notation for the quotient mapping).

Hence we obtain a morphism of cohomology sheaves. Then

Lemma 3.4. Reskl induces an isomorphism of the cohomology sheaves

Reskl : Hk

(
WlΛ·

X〈logQ〉
Wl−1Λ·

X〈logQ〉
)

→ Hk
(
Res·lΛX〈logQ〉) (3.31)
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Proof. We have

WlΛkX〈logQ〉
Wl−1ΛkX〈logQ〉 =

=
WlEkX̃〈log Q̃〉
Wl−1EkX̃〈log Q̃〉 ⊕

WlEkE〈logM〉
Wl−1EkE〈logM〉 ⊕

Wl+1Ek−1

Ẽ
〈log M̃〉

WlEk−1

Ẽ
〈log M̃〉

(3.32)

and from the proof of lemma 3.3 the differential of an element ([ω], [σ], [θ]) of
WlΛ

·
X〈logQ〉

Wl−1Λ·X〈logQ〉 is the term-by-term differential (d[ω], d[σ], d[θ]). On the other

hand by (3.23), (3.24) and (3.26) the differential of the residue complex in
(3.31) is also a direct sum of differentials. The lemma follows from the corre-
sponding result in the smooth case (theorem 1.7 of chapter 1).

As an immediate consequence of the above lemma we obtain

Theorem 3.2. For fixed l, the morphism Reskl induces natural isomorphisms

Reskl : Hk

(
X,

WlΛ·
X〈logQ〉

Wl−1Λ·
X〈logQ〉

)
→ Hk(X,Res·lΛX〈logQ〉) =

= Hk−l(Q̃[l], E·̃
Q[l]) ⊕Hk−l(M [l], E·M [l]) ⊕Hk−1−(l+1)(M̃, E .

M̃ [l+1])
(3.33)

Proof. Taking the cohomology of the sheaves in both members of (3.31) we
obtain isomorphisms

Hq(X,Hp

(
WlΛ·

X〈logQ〉
Wl−1Λ·

X〈logQ〉
)

) → Hq(X,Hp
(
Res·lΛX〈logQ〉) (3.34)

By part I, chapter 3 the first member (resp. the second member) of (3.34)
is the term E2 of a spectral sequence converging to the first member (resp.
the second member) of (3.33), and the isomorphisms in (3.34) are compatible
with the maps in the spectral sequences. Then in the limit (3.33) we get an
isomorphism.

3.5 Residues and mixed Hodge structures (quasi-smooth
case)

3.5.1 Hodge filtrations and residues

Let D be one of the smooth manifolds Q̃, M or M̃ . We recall the meaning
of D[l], as in (3.21).

We define on the De Rham complexes of the manifolds D[l], the usual Hodge
filtration

F pE·D[l]
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which induces a shifted filtration on the shifted complex:

(−l)F pEkD[l](−l) = F p−lEk−l
D[l] (3.35)

and we define the conjugate filtration

(−l)F̄ qEkD[l](−l) = F̄ q−lEk−l
D[l] (3.36)

If X̃, E, Ẽ are compact Kähler manifolds, eachD[l] is also compact Kähler and
the Hodge filtration of the De Rham complex induces a pure Hodge structure
on the cohomology of D[l]. Indeed, one has

Hk(D[l],C) =
⊕
a+b=k

F aF̄ bHk(D[l],C) (3.37)

This means that the shifted filtrations of (3.35), (3.36) induce also a pure
Hodge structure, namely (3.37) can be rewritten as

Hk(D[l],C) =
⊕
a+b=k

(−l)F a+l (−l)F̄ b+lHk(D[l],C) (3.38)

Renaming the indices, we obtain

Hk−l(D[l],C) =
⊕

a+b=k+l

(−l)F a (−l)F̄ bHk−l(D[l],C) (3.39)

where the direct sum of (3.39) is taken over pairs (a, b) with a + b = k + l
(instead of k − l as usual). That is, Hk−l(D[l],C) equipped with the (−l)-
shifted filtrations, acquires a pure Hodge structure of weight k + l.

We come now to the definition of Hodge filtrations F p and F̄ q on the loga-
rithmic complex Λ·

X〈logQ〉 and on the residue complex Res·lΛX〈logQ〉 defined
in (3.26). We define

(−l)F aΛkX〈logQ〉 = F aEk
X̃
〈log Q̃〉⊕

⊕F aEkE〈logM〉 ⊕ F aEk−1

Ẽ
〈log M̃〉 (3.40)

(−l)F̄ bΛkX〈logQ〉 = F̄ b−lEk
X̃
〈log Q̃〉⊕

⊕F̄ b−lEkE〈logM〉 ⊕ F̄ b−l−1Ek−1

Ẽ
〈log M̃〉 (3.41)

In the second members of (3.40), (3.41) F a, F̄ b denote the Hodge filtrations
defined in chapter 1. On the other hand taking into account (3.27) we put

(−l)F aRespl ΛX〈logQ〉 = F a−lEp−l
Q̃[l]⊕

⊕F a−lEp−l
M [l] ⊕ F a−l−1Ep−1−(l+1)

M̃ [l+1]

(3.42)

(−l)F̄ bRespl ΛX〈logQ〉 = F̄ b−lEp−l
Q̃[l]⊕

⊕F̄ b−lEp−l
M [l] ⊕ F̄ b−l−1Ep−1−(l+1)

M̃ [l+1]

(3.43)
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Remark. The filtrations defined in (3.40), (3.41) are not conjugate.

With the above notations, we deduce immediately

Lemma 3.5. For any l, the residues induce morphisms of filtered spaces for
the shifted filtrations

Res·l : (−l)F pWlΛ·
X〈logQ〉 → (−l)F pRes·lΛX〈logQ〉

Res·l : (−l)F p
(

WlΛ·
X〈logQ〉

Wl−1Λ·
X〈logQ〉

)
→ (−l)F pRes·lΛX〈logQ〉

and also for the F̄ filtrations

Res·l : (−l)F̄ qWlΛ·
X〈logQ〉 → (−l)F̄ qRes·lΛX〈logQ〉

Res·l : (−l)F̄ q
(

WlΛ·
X〈logQ〉

Wl−1Λ·
X〈logQ〉

)
→ (−l)F̄ qRes·lΛX〈logQ〉

Lemma 3.6. 1) The filtrations defined in (3.40), (3.41), (3.42), (3.43), are
preserved by the corresponding differentials.

2) Let us suppose that the manifolds X̃, E and Ẽ in the diagram (3.1) are
compact Kähler manifolds. Then the differential d0 is a strict morphism
for the filtrations F and F̄ .

Proof. The property 1) is clear.
By (3.19)

El,k0 (X) = El,k0 (X̃) ⊕ El,k0 (E) ⊕ El+1,k−1
0 (Ẽ) (3.44)

where for example El,k0 (X̃) is the spectral sequence on X̃ corresponding to
the complex E·̃

X
〈log M̃〉, equipped with its filtration W , as in chapter 1. The

differential d0 is the direct sum of differentials on each term, which are strict
by chapter 2, theorem 2.8; property 2) follows.

3.5.2 Pure Hodge structure on El,k1 (X)

In the sequel we suppose that the manifolds X̃ , E and Ẽ in the diagram
(3.1) are compact Kähler manifolds.

Let us consider the spectral sequence El,kr (X) with first term

El,k1 = Hk

(
X,

WlΛ·
X〈logQ〉

Wl−1Λ·
X〈logQ〉

)

(see (3.16)).

Proposition 3.2. The first term El,k1 (X) of the spectral sequence has a pure
Hodge structure of weight k + l induced by the shifted filtrations (−l)F, (−l)F̄

El,k1 (X) =
⊕

p+q=k+l

(−l)F p (−l)F̄ qEl,k1 (X) (3.45)
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Moreover the residue

Reskl : El,k1 (X) → Hk(X,Res·lΛX〈logQ〉) (3.46)

induces an isomorphism of pure Hodge structures on El,k1 (X) and on
Hk(X,Res·lΛX〈logQ〉) for the shifted Hodge filtrations (−l)F, (−l)F̄ , where

Hk(X,Res·lΛX〈logQ〉) =

Hk−l(Q̃[l],C) ⊕Hk−l(M [l],C) ⊕Hk−1−(l+1)(M̃ [l+1],C)
(3.47)

Proof. By (3.32) and (3.16) we have

El,k1 (X) = El,k1 (X̃) ⊕ El,k1 (E) ⊕ El+1,k−1
1 (Ẽ) (3.48)

The filtrations (−l)F p and (−l)F̄ q onEl,k1 (X) induce in each summand of (3.48)
their own shifted filtrations (−l)F p and (−l)F̄ q, so that by proposition 1.1 of
chapter 1 El,k1 (X̃), El,k1 (E) and El+1,k−1

1 (Ẽ) carry pure Hodge structures of
the same weight k+ l = k−1+ l+1. Then (3.48) implies that El,k1 (X) carries
a pure Hodge structure of weight k + l. The equality (3.47) follows from the
formula (3.26). Since by (3.24) the residue on X is the direct sum of residues
on X̃ , E and Ẽ, the proposition follows from proposition 1.1 of chapter 1.

3.5.3 The differential d1

The relevant differentials

d1 : El,k1 (X) → El−1,k+1
1 (X) (3.49)

occur for l = −1, 0, 1. Let [[π]]1 be an element of El,k1 (X), which means that
one has a triple

π = (ω, σ, θ) ∈ WlEkX̃〈log Q̃〉 ⊕WlEkE〈logM〉 ⊕Wl+1Ek−1

Ẽ
〈log M̃〉

such that

d(ω, σ, θ) ∈ Wl−1Ek+1

X̃
〈log Q̃〉 ⊕Wl−1Ek+1

E 〈logM〉 ⊕WlEkẼ〈log M̃〉

Then:
d1([[π]]1) = [[d(ω, σ, θ)]]1 ∈ El−1,k+1

1 (X)

Lemma 3.7.

1) The differential d1 is a morphism of pure Hodge structures defined by
(3.45).
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2) We define d̂1 as the differential d1 at the level of residues, namely, such
that the following diagram is commutative

El,k1 (X)
d1

Resk
l

El−1,k+1
1 (X)

Resk+1
l−1

Hk
(
X,Res·lΛX〈logQ〉) d̂1

Hk+1
(
X,Res·l−1ΛX〈logQ〉)

Then, d̂1 is a morphism of pure Hodge structures for the shifted filtra-
tions (−l)F , (−l)F̄ (3.42), (3.43) on Hk

(
X,Res·lΛX〈logQ〉) and (−l+1)F ,

(−l+1)F̄ on Hk+1
(
X,Res·l−1ΛX〈logQ〉) and is given by the formula (3.57)

below.

Proof. Proof of 2). We consider the only relevant l = −1, 0, 1. Let [α] =
([α1], [α2], [α3]) ∈ Hk

(
X,Res·lΛX〈logQ〉), where by (3.47) α1, α2, α3 are

d-closed forms on Q̃[l], M [l], M̃ [l+1], of degrees k − l, k − l and k − l − 2
respectively. We apply lemma 1.5 of chapter 1 separately to α1, α2, α3: there
exists (π1, π2, π3) ∈ WlE·̃X〈log Q̃〉 ⊕WlE·E〈logM〉 ⊕Wl+1E·̃E〈log M̃〉 such that
the residue of πi is αi.

Hence, π1, π2, π3 induce elements

[[π1]]1 ∈ El,k1 (X̃), [[π2]]1 ∈ El,k1 (E), [[π3]]1 ∈ El+1,k−1
1 (Ẽ) (3.50)

and thus by (3.48) an element

[[π]]1 ∈ El,k1 (X) = El,k1 (X̃) ⊕ El,k1 (E) ⊕ El+1,k−1
1 (Ẽ) (3.51)

Note in particular that

dπ1 ∈Wl−1E·̃X〈log Q̃〉, dπ2 ∈Wl−1E·E〈logM〉, dπ3 ∈ WlE·̃E〈log M̃〉 (3.52)

Then, by definition,
d̂1[α] = Resk+1

l−1 d1[[π]]1 (3.53)

Now
d1[[π]]1 = [[dπ]]1

and from (3.2)

d(π1, π2, π3) = (dπ1, dπ2, dπ3 + (−1)k(i∗π1 − q∗π2) (3.54)

From chapter 1, i∗π1 − q∗π2 ∈ WlEkẼ〈log M̃〉, hence by (3.52) the second
member of (3.54) is in the space Wl−1Λ·

X〈logQ〉. Moreover, [[dπ1]]1, [[dπ2]]1,
[[dπ3]]1, define elements in El−1,k+1

1 (X̃), El−1,k+1
1 (E) and El,k1 (Ẽ) respec-

tively, and
d1[[πj ]]1 = [[dπj ]]1, j = 1, 2, 3
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So using the results of proposition 1.1 of chapter 1 we have:

Resk+1
l−1 d1[[πj ]]1 = d̂1[αj ] = δ1l γj [αj ], j = 1, 2 (3.55)

where we have denoted by γ1 (resp. γ2) the Gysin map for the pair (X̃, Q̃)
(resp.(E,M)), δ1l being the Kronecker symbol, and

Reskl d1[[π3]]1 = d̂1[α3] = δ0l γ3[α3] (3.56)

γ3 being the Gysin map for the pair (Ẽ, M̃). In (3.53), the residue morphism
is the direct sum of the residues in each component of d1[[π]]1, so that finally
using formula (3.24) for Resk+1

l−1 we obtain

d̂1[α] =
(
δ1l γ1[α1], δ1l γ2[α2], δ0l γ3[α3] +

[
Reskl (i∗π1 − q∗π2)

])
(3.57)

It is clear from (3.57) that d̂1 is a morphism

Hk
(
X,Res·lΛX〈logQ〉)→ Hk+1

(
X,Res·l−1ΛX〈logQ〉) (3.58)

which is a morphism of filtered spaces for the filtrations (−l)F, (−l)F̄ , and
(−l+1)F , (−l+1)F̄ , respectively. This is a consequence of (3.42), (3.43) defining
these filtrations, from the fact that γj , j = 1, 2, 3 is a morphism of filtered
spaces, and the fact that if the αj have given types, one can choose the πj
with a well defined type (as in lemma 1.5 of chapter 1), that the pull-back i∗

and q∗ respect types, and the residue also.
Proof of 1). d̂1 is a morphism of filtered spaces for the Hodge filtration and
the residues are isomorphisms of filtered spaces. So also d1 is a morphism of
filtered spaces and thus it is a morphism of pure Hodge structures. Taking
into account that Resk(i∗π1) = i∗Reskπ1 = i∗α1 and the analogous formula
for Resk(q∗π2), the formula (3.57) becomes more explicitly

d̂1[α] =

⎧⎪⎨
⎪⎩

(0, 0, γ3[α3] + [(i∗π1 − q∗π2)]) for l = 0
(γ1[α1], γ2[α2], [i∗α1 − q∗α2)]) for l = 1
0 for l �= 0, 1

(3.59)

where ⎧⎪⎪⎨
⎪⎪⎩
E−1,k

1 = Hk(Ẽ,C)

E0,k
1 = Hk(X̃,C) ⊕Hk(E,C) ⊕Hk−2(M̃,C)

E1,k
1 = Hk−1(Q̃,C) ⊕Hk−1(M,C)

(3.60)

3.5.4 The conjugate complex

The complex Λ·
X〈logQ〉 is not closed under conjugation. We can define the

conjugate complex Λ·
X〈logQ〉 by

Λ·
X〈logQ〉 = E·

X̃
〈log Q̃〉 ⊕ E·E〈logM〉 ⊕ E·̃

E
〈log M̃〉(−1)
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where E·̃
X
〈log Q̃〉, E·E〈logM〉 and E·̃

E
〈log M̃〉 have been defined in chapter 1.

There is a conjugation for logarithmic forms, such that ω ∈ ΛkX〈logQ〉 if
and only if ω ∈ ΛkX〈logQ〉.
Moreover

dω = dω (3.61)

On the conjugate complex we can also define:

• The conjugate weight filtration W l:

ω ∈W lΛkX〈logQ〉 ⇐⇒ ω ∈WlΛkX〈logQ〉

• The conjugate residues Reskl :

Reskl : W lΛkX〈logQ〉 → Reskl ΛX〈logQ〉 (3.62)

i.e. the conjugate residues have the same target Reskl ΛX〈logQ〉 as the
residues Reskl .

Using (3.61), (3.62) it is easy to express the results in lemma 3.3, proposition
3.1, theorem 3.2, lemma 3.6 replacing WlΛkX〈logQ〉 with W lΛkX〈logQ〉. In
particular let us note the following immediate consequence.

Proposition 3.3. The spectral sequence with respect to the filtration W l of
the complex Γ(X,ΛkX〈logQ〉) coincides, for r ≥ 1, with the spectral sequence
El,kr (X) with respect to the filtration Wl of the complex Γ(X,ΛkX〈logQ〉). The
conjugation ω → ω from Γ(X,ΛkX〈logQ〉) to Γ(X,ΛkX〈logQ〉) induces a con-
jugation on each term El,kr (X), r ≥ 1; moreover the differentials dr commute
to conjugations.

The Hodge filtrations on ΛkX〈logQ〉 are defined, following (3.40), (3.41):

(−l)F bΛkX〈logQ〉 = F b−lΛkX〈logQ〉
(−l)F̄ aΛkX〈logQ〉 = F̄ aΛkX〈logQ〉

(3.63)

In the second members of (3.63) F b, F̄ a denote the Hodge filtrations. Then
it is clear that

Proposition 3.4. The conjugation ω → ω transforms (−l)F aΛ·
X〈logQ〉 to

(−l)F̄ aΛ·
X〈logQ〉 and (−l)F̄ bΛ·

X〈logQ〉 to (−l)F bΛ·
X〈logQ〉

3.5.5 Degeneration of the spectral sequence

In this section, we suppose that X̃, E and Ẽ are compact Kähler manifolds.
We prove that the spectral sequence El,kr (X) degenerates at the term E2. We
study carefully the term El,k2 (X). In fact by (3.60) the only nonzero terms
occur for l = −1, 0, 1, and the only nontrivial d2 occurs for l = 1.

On each term El,k2 (X) of the spectral sequence of the filtration Wl there
are two kinds of filtrations:
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• The direct filtrations (−l)F1,
(−l)F̄1, induced by the filtrations (−l)F

and (−l)F̄ of the complex Λ·
X〈logQ〉 (see (3.40) and (3.41)); hereEl,k2 (X)

must be considered as a quotient of the subspace Zl,k2 ⊂ WlΛkX〈logQ〉;
precisely α ∈ (−l)F a1 E

l,k
2 (X) means: there exists x ∈ (−l)F a1WlΛkX〈logQ〉,

with dx ∈ Wl−2Λk+1
X 〈logQ〉, so that x ∈ Zl,k2 , and the class of x in

El,k2 (X) is α (and analogously for (−l)F̄1.)

• The recursive filtrations (−l)F2,
(−l)F̄2 induced on El,k2 (X) consid-

ered as the cohomology of the complex (El,k1 (X), d1); precisely α ∈
(−l)F a2 E

l,k
2 (X) means: there exists y ∈ (−l)F aEl,k1 (X), with d1(y) = 0

and the cohomology class of y in El,k2 (X) (as the d1-cohomology of
El,k1 (X)) is α (and the same for (−l)F̄2.)

Moreover it is easy to prove that F1 ⊂ F2, F̄1 ⊂ F̄2: if x ∈ (−l)F a1 Z
l,k
2 as above,

then x ∈ (−l)F aZ l,k1 and d1[x]1 = 0; hence y = [x]1 ∈ (−l)F aEl,k1 (X) ∩ ker d1

and its class in El,k2 (X) is α.

Lemma 3.8. The filtrations (−l)F1 and (−l)F̄1, as well as (−l)F2 and (−l)F̄2,
are conjugate.

The statement for (−l)F1, (−l)F̄1 follows from the propositions 3.3 and 3.4.
For (−l)F2 and (−l)F̄2 it is enough to prove it in the case of El,k1 (X), where it
is obvious because F1 = F2, F̄1 = F̄2 in El,k1 (X).

Theorem 3.3.

1) The differentials dr of the spectral sequence are 0 for r ≥ 2.

2) d2 is a morphism of the filtrations (−l)F1 and (−l)F̄1:

d2 : (−l)F a1 E
l,k
r (X) → (−l+r)F a1 E

l−2,k+1
2 (X) (3.64)

d2 : (−l)F̄ b1E
l,k
2 (X) → (−l+2)F̄ b1E

l−2,k+1
2 (X) (3.65)

3) The filtrations (−l)F2,
(−l)F̄2 induce pure Hodge structures on El,k2 (X)

El,k2 (X) =
⊕

a+b=k+l

(−l)F a2
(−l)F̄ b2E

l,k
r (X) (3.66)

4) On El,k2 (X) the filtration (−l)F1 (resp. (−l)F̄1) is identical to the filtra-
tion (−l)F2 (resp. (−l)F̄2). We shall denote simply by (−l)F, (−l)F̄ , these
filtrations.

Proof. Property 2) is clear, since the differential d preserves the filtrations
(−l)F and (−l)F̄ of the complex Λ·

X〈logQ〉 (lemma 3.6, 1).
Property 3): d1 preserves (−l)F and (−l)F̄ on El,k1 (X) so that its cohomology
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El,k2 (X) carries a pure Hodge structure as in (3.66).
Property 1) for r ≥ 3 is obvious for degree reasons. Then we note that 2), 3),
4) imply 1) for r = 2. In fact if we know that the direct and the recursive filtra-
tions on El,k2 (X) coincide, by (3.64) and (3.65) d2 : El,k2 (X) → El−2,k+1

r (X)
becomes a morphism of pure Hodge structures of respective weights k + l,
k + l − 1, which are different, so that d2 = 0 by proposition 1.4 of part I,
chapter 1.
Finally, let us show 4). By lemma 3.8 it is sufficient to treat the case of (−l)F1

and (−l)F2.
We already know (−l)F1 ⊂ (−l)F2, so we need to show (−l)F2 ⊂ (−l)F1. For

simplicity we write Lk = ΛkX〈logQ〉.
Let α ∈ F a2 E

l,k
2 ; there is a representative in F aEl,k1 ∩Kerd1, i.e. an element

x ∈ F aZ l,k1 ⊂ F aWlL
k with d1[x]1 = 0; we have dx ∈Wl−1L

k+1 ∩F aWlL
k+1

so that
dx ∈ F aWl−1L

k+1 (3.67)

d1[x]1 = 0 gives

dx = dy + z, y ∈ Z l−1,k
0 = Wl−1L

k, z ∈ Z l−2,k+1
0 = Wl−2L

k+1 (3.68)

We obtain an element [y]0 ∈ El−1,k
0 , and from (3.68) we get d0[y]0 ∈ F aEl−1,k

0 .
Since d0 is strict by lemma 3.6, we find y′ ∈ F aWl−1L

k with d0[y]0 = d0[y′]0
or

dy = dy′ + z′, z′ ∈Wl−2L
k+1 (3.69)

From (3.67), (3.68), (3.69) we obtain

x− y′ ∈ F aWlL
k

and
d(x− y′) ∈ Wl−2L

k+1

so that x− y′ ∈ F aZ l,k2 and its class in El,k2 is α. This proves 4).

Therefore we have given a proof of the following result:

Theorem 3.4. Let us suppose that X̃, E, Ẽ are compact Kähler manifolds.
Then the cohomology Hk(X \ Q,C), provided with the weight filtration W
shifted by −k, carries a mixed Hodge structure. More precisely, the graded
spaces WlH

k(X\Q,C)
Wl−1Hk(X\Q,C) are isomorphic to El,k2 (X) and thus have a pure Hodge

structure as in (3.66).

(The shift of W by −k is needed to normalize the weight in (3.66); in the
shifted filtration W ′

l = Wl−k the quotient W ′
lH

k(X\Q,C)
W ′

l−1H
k(X\Q,C) has weight l, as

expected).
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Remark. We point out that the statement of theorem 3.4 is not yet complete.
More precisely, the graded spaces WlH

k(X\Q,C)
Wl−1Hk(X\Q,C) are isomorphic to El,k2 (X),

which carry a pure Hodge structure of weight k+ l for the filtration F induced
by El,k1 (X) (El,k2 (X) is a quotient of a subspace of El,k1 (X)). On the other
hand, the filtration F on Hk(X \ Q,C) induces a filtration on the quotient
WlH

k(X\Q,C)
Wl−1Hk(X\Q,C) . We have not shown that the two filtrations, under the iso-

morphism El,k2 (X) � WlH
k(X\Q,C)

Wl−1Hk(X\Q,C)
coincide (and the same for F̄ ). This will

be made clear later in the general case (chapter 4).



Chapter 4

Mixed Hodge structures on
noncompact singular spaces

4.1 Introduction

In this chapter, we introduce logarithmic differential forms in the most
general case of a singular open analytic space X \Q which is the complement
of a subspace Q of a compact analytic space X .

We take a desingularization of X :

Ẽ
i

q

X̃

π

E
j

X

where E ⊂ X is a nowhere dense closed subspace with sing(X) ⊂ E, and X̃
is a smooth manifold.

Let
Q̃ = π−1(Q), M = E ∩Q, M̃ = Ẽ ∩ Q̃.

Then we define the relevant objects on X (logarithmic differential forms,
weight and Hodge filtrations, residues. . . ) as triples of objects on X̃, E,
Ẽ. The results about X̃ are known by the theory of the manifold case (chap-
ter 2); the definitions and results about E and Ẽ are known by induction on
the dimension (dimE, dim Ẽ < dimX). The weight filtration on the complex
of logarithmic forms on X with poles along Q is also defined combining the
order of poles together with the rank of the space in the hypercovering of the
complex. Though one should not expect that the theory on X is a “direct
sum” of the theories on X̃, E, Ẽ, it turns out (as in the compact case of Part
II chapter 3) that this is not far from being true. In fact let us consider the
spectral sequence Em,kr attached to the weight filtration (the main ingredient
for the mixed Hodge theory). Then (under the right assumption on X \Q, in
particular if X \Q is quasi-projective):

1) Em,k0 , d0 : Em,k0 → Em,k0 , Em,k1 are direct sums sums of the corresponding
objects on X̃ , E and Ẽ;

277
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2) the spectral sequence degenerates at the level 2: dr = 0, hence Em,kr =
Em,k2 , for r ≥ 2.

3) the Em,k2 carry a pure Hodge structure, and they are isomorphic to the
graded quotients WmH

k(X\Q,C)
Wm−1Hk(X\Q,C) of the cohomology Hk(X \ Q,C) with

respect to the weight filtration.

So we must add, to the separate knowledge of the properties of X̃ , E and
Ẽ, only the computation of d1 : Em,k1 → Em−1,k

1 . Moreover, one can find an
explicit formula for d1 (formula (4.57).)

We can also define the notion of residue in the above general context. As
in the smooth case, the residues live on certain smooth compact manifolds, so
that they allow us to transport classical Hodge theory on compact manifolds
and induce mixed Hodge theory on open singular spaces. The first term Em,k1

of the spectral sequence appears to be the cohomology of another complex,
the residue complex.

4.2 Logarithmic complexes on singular spaces

In this section we show how to define complexes of forms with logarithmic
poles at infinity on any complex space.

4.2.1 Logarithmic forms

By a pair (of complex spaces) (X,Q) we mean the data of a complex space
X and of a closed, nowhere dense complex subspace Q. Let g : Q → X and
ρ : X \Q→ X be the natural embeddings. A morphism of pairs f : (X,Q) →
(Y,R) is a morphism f : X → Y such that f(Q) ⊂ R and f(X\Q) ⊂ Y \Q. For
a pair (X,Q) we define a family of complexes of fine sheaves R(X〈logQ〉) =
{Λ·

X〈logQ〉} and for every morphism f : (X,Q) → (Y,R) a family R(f) of
morphisms of complexes between the Λ·

Y 〈logR〉 ∈ R(Y 〈logR〉) and some
of the Λ·

X〈logQ〉 ∈ R(X〈logQ〉), more precisely morphisms Λ·
Y 〈logR〉 →

f∗Λ·
X〈logQ〉 which we simply denote Λ·

Y 〈logR〉 → Λ·
X〈logQ〉 and call (ad-

missible) pullback with the following properties.

(I) The restriction Λ·
X〈logQ〉|X\Q = Λ·

X\Q of Λ·
X〈logQ〉 to X \Q belongs

to R(X\Q) (as defined in Part II, chapter 2), and the natural morphism
of complexes on X

Λ·
X〈logQ〉 → ρ∗Λ·

X\Q
induces isomorphisms in cohomology:

Hk(Λ·
X〈logQ〉) → Hkρ∗Λ·

X\Q (4.1)
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in particular for every open set W ⊂ X one has

Hk(W,Λ.X〈logQ〉) = Hk(W,ρ∗Λ·
X\Q) = Hk(W \Q,C)

(II) For k > 2dimX , ΛkX〈logQ〉 = 0.

(III) If X is smooth and Q is a divisor with normal crossing, the logarithmic
De Rham complex E·X〈logQ〉 belongs to R(X〈logQ〉); for every mor-
phism f : (X,Q) → (Y,R) with Y smooth and R a divisor with normal
crossing the ordinary De Rham pullback f∗ : E·Y 〈logR〉 → f∗E·X〈logQ〉
is an admissible pullback.

The family of pullback will satisfy the following properties.

(C) (Composition). The composition of two pullback is a pullback.

(EP) (Existence of pullback). Let f : (X,Q) → (Y,R) be a morphism of pairs,
and let us fix Λ·

Y 〈logR〉 ∈ R(Y 〈logR〉); then there exists a Λ·
X〈logQ〉 ∈

R(X〈logQ〉) and a pullback Λ·
Y 〈logR〉 → Λ·

X〈logQ〉.
(U) (Uniqueness of pullback). Let f : (X,Q) → (Y,R) be a morphism of

pairs, and α : Λ·
Y 〈logR〉 → Λ·

X〈logQ〉, β : Λ·
Y 〈logR〉 → Λ·

X〈logQ〉 two
pullback corresponding to f ; then α = β.

(F) (Filtering). If Λ·,1X 〈logQ〉 , Λ·,2
X 〈logQ〉 ∈ R(X〈logQ〉), there exist two

pullback Λ·,1
X 〈logQ〉 → Λ·

X〈logQ〉, Λ·,2
X 〈logQ〉 → Λ·

X〈logQ〉 correspond-
ing to the identity, with the same target Λ·X〈logQ〉 ∈ R(X〈logQ〉).

It is useful to define ΛpX〈logQ〉 = 0 at points x ∈ X where Q = X (in a
neighborhood of x).

We sketch now the construction of the family R(X〈logQ〉) for any pair
(X,Q). We omit the proofs, because they follow almost word by word (mutatis
mutandis) the proofs in part II, chapter 2.

Step 1). Let X be smooth, and Q any subspace. Let

Q̃ X̃

π

Q
g

X

(4.2)

be a proper modification,where X̃ is smooth, Q̃ is a divisor with normal
crossing and π is an isomorphism outside Q̃; we define

E·X〈logQ〉 = π∗(E·̃
X
〈log Q̃〉)

The above complex, which depends on the choice of the diagram (4.2),will be
called a logarithmic De Rham complex of the pair (X,Q) associated to the
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diagram (4.2); the reader should keep in mind that this gives new complexes
even when Q is a divisor with normal crossing.

Step 2). Let (X,Q) be any pair, E ⊂ X a nowhere dense closed subspace,
with sing(X) ⊂ E, and consider a diagram

Ẽ
i

q

X̃

π

E
j

X

(4.3)

Let
Q̃ = π−1(Q), M = E ∩Q, M̃ = Ẽ ∩ Q̃.

Let Λ·
E〈logM〉 ∈ R(E〈logM〉) (which exists by induction on dim(X)). Then

we can find Λ·̃
E
〈log M̃〉 ∈ R(Ẽ〈log M̃〉), a logarithmic De Rham complex

E·̃
X
〈log Q̃〉 as in step 1), a pullback φ ∈ R(q)

φ : Λ·
E〈logM〉 → Λ·̃

E
〈log M̃〉 (4.4)

a pullback ψ ∈ R(i)
ψ : E·̃

X
〈log Q̃〉 → Λ·̃

E
〈log M̃〉

so that we define the complex

ΛkX〈logQ〉 = π∗EkX̃〈log Q̃〉 ⊕ j∗ΛkE〈logM〉 ⊕ (j ◦ q)∗Λk−1

Ẽ
〈log M̃〉 (4.5)

whose differential is by definition

d(ω, σ, θ) = (dω, dσ, dθ + (−1)k(ψ(ω) − φ(σ)). (4.6)

The above complex induces the isomorphism of cohomology sheaves (4.1).
Proof of the surjectivity in (4.1). Let x ∈ Q and ρ = (ω, σ, θ) ∈ ΛkX(U \Q)

be a d-closed section of ρ∗ΛkX\Q on an open neighborhood U of x. Since
dσ = 0, by induction on dimensions there are σ′ ∈ ΛkE〈logM〉(U ∩ E) and
σ′′ ∈ Λk−1

E ((U ∩ E) \ M) with σ − dσ′′ = σ′ (after possibly shrinking U);
replacing ρ by ρ − d(0, σ′′, 0) we can suppose that σ ∈ ΛkE〈logM〉(U ∩ E).
A similar argument (using theorem 2.4 of chapter 2) shows that we can also
suppose ω ∈ Ek

X̃
〈log Q̃〉(Ũ). Since (−1)k(ψ(ω) − φ(σ)) = −dθ, by induction

(we use the injectivity on Ẽ) there is θ′ ∈ Λk−1

Ẽ
〈log M̃〉(q−1(U ∩E)) such that

(−1)k(ψ(ω) − φ(σ)) = −dθ′. Again by induction , d(θ − θ′) = 0 implies that
we can write θ − θ′ = dθ̃ + θ′′, where θ′′ ∈ Λk−1

Ẽ
〈log M̃〉(q−1(U ∩ E)) and

θ̃ ∈ Λk−2

Ẽ
(q−1(U ∩ E) \ M̃)). Finally

(ω, σ, θ) − d(0, 0, θ̃) = (ω, σ, θ′ + θ′′)

which ends the proof of the surjectivity in (4.1).
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Proof of the injectivity in (4.1). Let U be an open neighborhood of x ∈ Q
and μ = (ω, σ, θ) ∈ ΛkX〈logQ〉(U) such that there exists (ω′, σ′, θ′) ∈ Λk−1

X (U \
Q) with (ω, σ, θ) = d(ω′, σ′, θ′). Then in particular σ = dσ′ so that (by the
injectivity on E) there is a σ′′ ∈ Λk−1

E 〈logM〉(U ∩ E) with σ = dσ′′ (after
possibly shrinking U); we can replace μ with μ − d(0, σ′′, 0), so that we can
suppose that σ = 0. A similar argument on X̃ (starting with dω = 0) leads us
to suppose also ω = 0. Then we have θ = dθ′ and the surjectivity on Ẽ gives
a θ′′ ∈ Λk−2

Ẽ
〈log M̃〉(q−1(U ∩E)) with θ = dθ′′. The conclusion follows.

Note that ΛkX〈logQ〉 is a fine sheaf defined on all of X . A section of
ΛkX〈logQ〉 on an open set U ⊂ X will be called a logarithmic differential
form of degree k on U .

Notation. From now on we will write for simplicity

Λ·
X〈logQ〉 = E·̃

X
〈log Q̃〉 ⊕ Λ·

E〈logM〉 ⊕ Λ·̃
E
〈log M̃〉(−1) (4.7)

instead of

Λ·
X〈logQ〉 = π∗E·̃X〈log Q̃〉 ⊕ j∗Λ·

E〈logM〉 ⊕ (j ◦ q)∗Λ·̃
E
〈log M̃〉(−1)

Theorem 4.1. One has a natural isomorphism induced by the morphism of
inclusion

Hp(W,Λ·
X〈logQ〉) = Hp(W,ρ∗Λ·

X\Q) = Hp(W \Q,C) (4.8)

or in other words the cohomology of W \D can be calculated as the cohomology
of the complex of sections (Γ(W,Λ·

X〈logQ〉), d) of Λ·
X〈logQ〉.

Proof. First we note that the second isomorphism in the above formula (4.8),
is a consequence of theorem 2.1 of part II, chapter 2 for the complex Λ·

X\Q.
Each of the complexes Λ·

X〈logQ〉 and ρ∗Λ·
X\Q induces a spectral sequence of

hypercohomology on W :

Hp(W,HqΛ·
X〈logQ〉) =⇒ Hp+q(W,Λ·

X〈logQ〉)
Hp(W,Hqρ∗Λ·

X\Q) =⇒ Hp+q(W,ρ∗Λ·
X\Q)

By the isomorphism (4.1) the cohomology sheavesHqΛ·
X〈logQ〉 and Hqρ∗Λ·

X\Q
are isomorphic. So in the limit we find that the cohomologiesHp(W,Λ·

X〈logQ〉)
and Hp(W,ρ∗Λ·

X\Q) are isomorphic.

From the construction of Λ·
X〈logQ〉 it follows that there is a uniquely deter-

mined family ((Xa, Qa), ha)a∈A of pairs (Xa, Qa) (Xa smooth andQa a divisor
with normal crossing in Xa) and proper maps of pairs ha : (Xa, Qa) → (X,Q)
such that

ΛkX〈logQ〉 =
⊕
a∈A

(ha)∗Ek−q(a)Xa
〈logQa〉 (4.9)
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where q(a) = qX(a) is a nonnegative integer, which depends only on a ∈ A
and not on k; moreover, there exist mappings hab : (Xa, Qa) → (Xb, Qb), com-
muting with ha and hb, such that the differential ΛkX〈logQ〉 → Λk+1

X 〈logQ〉
is given by

d(ωa) = (dωa +
∑
b

ε
(k)
ab h

∗
abωb) (4.10)

where ε(k)ab can take the values 0,±1.
The family ((Xa, Qa), ha)a∈A will be called the hypercovering of (X,Q)

associated to Λ·
X〈logQ〉, and qX(a) will be the rank of (Xa, Qa).

Clearly if hab : (Xa, Qa) → (Xb, Qb) exists, one has

qX(a) = qX(b) + 1 (4.11)

Remark.

1. In the situation of the diagram (4.3) and of the complex (4.5), we notice
that (X̃, Q̃) is not in general a pair (Xa, Qa) of the hypercovering. In
fact the logarithmic complex E·̃

X
〈log Q̃〉 is given by a φ∗E·̃X′〈log Q̃′〉 where

X̃ ′ is a manifold, Q̃′ a divisor with normal crossing, and φ : (X̃ ′, Q̃′) →
(X̃, Q̃) is a modification. In this case, (X̃ ′, Q̃′) is a pair of the hyper-
covering, and the corresponding morphism of pairs is π ◦ φ : (X̃ ′, Q̃′) →
(X,Q).

2. Notice also, for future use, that when one restricts Λ·
X〈logQ〉 to X \Q,

one obtains a complex Λ·
X\Q whose associated hypercovering is (Xa\Qa)

(with the same rank qX(a)).

So, among the pairs (Xa, Qa) of the hypercovering of Λ·
X〈logQ〉, one can

distinguish three types

i) the pair (X̃ ′, Q̃′) which is the modification of (X̃, Q̃), whose rank is 0;

ii) pairs (Xb, Qb) corresponding to the hypercovering of Λ·E〈logM〉 whose
rank is

qX(b) = qE(b)

iii) pairs (Xc, Qc) corresponding to the hypercovering of Λ·̃
E
〈log M̃〉 whose

rank is
qX(c) = qẼ(c) + 1

At the level of hypercoverings, a pullback

φ : Λ·
Y 〈logR〉 → Λ·

X〈logQ〉
is also given by

φ :
⊕
b∈B

Ek−qY (b)
Yb

〈logRb〉 →
⊕
a∈A

Ek−qX (a)
Xa

〈logQa〉 (4.12)

and can be realized as follows
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(i) for any a ∈ A, there exists at most a unique b = b(a) ∈ B with qY (b) =
qX(a) and a morphism of pairs

fab : (Xa, Qa) → (Yb, Rb)

inducing a standard De Rham pullback

f∗
ab : E·Yb

〈logRb〉 → E·Xa
〈logQa〉

We put f∗
ab = 0 if fab is not defined as a morphism of pairs.

(ii) Then φ of (4.12) is given by

φ (⊕b∈Bωb) = ⊕a∈A(f∗
abωb) (4.13)

(this is well defined because for any a ∈ A , f∗
ab is unique, and maybe

0).

Definition 4.1. The hypercovering (Xa, Qa) associated to Λ·
X〈logQ〉 is called

a Kähler hypercovering if each Xa is a Kähler manifold.

Arguing as in theorem 2.10 of part II, chapter 2, we obtain

Theorem 4.2.

(i) Let X be a compact (B)-Kähler space, Q ⊂ X a closed subspace. Then
there exists a Λ·

X〈logQ〉 ∈ R(X〈logQ〉) with a Kähler hypercovering.

(ii) Let f : (X,Q) → (Y,R) be a morphism of pairs, where X and Y are
compact (B)-Kähler spaces; let Λ·

Y 〈logR〉 ∈ R(Y 〈logR〉) with a Kähler
hypercovering. Then there exists a Λ·

X〈logQ〉 ∈ R(X〈logQ〉) with a
Kähler hypercovering and a pullback Λ·

Y 〈logR〉 → Λ·
X〈logQ〉.

(iii) If X is a compact (B)-Kähler space and Λ·,1
X 〈logQ〉 , Λ·,2

X 〈logQ〉 admit a
Kähler hypercovering, there exist two pullback Λ·,1

X 〈logQ〉 → Λ·
X〈logQ〉,

Λ·,2
X 〈logQ〉 → Λ·

X〈logQ〉 corresponding to the identity, where the com-
mon target Λ·

X〈logQ〉 has a Kähler hypercovering.

4.3 The weight filtration W

4.3.1 On a logarithmic De Rham complex when X is smooth

Let (X,Q) be a pair with X a manifold, Q a (closed nowhere dense) sub-
space and π : (X̃, Q̃) → (X,Q) a modification with X̃ a manifold and Q̃ a
divisor with normal crossing. We have a logarithmic De Rham complex

E·X〈logQ〉 = π∗E·̃X〈log Q̃〉
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where E·̃
X
〈log Q̃〉 is the standard logarithmic De Rham complex defined in

chapter 2. We define an increasing filtration

WmE·X〈logQ〉 = π∗WmE·̃
X
〈log Q̃〉 (4.14)

where WmE·̃
X
〈log Q̃〉 is the filtration by the order of poles as defined in chapter

2.

4.3.2 On a general logarithmic complex

If Λ·
X〈logQ〉 is a logarithmic complex as in (4.7) (where we have skipped

the symbols of direct images of sheaves), we define the filtration

WmΛ·
X〈logQ〉 =

= WmE·̃
X
〈log Q̃〉 ⊕WmΛ·

E〈logM〉 ⊕(1) WmΛ·̃
E
〈log M̃〉(−1)

(4.15)

where (1)Wm is the filtration shifted by + 1, namely

(1)WmΛk
Ẽ
〈log M̃〉(−1) = Wm+1Λk−1

Ẽ
〈log M̃〉 (4.16)

In (4.15) WmΛ·
E〈logM〉 and WmΛ·̃

E
〈log M̃〉 are defined by recursion on the

dimension and WmE·̃
X
〈log Q̃〉 is defined as above by (4.14).

Lemma 4.1.

1) Λ·
X〈logQ〉, d) is a filtered complex for Wm:

d( WmΛkX〈logQ〉) ⊂WmΛk+1
X 〈logQ〉 (4.17)

and is given, at the level of hypercovering by

WmΛ·
X〈logQ〉 =

⊕
a∈A

(qX (a))WmE·Xa
〈logQa〉(−qX(a)) (4.18)

2) Wm is preserved by pullback.

Proof. We prove first (4.18) by recursion on the dimension. We start from
(4.15). One of the pairs (Xa, Qa) is (X̃ ′, Q̃′) which is a modification of (X̃, Q̃),
whose rank is 0. For this pair, WmE·̃

X
〈log Q̃〉 coincides with WmE·̃

X′〈log Q̃′〉
(forgetting the direct image symbols).

For the pairs (Xb, Qb) of the hypercovering of Λ·
E〈logM〉 one has

WmΛ·
E〈logM〉 =

⊕
b

(qE(b))WmE·Xb
〈logQb〉(−qE(b))

where we know that qE(b) = qX(b). For the pairs (Xc, Qc) belonging the
hypercovering of Λ·̃

E
〈log M̃〉 one has

WmΛ·̃
E
〈log M̃〉 =

⊕
c

(qẼ(c))WmE·Xc
〈logQc〉(−qẼ(c))
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But qẼ(c) = qX(c) − 1 so that

(1)WmΛ·̃
E
〈log M̃〉(−1) =

⊕
c

(qX (c))WmE·Xc
〈logQc〉(−qX(c))

These formulas, together with the definition (4.7), prove (4.18).
Now, we consider a pullback as in (4.12), (4.13). We know that the nonzero

f∗
ab are standard De Rham pullback between pairs of same rank

f∗
ab : E·Yb

〈logRb〉 → E·Xa
〈logQa〉, qX(a) = qY (b)

On the standard logarithmic De Rham complexes, Wm is the filtration by the
order of poles and so it is preserved by standard De Rham pullback. So using
(4.13) and (4.18) we see that a pullback preserves the filtration Wm.

Finally, we prove that d preserves the filtration Wm. We use the equations
(4.18) and the definition (4.10) of d. Assuming that for each a

ωa ∈(qX (a)) WmEk−qX (a)
Xa

〈logQa〉

we see that
dωa ∈(qX (a)) WmEk+1−qX (a)

Xa
〈logQa〉 (4.19)

and
h∗abωb ∈(qX (b)) WmEk−qX (b)

Xa
〈logQa〉

But qX(b) = qX(a) − 1 , so that

∑
b

ε
(k)
ab h

∗
abωb ∈(qX (a)) Wm−1Ek+1−qX (a)

Xa
〈logQa〉 (4.20)

The equation (4.20), together with (4.19), prove that d preserves the filtration
W .

Moreover from (4.20) and the definition of d in (4.10), we obtain

Lemma 4.2. If ⊕a∈Aωa ∈WmΛ·
X〈logQ〉 , then

d(⊕a∈Aωa) = ⊕a∈A(dωa) mod Wm−1Λ·
X〈logQ〉

4.3.3 Filtration of the cohomology and spectral sequence

Let V ⊂ X be an open subset. The filtration Wm induced on the complex
Γ(V,Λ·

X〈logQ〉) gives rise to a spectral sequence whose first term is

Em,k1 (V ) = Hk

(
V,

WmΛ·
X〈logQ〉

Wm−1Λ·
X〈logQ〉

)
= Hk

(
V,

WmΛ·
X〈logQ〉

Wm−1Λ·
X〈logQ〉

)
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The second equality in the above formula holds because the WmΛk
X〈logQ〉

Wm−1Λk
X〈logQ〉

are fine sheaves, so that we have isomorphisms

Γ(V,WmΛkX〈logQ〉)
Γ(V,Wm−1ΛkX〈logQ〉) = Γ

(
V,

WmΛkX〈logQ〉
Wm−1ΛkX〈logQ〉

)

By (4.18) we have

WmΛ·
X〈logQ〉

Wm−1Λ·
X〈logQ〉 =

⊕
a∈A

(ha)∗

(
(q(a))WmE·Xa

〈logQa〉(−q(a))
(q(a))Wm−1E·Xa

〈logQa〉(−q(a))

)

so that

Γ
(
V,

WmΛ·
X〈logQ〉

Wm−1Λ·
X〈logQ〉

)
=

=
⊕
a∈A

Γ
(
V, (ha)∗

Wm+q(a)E·Xa
〈logQa〉(−q(a))

Wm+q(a)−1E·Xa
〈logQa〉(−q(a))

) (4.21)

Lemma 4.3.

1) The differential d0 of the graded complex Γ
(
V,

WmΛ·X〈logQ〉
Wm−1Λ·X〈logQ〉

)
, under the

identification (4.21), is given by

d0 ([⊕a∈Aωa]) = (⊕a∈Ad0[ωa]) (4.22)

where [ ] in the left hand side denotes the equivalence class modulo
Wm−1Λ·

X〈logQ〉, and [ ] in the right hand side the equivalence class mod-
ulo (q(a))Wm−1E·Xa

〈logQa〉(−q(a)).

2) The first term of the spectral sequence is

Em,k1 (V ) =
⊕
a∈A

Hk

(
V, (ha)∗

( (q(a))WmE·Xa
〈logQa〉(−q(a))

(q(a))Wm−1E·Xa
〈logQa〉(−q(a))

))
(4.23)

Proof.

1) is immediate from lemma 4.2

2) Em,k1 (V ) is the cohomology of the complex on the left hand side of (4.21)
for the d0 of (4.22). Hence the equality (4.21) and the formula (4.22) prove
(4.23).

Notice that by chapter 2 and (4.23)

Em,k1 (V ) =
⊕
a∈A

E
m+q(a),k−q(a)
1 (h−1

a (V )) (4.24)
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(where the terms E1 in the second members are the E1 of the spectral sequence
of chapter 2 for each (Xa, Qa)).

If V = X the above formula (4.24) can also be written as

Em,k1 (X) = Em,k1 (X̃) ⊕ Em,k1 (E) ⊕ Em+1,k−1
1 (Ẽ) (4.25)

where Em,kr (X̃), Em,kr (E), Em,kr (Ẽ) are the spectral sequences arising from
the weight filtrations on the complexes Γ(X̃, E·̃

X
〈log Q̃〉), Γ(Ẽ,Λ·

E〈logM〉) and
Γ(Ẽ,Λ·̃

E
〈log M̃〉) respectively.

4.4 Residues

4.4.1 Residues on the graded complexes

For each pair (Xa, Qa) of the hypercovering, we can define residues as in
chapter 2 for E·Xa

〈logQa〉 and we deduce mappings

Reska,m : (ha)∗
(

(q(a))WmEkXa
〈logQa〉(−q(a))

)
→ (ha)∗Ek−m−2q(a)

Qa
[m+q(a)] (4.26)

Reska,m : (ha)∗

( (q(a))WmE·Xa
〈logQa〉(−q(a))

(q(a))Wm−1E·Xa
〈logQa〉(−q(a))

)
→ (ha)∗Ek−m−2q(a)

Qa
[m+q(a)] (4.27)

with the conventions:
Qa

[0] = Xa and then Reska,m = identity;
Qa

[r] = ∅ if r < 0 and the corresponding Reska,m = 0 (indeed Wm+q(a) = 0 if
m+ q(a) < 0).

We can define the residue as a mapping which is the direct sum of Reska,m:

Reskm : WmΛkX〈logQ〉 →
⊕
a∈A

(ha)∗Ek−m−2q(a)

Qa
[m+q(a)] (4.28)

Reskm :
WmΛkX〈logQ〉
Wm−1ΛkX〈logQ〉 →

⊕
a∈A

(ha)∗Ek−m−2q(a)

Qa
[m+q(a)] (4.29)

These residues induce residues in cohomology. Indeed by lemma 2.2 of chapter
2 applied to the residue mapping Reska,m on open sets h−1

a (V ), we deduce an
isomorphism of local cohomologies:

Lemma 4.4. One has an isomorphism of local cohomologies

Respa,m : Hp

(
(ha)∗

(
(q(a))WmE·Xa

〈logQa〉(−q(a))
(q(a))Wm−1E·Xa

〈logQa〉(−q(a))

))
→

→ Hp
(

(ha)∗E·Qa
[m+q(a)](−m− 2q(a))

)



288 Mixed Hodge structures on noncompact spaces

Then we deduce, using the spectral sequence of local cohomologies:

Theorem 4.3. For any open set V ⊂ X , one has an isomorphism of coho-
mologies:

Reskm : Hk

(
V,

WmΛ·
X〈logQ〉

Wm−1Λ·
X〈logQ〉

)
→

⊕
a∈A

Hk−m−2q(a)
(
h−1
a (V ) ∩Qa[m+q(a)],C

) (4.30)

We define the residue complex

Res·mΛX〈logQ〉 =
⊕
a∈A

(ha)∗E·Qa
[m+q(a)] (−m− 2q(a)) (4.31)

whose differential d is the direct sum of the differentials on each term of the
sum. Then the cohomology of this complex is exactly the second member of
(4.30). Thus:

Corollary 4.1. Reskm induces an isomorphism

Reskm : Hk

(
V,

WmΛ·
X〈logQ〉

Wm−1Λ·
X〈logQ〉

)
→ Hk(V,Res·mΛX〈logQ〉)

Proposition 4.1. The residue mapping

Reskm : WmΛkX〈logQ〉 → ReskmΛX〈logQ〉
commutes with the respective differentials.

Proof. We consider a form

⊕aωa ∈
⊕
a

(ha)∗
(

(q(a))WmEkXa
〈logQa〉(−q(a))

)

So we have:

dReskm(⊕aωa) = ⊕aResk+1
m dωa ∈

⊕
a

(ha)∗Ek−m−2q(a)+1

Qa
[m+q(a)+1]

because the residue commutes with the differential on any EkXa
〈logQa〉. On

the other hand
d(⊕aωa) = ⊕a(dωa +

∑
b

ε
(k)
ab h

∗
abωb) (4.32)

where q(b) = q(a) − 1

Resk+1
m (d(⊕aωa)) = ⊕aResk+1

m

(
dωa +

∑
b

ε
(k)
ab h

∗
abωb

)
(4.33)

We now distinguish three types of indices a ∈ A
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(i) If a is such that m+ q(a) > 0, or m− 1 + q(a) ≥ 0, by (4.20) the form∑
b

ε
(k)
ab h

∗
abωb ∈(q(a)) Wm−1Ek+1−q(a)

Xa
〈logQa〉

is smooth on Xa and its residue Resk+1
m is 0 on Qa

[m+q(a)], so that for
this type of a

Resk+1
m (dωa +

∑
b

ε
(k)
ab h

∗
abωb) = Resk+1

m dωa (4.34)

(ii) If a is such that m+ q(a) = 0, then the residue

Resk+1
m (dωa +

∑
b

ε
(k)
ab h

∗
abωb) = dωa +

∑
b

ε
(k)
ab h

∗
abωb

because Qa[0] = Xa and the corresponding residue is the identity. But

ωb ∈ (q(b))WmEkXb
〈logQb〉(−q(b))

Since m+ q(b) = −1 and WmEkXb
〈logQb〉 = 0 for m = −1, ωb = 0 and

Resk+1
m (dωa +

∑
b

ε
(k)
ab h

∗
abωb) = dωa = Resk+1

m dωa (4.35)

(iii) Finally if a is such that m + q(a) < 0, the corresponding residues are
identically 0:

Resk+1
m (dωa +

∑
b

ε
(k)
ab h

∗
abωb) = 0 = Resk+1

m dωa (4.36)

From (4.32), . . . , (4.36), we deduce

Resk+1
m (d(⊕aωa)) = ⊕aResk+1

m dωa = d(Reskm(⊕aωa)

which is exactly the statement of proposition 4.1.

4.4.2 Global residues on the filtered complexes

We have a residue morphism on global sections, induced by (4.28)

Reskm : Γ(V,WmΛkX〈logQ〉) →
⊕
a∈A

Γ
(
h−1
a (V ) ∩Qa[m+q(a)], Ek−m−2q(a)

Qa
[m+q(a)]

)

From proposition 4.1 we deduce a mapping

RESkm : WmH
k(V,Λ·

X〈logQ〉) →⊕
a∈A

Hk−m−2q(a)
(
h−1
a (V ) ∩Qa[m+q(a)],C

)
(4.37)

Using theorem 4.3, we prove exactly as in lemma 2.4 and theorem 2.3 of
chapter 2
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Lemma 4.5. The kernel of RESkm is Wm−1H
k(V,Λ·

X〈logQ〉).
Theorem 4.4. Let [ω] be a class in WmH

k(V,Λ.X〈logQ〉), and l < m. Then
[ω] ∈ WlH

k(V,Λ·
X〈logQ〉) if and only if

RESkm[ω] = RESkm−1[ω] = · · · = RESkl+1[ω] = 0

4.5 Residues and mixed Hodge structure (singular case)

From now on we assume that all the manifolds Xa of the hypercovering of
X are compact Kähler manifolds.

4.5.1 Shifted Hodge filtrations and residues

We come back to (4.26) which we rewrite as:

Reska,m : (ha)∗
(

(q(a))WmEkXa
〈logQa〉(−q(a))

)
→

→ (ha)∗EkQa
[m+q(a)](−m− 2q(a))

(4.38)

Notice that in the right hand side the shift by −m− 2q(a) corresponds to a
shift −q(a) due to the rank of (Xa, Qa) plus a shift −m−q(a) due to the order
of poles. So we define shifted Hodge filtrations for the Qa[r] in the following
way

(−r)F pEk
Qa

[r](−r − q(a)) = F p−rEk−r−q(a)
Qa

[r] (4.39)

(−r)F̄ qEk
Qa

[r](−r − q(a)) = (−r)F̄ q−rEk−r−q(a)
Qa

[r] (4.40)

Then, we have a shifted Hodge decomposition for the cohomology ofQa[m+q(a)]

Hk−m−2q(a)(Qa[m+q(a)],C) =

=
⊕

p+q=k+m

(−m−q(a))F p (−m−q(a))F̄ qHk−m−2q(a)(Qa[m+q(a)],C) (4.41)

Finally, one can define shifted Hodge filtrations (−m)F p and (−m)F̄ q on the
residue complex (4.31) by

(−m)F pReskmΛ·
X〈logQ〉 =

=
⊕
a∈A

(ha)(−m−q(a))
∗ F pEkQa

[m+q(a)] (−m− 2q(a)) (4.42)

(−m)F̄ qReskmΛ·
X〈logQ〉 =

=
⊕
a∈A

(ha)(−m−q(a))
∗ F̄ qEk

Qa
[m+q(a)] (−m− 2q(a)) (4.43)



Mixed Hodge structures on noncompact singular spaces 291

Because of corollary 4.1 the cohomology of the complex of global sections
of (4.31) is the direct sum of the Hk−m−2q(a)(Qa[m+q(a)],C) and thus, using
(4.41) we see that it carries a pure Hodge structure of weight k +m:

Hk(X,Res·mΛX〈logQ〉) =
⊕
a

Hk−m−2q(a)(Qa[m+q(a)],C)

=
⊕

p+q=k+m

(−m)F p (−m)F̄ qHk(X,Res·mΛX〈logQ〉) (4.44)

where we have defined
(−m)F p (−m)F̄ qHk(X,Res·mΛX〈logQ〉) =

=
⊕
a∈A

(−m−q(a))F p (−m−q(a))F̄ qHk−m−2q(a)(Qa[m+q(a)],C) (4.45)

We also define Hodge filtrations on complexes of forms with poles, namely:
(−m−q(a))F p (q(a))EkXa

〈logQa〉(−q(a)) =

= F p (q(a))EkXa
〈logQa〉(−q(a))

(4.46)

(−m−q(a))F̄ q (q(a))EkXa
〈logQa〉(−q(a)) =

= F̄ q−m−q(a) (q(a))EkXa
〈logQa〉(−q(a))

(4.47)

and then, we define Hodge filtrations on the logarithmic complexes:

(−m)F pΛkX〈logQ〉 =
⊕
a∈A

(ha)∗F p (q(a))EkXa
〈logQa〉(−q(a)) (4.48)

(−m)F̄ qΛkX〈logQ〉 =
⊕
a∈A

(ha)∗F̄ q−m−q(a)(q(a))EkXa
〈logQa〉(−q(a)) (4.49)

Remark. The filtrations defined in (4.48), (4.49) are not conjugate. Moreover
the role of (−m)F a, (−m)F̄ b is not symmetric; in particular (−m)F a does not
depend on m, so it is a true filtration on the complex Λ·

X〈logQ〉, while (−m)F̄ b

depends on m and is adapted to the subcomplex WmΛ·
X〈logQ〉 and to the

quotient complex WmΛ·X〈logQ〉
Wm−1Λ·X〈logQ〉 .

Lemma 4.6.

1) The filtrations defined in (4.42), (4.43), (4.46), (4.47), (4.48), (4.49) are
preserved by the corresponding differentials. Hence they induce filtrations
on the cohomology Hk(X \Q,C) under the isomorphism (4.8) of theorem
4.1.

2) Let us suppose that every Xa in the hypercovering of X is a compact Kähler
manifold. Then the differential d0 of the graded complex:

Γ(X,WmΛ·
X〈logQ〉)

Γ(X,Wm−1Λ·
X〈logQ〉) = Γ

(
X,

WmΛ·
X〈logQ〉

Wm−1Λ·
X〈logQ〉

)

is a strict morphism for the filtration F .
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Proof. Property 1) is a consequence of the formula (4.10).
By (4.21) we have

Γ
(
X,

WmΛ·
X〈logQ〉

Wm−1Λ·
X〈logQ〉

)
=
⊕
a∈A

Γ
(
Xa,

Wm+q(a)E·Xa
〈logQa〉(−q(a))

Wm+q(a)−1E·Xa
〈logQa〉(−q(a))

)

hence by lemma 4.3, formula (4.22) the differential d0 is a direct sum of
differentials d0 for the pairs (Xa, Qa), where Xa is smooth and Qa is a divisor
with normal crossings, which are strict by theorem 2.8 in chapter 2; property
2) follows.

Moreover

Lemma 4.7. For any m, the residues induce morphisms of filtered spaces for
the shifted Hodge filtrations

Res·m : (−m)F pWmΛ·
X〈logQ〉 →(−m) F pRes·mΛX〈logQ〉

Res·m : (−m)F̄ qWmΛ·
X〈logQ〉 →(−m) F̄ qRes·mΛX〈logQ〉

as well as on the graded complexes for Wm

Res·m : (−m)F p
(

WmΛ·
X〈logQ〉

Wm−1Λ·
X〈logQ〉

)
→(−m) F pRes·mΛX〈logQ〉 (4.50)

Res·m : (−m)F̄ q
(

WmΛ·
X〈logQ〉

Wm−1Λ·
X〈logQ〉

)
→(−m) F̄ qRes·mΛX〈logQ〉 (4.51)

Proof. The residues are defined as direct sums of the residues Reska,m. It is
clear that for each a:

Reska,m : (ha)∗F p (q(a))WmEkXa
〈logQa〉(−q(a)) →

(ha)∗F p−m−q(a)Ek−m−2q(a)

Qa
[m+q(a)]

Reska,m : (ha)∗F̄ q−m−q(a) (q(a))WmEkXa
〈logQa〉(−q(a)) →

(ha)∗F̄ q−m−q(a)Ek−m−2q(a)

Qa
[m+q(a)]

Indeed, if m + q(a) > 0, Reska,m is an actual residue, and the result follows
from chapter 2. If m+ q(a) = 0, Reska,m is the identity, so the result is trivial,
and if m+ q(a) < 0 , Reska,m = 0.

Using the definitions (4.48) and (4.49) of the filtrations on Λ·X〈logQ〉,
and the definition (4.44) and (4.45) of the filtrations on the residue complex
Res·mΛX〈logQ〉 we deduce easily the mappings (4.50), (4.51).
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4.5.2 Pure Hodge structure on Em,k1

Lemma 4.8.

1) The first term Em,k1 (X) of the spectral sequence has a pure Hodge structure
of weight k +m induced by the shifted filtrations (−m)F, (−m)F̄

Em,k1 (X) =
⊕

p+q=k+m

(−m)F p (−m)F̄ qEm,k1 (X) (4.52)

2) The residue defined as in (4.30)

Reskm : Em,k1 (X) = Hk

(
X,

WmΛ·
X〈logQ〉

Wm−1Λ·
X〈logQ〉

)
→

Hk
(
X,Res·mΛX〈logQ〉) =

⊕
a

Hk−m−2q(a)(Qa[m+q(a)],C)
(4.53)

is an isomorphism of pure Hodge structures induced by the shifted Hodge
filtrations (−m)F, (−m)F̄ .

Proof. First by lemma 4.7, we see that Reskm induces the isomorphism Reskm
defined by (4.53) at the level of the cohomologies, which is a morphism of
filtered spaces for the filtrations (−m)F, (−m)F̄ . So we have morphisms

Reskm : (−m)F p (−m)F̄ qEm,k1 (X) →
(−m)F p (−m)F̄ qHk

(
X,Res·mΛX〈logQ〉) (4.54)

which are injective (because by corollary 4.1 Reskm is an isomorphism of vector
spaces between Em,k1 (X) and Hk

(
X,Res·mΛX〈logQ〉). But Reskm is the direct

sum of Reska,m for all a and by formula (4.24)

Em,k1 (X) =
⊕
a

E
m+q(a),k−q(a)
1 (Xa)

Using definition (4.48) and (4.49) for the shifted Hodge filtrations, we have
(−m)F p (−m)F̄ qEm,k1 (X) =

=
⊕
a

(−m−q(a))F p (−m−q(a))F̄ qEm+q(a),k−q(a)
1 (Xa) (4.55)

and we know that

Reska,m : (−m−q(a))F p (−m−q(a))F̄ qEm+q(a),k−q(a)
1 (Xa) →

→(−m−q(a)) F p (−m−q(a))F̄ qHk−m−2q(a)(Qa[m+q(a)],C)

is an isomorphism because of the results of chapter 2 (proposition 2.3) ap-
plied to the manifold Xa and the divisor with normal crossing Qa. But us-
ing (4.45) and (4.55), we see that Reskm in (4.54) is an isomorphism of each
graded space. So the filtrations (−m)F, (−m)F̄ , induce on Em,k1 (X) a pure
Hodge structure isomorphic to the pure Hodge structure defined by (4.44) on
Hk(X,Res·mΛX〈logQ〉), the isomorphism being Reskm.
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4.5.3 The differential d1

As usual, one defines

d1 : Em,k1 (X) → Em−1,k+1
1 (X)

in the following manner. If [[π]]1 is an element of Em,k1 (X), one has a collection
π = ⊕a∈Aπa with

⊕aπa ∈ (q(a))WmEk

Xa
〈logQa〉(−q(a))

and
d(⊕aπa) ∈ (q(a))Wm−1EkXa

〈logQa〉(−q(a))

Then:
d1([[π]]1) = [[d(⊕aπa)]]1 ∈ Em−1,k+1

1 (X)

Lemma 4.9.

1) The differential d1 is a morphism of pure Hodge structures defined by
(4.52).

2) We define d̂1 as the differential d1 at the level of residues, namely, such
that the following diagram is commutative

Em,k1 (X)
d1

Resk
m

Em−1,k+1
1 (X)

Resk+1
m−1

Hk
(
X,Res·mΛX〈logQ〉) d̂1

Hk+1
(
X,Res·m−1ΛX〈logQ〉)

Then, d̂1 is a morphism of pure Hodge structures for the shifted filtrations
(−m)F , (−m)F̄ ( (4.42), (4.44)) on Hk

(
X,Res·mΛX〈logQ〉) and (−m+1)F ,

(−m+1)F̄ , on Hk+1
(
X,Res·m−1ΛX〈logQ〉) and is given by the formula

(d̂1[α])a = γa[αa] +

[
Resk−q(a)+1

m+q(a)−1

∑
b

ε
(k)
ab h

∗
abπb

]
(4.56)

where we have denoted by γa the generalized Gysin morphism constructed
in chapter 2 (proposition 2.3) for the pair (Xa, Qa).

Proof.
Proof of 2). We consider an element α ∈ Hk

(
X,Res·mΛX〈logQ〉), [α] =

⊕a[αa] ∈ ⊕
aH

k−m−2q(a)(Qa[m+q(a)],C). Each αa is itself a collection of
d-closed forms

αa,I ∈ Hk−m−2q(a)(Qa,I ,C), |I| = m+ q(a)
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For each a ∈ A, and thus for each pair (Xa, Qa) of the hypercovering, we follow
the construction of proposition 2.3 and lemma 2.7 of chapter 2. Namely, we
construct

πa ∈ Wm+q(a)Ek−q(a)Xa
〈logQa〉

whose corresponding residue is αa. Thus

πa ∈(q(a)) WmEkXa
〈logQa〉(−q(a))

Reska,mπa = αa

Thus, each πa induces an element

[[πa]]1 ∈ E
m+q(a),k−q(a)
1 (X)

and thus the collection ⊕aπa induces an element

[[π]]1 = ⊕a[[πa]]1 ∈ Em,k1 (X) =
⊕
a

E
m+q(a),k−q(a)
1 (X)

(see (4.24)). Then, we define

d̂1[α] = Resk+1
m−1d1[[π]]1 (4.57)

Now
d1[[π]]1 = [[dπ]]1

and from (4.10)
(dπ)a = dπa +

∑
b

ε
(k)
ab h

∗
abπb

where the sum is on indices b ∈ A with

q(a) = q(b) + 1

From lemma 4.2, we know that this sum is in the space Wm−1Λ·
X〈logQ〉.

Moreover, πa defines an element in E
m+q(a),k−q(a)
1 (X) and

d1[[πa]]1 = [[dπa]]1

So using the results of proposition 2.3 of chapter 2, in the case of the pair
(Xa, Qa), we have:

Resk−q(a)+1
m+q(a)−1d1[[πa]]1 = d̂1[αa] = γa[αa]

where we have denoted by γa is the generalized Gysin morphism for the pair
(Xa, Qa). In (4.57), the residue morphism is the direct sum of the residues in
each component of d1[[π]]1 , so that finally

(d̂1[α])a = γa[αa] +

[
Resk−q(a)+1

m+q(a)−1

∑
b

ε
(k)
ab h

∗
abπb

]
(4.58)
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It is clear from (4.58) that d̂1 is a morphism

Hk
(
X,Res·mΛX〈logQ〉)→ Hk+1

(
X,Res·m−1ΛX〈logQ〉)

which is a morphism of filtered spaces for the filtrations (−m)F, (−m)F̄ , and
(−m+1)F , (−m+1)F̄ , respectively. This is a consequence of (4.45), defining
these filtrations, as shifted standard Hodge filtration on the cohomologies of
the Qa[l], from the fact that γa is a morphism of filtered spaces, and the fact
that if [α]a have given types, one can choose the πa with a well defined type
(as in lemma 1.5 of chapter 2), that the pullback respects types, and the
residue also.

Proof of 1). d̂1 is a morphism of filtered spaces for the Hodge filtration
and the residues are isomorphisms of filtered spaces. So d1 is a morphism of
filtered spaces also and thus it is a morphism of pure Hodge structures.

4.5.4 The conjugate complex

The complex Λ·
X〈logQ〉 is not closed under conjugation. We can define the

conjugate complex Λ·
X〈logQ〉 by

Λ·
X〈logQ〉 = E·̃

X
〈log Q̃〉 ⊕ Λ·

E〈logM〉 ⊕ Λ·̃
E
〈log M̃〉(−1)

where E·̃
X
〈log Q̃〉 is the conjugate of E·̃

X
〈log Q̃〉, and Λ·

E〈logM〉, Λ·̃
E
〈log M̃〉

can be defined by induction on the dimension of X . Also, by (4.9)

ΛkX〈logQ〉 =
⊕
a∈A

(ha)∗Ek−q(a)Xa
〈logQa〉 (4.59)

There is a conjugation for logarithmic forms, such that ω ∈ ΛkX〈logQ〉 if and
only if ω ∈ ΛkX〈logQ〉.

Moreover
dω = d ω (4.60)

as it follows from the formula (4.10) for d and the property that the pullback
h∗ab commute to conjugation.

On the conjugate complex we can also define:

• The conjugate weight filtration W :

ω ∈ WmΛkX〈logQ〉 ⇐⇒ ω ∈WmΛkX〈logQ〉

• The conjugate residues Reskm:

Reskm : WmΛkX〈logQ〉 →
⊕
a∈A

(ha)∗Ek−m−2q(a)

Qa
[m+q(a)] = ReskmΛX〈logQ〉

(4.61)
i.e. the conjugate residues have the same target ReskmΛX〈logQ〉 as the
residues Reskm.
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Using (4.59), (4.60), (4.61), it is easy to express the results in lemma 4.4,
theorem 4.3, corollary 4.1 and proposition 4.1, replacing WmΛkX〈logQ〉 with
WmΛ

k

X〈logQ〉. In particular let us note the following immediate consequence.

Proposition 4.2. The spectral sequence with respect to the filtration Wm

of the conjugate complex Γ(X,ΛkX〈logQ〉) coincides, for r ≥ 1, with the
spectral sequence Em,kr (X) with respect to the filtration Wm of the complex
Γ(X,ΛkX〈logQ〉). The map ω → ω from Γ(X,ΛkX〈logQ〉) to Γ(X,ΛkX〈logQ〉)
induces a conjugation on each term Em,kr (X), r ≥ 1; moreover the differen-
tials dr commute to conjugations.

The shifted Hodge filtrations on ΛkX〈logQ〉 are defined, following (4.39),
(4.40):

(−r)F bΛkX〈logQ〉 = F b−rΛkX〈logQ〉
(−r)F̄ aΛkX〈logQ〉 = F̄ aΛkX〈logQ〉

(4.62)

Then it is clear that

Proposition 4.3. The conjugation ω → ω transforms (−r)F aΛ·
X〈logQ〉 to

(−r)F̄ aΛ·
X〈logQ〉 and (−r)F̄ bΛ·

X〈logQ〉 to (−r)F bΛ·
X〈logQ〉.

4.6 Degeneration of the spectral sequence

We recall that we are supposing that everyXa is a compact Kähler manifold.
On each term Em,kr (X) of the spectral sequence of the filtration Wm there are
two kinds of filtrations:

• The direct filtrations (−m)F1,
(−m)F̄1, induced by the filtrations (−m)F

and (−m)F̄ of the complex Γ(X,Λ·
X〈logQ〉) (see (4.48) and (4.49)) pre-

cisely here Em,kr (X) must be considered as a quotient of the subspace
Zm,kr ⊂ Γ(X,WmΛkX〈logQ〉).

• The recursive filtrations (−m)F2,
(−m)F̄2 induced recursively onEm,kr (X)

considered as the cohomology of the complex (Em,kr−1(X), dr−1).

It is clear that on Em,k1 (X) the filtration (−m)F1 (resp. (−m)F̄1) is identical
to the filtration (−m)F2 (resp. (−m)F̄2). Moreover it is easy to prove that
F1 ⊂ F2, F̄1 ⊂ F̄2.

Lemma 4.10. The filtrations (−m)F1 and (−m)F̄1, as well as (−m)F2 and
(−m)F̄2, are conjugate.

The statement for (−m)F1, (−m)F̄1 follows from the propositions 4.2 and
4.3. For (−m)F2 and (−m)F̄2 it is enough to prove it in the case of Em,k1 (X),
where it is obvious because F1 = F2, F̄1 = F̄2 in Em,k1 (X).
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Theorem 4.5. We suppose that all the manifolds Xa of the hypercovering of
X are compact Kähler manifolds.

1) The differentials dr of the spectral sequence are 0 for r ≥ 2.

2) dr is a morphism of the filtrations (−m)F1 and (−m)F̄1:

dr : (−m)F a1 E
m,k
r (X) →(−m+r) F a1 E

m−r,k+1
r (X) (4.63)

dr : (−m)F̄ b1E
m,k
r (X) →(−m+r) F̄ b1E

m−r,k+1
2 (X) (4.64)

3) The filtrations (−m)F2,
(−m)F̄2 induce pure Hodge structures of weight

k +m on Em,kr (X)

Em,kr (X) =
⊕

a+b=k+m

(−m)F a2
(−m)F̄ b2E

m,k
r (X) (4.65)

4) On Em,kr (X) the filtration (−m)F1 (resp. (−m)F̄1) is identical to the fil-
tration (−m)F2 (resp. (−m)F̄2).

Proof. The property 2) is clear, since the differential d preserves the filtrations
(−m)F and (−m)F̄ of the complex Λ·

X〈logQ〉 (lemma 4.6, 1). We prove 1),
3), 4) by induction on r; for r = 1 the property 3) is included in lemma
4.8, and the properties 1) and 4) are trivial. The property 3) for r is a
consequence of 1), 2), 3) and 4) for r − 1: dr−1 preserves (−m)F2 =(−m) F1

and (−m)F̄2 =(−m) F̄1 on Em,kr−1(X) so that its cohomology Em,kr (X) carries a
pure Hodge structure of weight k +m as in (4.65).

Then we note that 2), 3), 4) imply 1). In fact if we know that the direct
and the recursive filtrations coincide, by (4.63) and (4.64) dr : Em,kr (X) →
Em−r,k+1
r (X) become a morphism of pure Hodge structures of respective

weights k +m, k +m− r + 1, which are different for r ≥ 2, so that dr = 0 in
that case (proposition 1.4 of part I, chapter 1).

Finally, let us suppose that 1), 3), 4) are true for s ≤ r and let us prove 4)
for r + 1 (≥ 2).

By lemma 4.10 it is sufficient to treat the case of (−m)F1 and (−m)F2.
We already know F1 ⊂ F2, so we need to show F2 ⊂ F1. We shall denote by
(−m)F , the filtrations (−m)F1, (−m)F2 when they coincide. For simplicity we
write Lk = Γ(X,ΛkX〈logQ〉).

Let α ∈ F a2 E
m,k
r+1; there is a representative in F aEm,kr ∩ Kerdr, i.e. an

element x ∈ F aZm,kr ⊂ F aWmL
k with dr[x]r = 0; we have dx ∈Wm−rLk+1 ∩

F aWmL
k+1 so that

dx ∈ F aWm−rLk+1 (4.66)

dr[x]r = 0 gives

dx = dx1 + z1, x1 ∈ Zm−1,k
r−1 , z1 ∈ Zm−r−1,k+1

r−1 (4.67)
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Then successively we get by 1) dr−1[x1]r−1 = 0 so that

dx1 = dx2 + z2, x2 ∈ Zm−2,k
r−2 , z2 ∈ Zm−r−1,k+1

r−2 (4.68)
· · ·

dxr−2 = dxr−1 + zr−1, xr−1 ∈ Zm−r+1,k
1 , zr−1 ∈ Zm−r−1,k+1

1 (4.69)

From the above equalities we find that

dxr−1 = dx mod Zm−r−1,k+1
0 = Wm−r−1L

k+1 (4.70)

Since xr−1 ∈ Zm−r+1,k
1 , we can compute d1[xr−1]1. It follows from (4.70)

and (4.66) that d1[xr−1]1 ∈ F aEm−r,k
1 . But d1 is a morphism of pure Hodge

structures (lemma 4.9), hence it is strict for F . Therefore there exists x′r−1 ∈
F aZm−r+1,k

1 with d1[x′r−1]1 = d1[xr−1]1, that is

dxr−1 = dx′r−1 + dy + z′, y ∈ Zm−r,k
0 , z′ ∈ Zm−r−1,k+1

0 (4.71)

Note that

dx′r−1 ∈ F aWm−r+1L
k+1 ∩Wm−rLk+1 ⊂ F aWm−rLk+1 (4.72)

We obtain an element [y]0 ∈ Em−r,k
0 , and from (4.70), (4.71), (4.72) we get

d0[y]0 ∈ F aEm−r,k
0 . Since d0 is strict by lemma 4.6, we find y′ ∈ F aWm−rLk

with d0[y]0 = d0[y′]0 or

dy = dy′ + z′′, z′′ ∈Wm−r−1L
k+1 (4.73)

From (4.66). . . (4.73) we obtain

x− x′r−1 − y′ ∈ F aWmL
k

and
d(x − x′r−1 − y′) ∈Wm−r−1L

k+1

so that x− x′r−1 − y′ ∈ F aZm,kr+1 and its class in Em,kr+1 is α. This proves 4) for
r + 1.

It follows that there are natural isomorphisms

Em,k2 � WmH
k(X \Q,C)

Wm−1Hk(X \Q,C)
(4.74)

The cohomology space Hk(X \ Q,C) carries a Hodge filtration Fc given by
(4.48) and lemma 4.6,1). More precisely

F pcH
k(X \Q,C) = F pHk(X,Λ·

X〈logQ〉) (4.75)
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Theorem 4.6. Under the same assumptions as in theorem 4.5, let Fd be the
direct (or the recursive) filtration on Em,k2 , and Fc be the filtration induced
on Em,k2 , under the isomorphism (4.74), by the filtration Fc given by (4.75).
Then Fd = Fc.

Proof. As in the proof of the previous theorem, let Lk = Γ(X,ΛkX〈logQ〉).
The isomorphism (4.74) means the following. Let x ∈ Zm,k2 ; then there exists
x′ ∈ WmL

k with dx′ = 0 and

x′ = x+ dx̃+ z, x̃ ∈ Zm−1,k−1
1 , z ∈ Zm−1,k

1

or
x′ ≡ x+ z

where the symbol ≡ means cohomologous.
Let α ∈ F pc E

m,k
2 ; there exists x ∈ F pWmL

k with dx = 0, inducing α in
Em,k2 � WmH

k(X\Q,C)
Wm−1Hk(X\Q,C)

. It is clear that x ∈ Zm,k2 , so that x ∈ F pWmL
k ∩

Zm,k2 = F pZm,k2 . Hence α ∈ F pdE
m,k
2 . This proves Fc ⊂ Fd.

Conversely, if α ∈ F pdE
m,k
2 there exists x ∈ F pZm,k2 inducing α. By the

isomorphism (4.74) there exists x′ ∈ WmL
k with dx′ = 0 and

x′ ≡ x+ z, z ∈ Zm−1,k
1 (4.76)

let [z]1 ∈ Em−1,k
1 be the class of z. By (4.76) we have

dz = −dx ∈ F pWmL
k+1

and since dz ∈Wm−2L
k+1 we obtain

dz ∈ Wm−2L
k+1 ∩ F pWmL

k+1 ⊂ F pWm−2L
k+1

Thus d1[z]1 ∈ F pEm−2,k+1
1 . Since d1 is a strict morphism for F , we find

x1 ∈ F pZm−1,k
1 with d1[z]1 = d1[x]1, or d1[z−x1]1 = 0, that is, z−x1 gives a

class in Em−1,k
2 . By the isomorphism (4.74) for m−1, there is x′′ ∈Wm−1L

k,
dx′′ = 0, with x′′ ≡ z − x1 − z1, z1 ∈ Zm−2,k

1 , or

z ≡ x′′ + x1 + z1

and by (4.76)
x′ ≡ x+ x′′ + x1 + z1

The cohomology class of x′′ belongs to Wm−1H
k (where Hk = Hk(X \Q,C)),

so that it vanishes in the quotient (4.74); thus we write

x′ ≡ (x + x1) + z1 mod Wm−1H
k

We note that x+x1 ∈ F pWmL
k. We proceed as above, finding that d1[z1]1 ∈

F pEm−3,k+1
1 and we obtain

x′ ≡ (x+ x1 + x2) + z2 mod Wm−1H
k, x2 ∈ F pZm−2,k

1 , z2 ∈ Zm−3,k
1
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Going on, because WsL
· = 0 for s << 0 we finally write

x′ ≡ x+ x1 + x2 + · · · + xs mod Wm−1H
k

with xj ∈ F pZm−j,k
1 so that x′ ∈ F pWmL

k and x′, through WmH
k, induces

α. This proves Fd ⊂ Fc.

Therefore we have given a proof of the Deligne result:

Theorem 4.7. Let us suppose that all the manifolds Xa of the hypercovering
of X are compact Kähler manifolds. We provide the cohomology Hk(X \Q,C)
with the weight filtration W shifted by −k, the Hodge filtration F induced by
the complex of global sections of Λ·

X〈logQ〉, and the filtration F̄ conjugate to
F . Then Hk(X \Q,C) carries a mixed Hodge structure. More precisely, the
quotients WmH

k(X\Q,C)
Wm−1Hk(X\Q,C) are isomorphic to Em,k2 (X) and thus have a pure

Hodge structure of weight k + m. The filtration induced by F on Em,k2 (X)
coincides with the direct and the recursive filtration.

Remark. The shift of W by −k is needed to normalize the weights in the
quotients. In the shifted filtration W ′

m = Wm−k we obtain

W ′
mH

k(X \Q,C)
W ′
m−1H

k(X \Q,C)
� Em−k,k

2 (X)

that is, the quotient W ′
mH

k(X,C)
W ′

m−1H
k(X,C) has weight m, as expected.

Theorem 4.8 (Uniqueness of the mixed Hodge structures). Let X be a
compact (B)-Kähler space, Q ⊂ X a subspace, and Λ·,1

X 〈logQ〉, Λ·,2
X 〈logQ〉

∈ R(X〈logQ〉, such that the associated hypercoverings are Kähler. Then
Λ·,1
X 〈logQ〉 and Λ·,2

X 〈logQ〉 induce identical mixed Hodge structures on the
cohomology of X \Q.

Proof. By the property of filtering for Kähler hypercoverings (theorem 4.2
(iii)) there exists a third Λ·

X〈logQ〉 whose associated hypercovering is Kähler,
and two pullback Λ·,1

X 〈logQ〉 → Λ·
X〈logQ〉, Λ·,2

X 〈logQ〉 → Λ·
X〈logQ〉 corre-

sponding to the identity. Both pullback induce the identity in the cohomology
Hk(X \Q,C). Since a morphism of mixed Hodge structures which is an iso-
morphism of vector spaces (in our case: the identity) is an isomorphism of
mixed Hodge structures (proposition 1.5 of part I, chapter 1), we conclude
that the mixed Hodge structures induced in cohomology by Λ·,1

X 〈logQ〉 and
Λ·,2
X 〈logQ〉 coincide with the mixed Hodge structure induced by Λ·

X〈logQ〉,
hence they are the same.

Theorem 4.9 (Functoriality of the mixed Hodge structures). Let f : (X,Q) →
(Y,R) be a morphism of pairs, where X and Y are compact (B)-Kähler spaces,
and Φ: Λ·

Y 〈logR〉 → Λ·
X〈logQ〉 a pullback. We suppose that the hypercover-

ings associated to Λ·
Y 〈logR〉 and Λ·

X〈logQ〉 are Kähler. Then Φ induces on
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cohomology the natural pullback f∗ : Hk(Y \ R,C) → Hk(X \ Q,C), and f∗

is a morphism of mixed Hodge structures.

Proof. We know that Φ induces on cohomology the pullback f∗ and respects
both the filtrations Wm and F p. Hence also f∗ respects the filtrations Wm

and F p.

4.7 Strictness of d

The goal of the present section is to prove the

Theorem 4.10. Let us suppose that all the manifolds Xa of the hypercovering
associated to Λ·

X〈logQ〉 are compact Kähler manifolds. The differential

d : Γ(X,ΛkX〈logQ〉) → Γ(X,Λk+1
X 〈logQ〉)

is strict for the Hodge filtration F defined in (4.48).

By theorem 1.1 of part I, chapter 1, the above theorem is equivalent to

Theorem 4.11. Let L· = Γ(X,Λ·
X〈logQ〉). The spectral sequence Em,kr (L·, F )

degenerates at E1.

In order to prove the theorem 4.11 we need some preliminary results on
spectral sequences.

Lemma 4.11. Let L· be a complex of C-vector spaces provided with a fil-
tration W . Let Em,kr be the corresponding spectral sequence. We suppose
that the terms Em,k1 are finite-dimensional. Then the terms Em,kr are finite-
dimensional for r ≥ 1 and

∑
m

dimEm,kr ≥ dimHk(L·) (4.77)

Moreover the equalities in (4.77) hold if and only if Em,kr = Em,k∞ for all
(m, k).

Proof. Let r0 be an integer (which always exists) such that Em,kr0 = Em,k∞ for
all (m, k); this is equivalent to

ds ≡ 0 for s ≥ r0 − 1 (4.78)

Then Em,kr0 = WmH
k(L·)

Wm−1Hk(L·) , so that

∑
m

dimEm,kr0 =
∑
m

dim
WmH

k(L·)
Wm−1Hk(L·) = dimHk(L·)
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If r ≥ r0, Em,kr = Em,kr0 so that equality in (4.77) holds for the Em,kr .
Let 1 ≤ r ≤ r0. Since Em,kr+1 is a quotient of a subspace of Em,kr , it follows that
dimEm,kr ≥ dimEm,kr+1 , and dimEm,kr = dimEm,kr+1 for all (m, k) if and only if
dr : Em,kr → Em−r,k+1

r is 0 for all (m, k). From the above statements we find
that ∑

m

dimEm,kr ≥
∑
m

dimEm,kr0 = dimHk(L·)

and in the left the equality holds if and only if dr ≡ · · · ≡ dr0−1 ≡ 0, i.e., after
(4.78),

ds ≡ 0 for s ≥ r

which means Em,kr = Em,k∞ for all (m, k).

Lemma 4.12. Let L· be a complex of C-vector spaces provided with a filtration
F , such that the differential d is strict for F . The natural morphism

GrF−p(H
k(L·)) =

F pHk(L·)
F p+1Hk(L·) → Hk(GrF−pL

·) = Hk

(
F pL·
F p+1L·

)
(4.79)

is an isomorphism.

Proof. It is easy to see that the morphism (4.79) is injective (with no strictness
assumption).
A class α in Hk

(
FpL·
Fp+1L·

)
is represented by y ∈ F pLk, with dy ∈ F p+1Lk+1.

Since d is strict, there exists z ∈ F p+1Lk such that dz = dy. We obtain
x = y − z with dx = 0 which determines a class in FpHk(L·)

Fp+1Hk(L·) whose image

in Hk
(

FpL·
Fp+1L·

)
is α.

Proposition 4.4. Let L· be a complex of C-vector spaces provided with two
filtrations F (decreasing) and W (increasing). Let Em,kr (L·,W ) be the spec-
tral sequence of L· with respect to W , and Em,kr (GrF−pL·,W ) the similar
spectral sequence of the graded complex GrF−pL·. If dj : Em,kr (GrF−pL·,W ) →
Em−j,k+1
r (GrF−pL·,W ) are strict for the recursive filtration induced by F , then

there are natural isomorphisms of complexes

GrF−pE
m,·
r (L·,W ) → Em,·r (GrF−pL

·,W ) (4.80)

The proof is by induction on r. For r = 0 the two sides in (4.80) are respec-
tively GrF−pGrWmL

k and GrWm GrF−pL
k, which are isomorphic by Zassenhaus

lemma (proposition 2.6 of chapter 2.)
Let us suppose that (4.80) holds for r − 1; then we have the following

identities, commuting with differentials:

GrF−pE
m,k
r (L·,W ) = GrF−pH

k(Em,.r−1(L·,W )) = (by lemma 4.12)

= Hk(GrF−pE
m,·
r−1(L·,W )) = (by induction) = Hk(Em,·r−1(GrF−pL

·,W )) =

= Em,kr (GrF−pL
·,W ).
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Proof of theorem 4.11. LetW be the weight filtration on Lk = Γ(X,ΛkX〈logQ〉)
By lemma 4.11 we must show that dimEp,k1 (L·, F ) is finite and the equality

∑
p

dimEp,k1 (L·, F ) = dimHk(L·) (4.81)

holds.
Let us recall that

Ep,k1 (L·, F ) =
∑
p

dimHk(GrF−pL
·) (4.82)

We apply the inequality (4.77) to the spectral sequence Em,kr (GrF−pL
·,W ) and

r = 2.
By theorem 4.5 the spectral sequence Em,kr (L·,W ) degenerates at E2. Since

the spaces Em,k1 (L·,W ) are finite dimensional, we can apply lemma 4.11 for
r = 2 and get the equality

∑
p

dimEm,k2 (L·,W ) = dimHk(L·) (4.83)

By lemma 4.6, the differential d0 : Em,k0 (L·,W ) → Em,k+1
0 (L·,W ) is strict;

and d1 : Em,k1 (L·,W ) → Em,k+1
1 (L·,W ), as a morphism of pure Hodge struc-

tures (lemma 4.9) is strict too. Thus we can apply the proposition 4.4 to
Em,k2 (L·,W ), obtaining an isomorphism

GrF−pE
m,k
r (L·,W ) � Em,kr (GrF−pL

·,W ) (r = 1, 2) (4.84)

For r = 1 the formula (4.84) insures that Em,k1 (GrF−pL
·,W ) is finite dimen-

sional, so that the lemma 4.11, formula (4.77), for the spectral sequence
Em,kr (GrF−pL

·,W ) and r = 2 gives the inequality

∑
m

dimEm,k2 (GrF−pL
·,W ) ≥ dimHk(GrF−pL

·) (4.85)

Finally we use step by step (4.82), (4.85), (4.84) (for r = 2), (4.83) obtaining
∑
p

dimEp,k1 (L·, F ) =
∑
p

dimHk(GrF−pL
·) ≤

∑
p,m

dimEm,k2 (GrF−pL
·,W ) =

=
∑
p,m

dim GrF−pE
m,k
2 (L·,W ) =

∑
m

Em,k2 (L·,W ) = dimHk(L·)

This, together with lemma 4.11, gives the expected equality (4.81).

Under the assumptions of theorem 4.10 the differential d is strict also with
respect to the filtration Wm, up to a shift by +1:
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Theorem 4.12. Let us suppose that all the manifolds Xa of the hyper-
covering associated to Λ·

X〈logQ〉 are compact Kähler manifolds. Let ω ∈
Γ(X,ΛkX〈logQ〉) such that dω ∈ WmΓ(X,Λk+1

X 〈logQ〉); there exists θ
∈Wm+1Γ(X,ΛkX〈logQ〉) with dθ = dω.

Proof. Let Lk = Γ(X,ΛkX〈logQ〉), and

Em,kr =
Zm,kr

dZm+r−1,k−1
r−1 + Zm−1,k

r−1

(with differentials dr) be the spectral sequence associated to the filtration Wm

on L·, which degenerates at E2 by theorem 4.5. We define another increasing
filtration W ′ by

W ′
mL

k = Zm−k,k
1

Since dZm−k,k
1 ⊂ Zm−k−1,k+1

1 , the filtration W ′ is preserved by d.
Let (E′m,k

r , d′r) be the spectral sequence associated to the filtration W ′ on
L·. An easy computation shows that E′m,k

r = Em,kr+1 and d′r = dr+1. Hence
the spectral sequence E′m,k

r degenerates at E1, or equivalently the differential

d : Γ(X,ΛkX〈logQ〉) → Γ(X,Λk+1
X 〈logQ〉)

is strict for the filtration W ′.
Let ω ∈ Lk with dω ∈ WmL

k+1; since d(dω) = 0, dω ∈ Zm,k+1
1 =

W ′
m+k+1L

k+1, so that there exists θ ∈ W ′
m+k+1L

k with dθ = dω. But
W ′
m+k+1L

k = Zm+1,k
1 ⊂Wm+1L

k, hence θ ∈ Wm+1L
k.
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de Hodge de certains espaces analytiques, Proceedings of Coimbra con-
ference on Partial differential equations and Mathematical Physics (J.
Vaillant and J. Carvalho e Silva editors) Textos Mat. Ser. B, 24, 1–14
(2000).

[AG7] V. Ancona, B. Gaveau, Residues on complex spaces (to appear)

[B] J. I. Burgos, a C∞ log complex. Compositio Math. 92, 61–86 (1994).

[BL] M. Berger, A. Lascoux, variétés kählériennes compactes, Lecture Notes
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[N] V. Navarro Aznar, Sur la théorie de Hodge-Deligne. Inventiones math.
90, 11–76 (1987).

[R] H. J. Reiffen, Das Lemma von Poincaré für holomorphe Differentialfor-
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